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Basic concepts

Experiments

Experiment: Experiment (trial) is the observation of a phenomenon.

Phenomenon: can be artificial (caused by people) or in the nature

@ deterministic: only one possible outcome

@ stochastic: more than one possible outcomes

Examples: lottery, insurance, guarantee, rainfall, infected files, water level,
exit pools, number of faults, number of infected people, ....
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Basic concepts

Events

e Elementary event: a possible outcome of the observation (w)

@ Sample space: set of the possible outcomes ((2)

@ Event: a subset of Q) (A)

we say that the event A occurs during an experiment, if the possible
outcome observed during the experiment is an element of the set A

@ Sure event: () (always occurs), impossible event: & empty set (never
occurs)
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Basic concepts

Examples

© Trial: Flip a coin.
Elementary events: Head, Tail
wi=H, wy=T,
QO={H T}

events: {@}, Q, {H} , {T}
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Basic concepts

Examples

@ Trial: Roll a dice

Elementary events: 1 point, 2 points,....., 6 points on the top
(,01:1, ~--,w6:6

Q= {1,2,3,4,5,6}

A=1{2,4,6} (even number)

B ={1,35} (odd number)

C=1{2,3,5} (prime)

D = {3,6} (can be divided by 3)
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Basic concepts

Examples

@ trial: Lottery (90 numbers, 5 of them are thrown)

o Elementary events: gain, no gain
wr=Y wy=N Q={Y, N}

o Elementary events: the number of drawn numbers we crossed
w1 =0 wr=1 w3=2 ws4=3 ws=4 weg=5>5

Q=1{01,23,4,5}
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Basic concepts

Examples

@ Elementary events: the set of drawn numbers
w1 ={1,2,3,4,5}, wy = {21,23,45,67,89}. ...

0= {{il, i, I3, Ia, i5} | 1< IJ < 90, integers, H<bh<iz<ig< i5}
(set of sets)

@ Elementary events: the set of drawn numbers in the order of the
draws = set of sequences

w1 =(1,2,3,4,5), wo = (5,4,3,2,1), w3 = (15,24,3,42,1)....

Q= {(i1,h i3, 0a,05) | 1 <i; <90,j =1,2,3,4,5 different integers}
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Basic concepts

Examples

Q@ Trial: flip a coin twice

Elementary events:
w1 =(H,H),wa=(HT), ws=(T,H), ws= (T, T)

Q={(H,H),(H, T),(T,H),(T, T)} (set of sequences)
Events:
o There is at least one head :A = {(H,H),(H, T),(T,.H)}
o There are more heads than tails: B = {(H, H)}

o There is one more head than tails C = @
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Basic concepts

Examples

© Trial: measure the level of Danube in Budapest.

a possible outcome: w =726 cm.
Q =Ry (infinite set!)

o Danger of flood: A= {w:w >750cm} C O
o Flood: B={w:w >950cm} C O

o Danger of flood but not flood: € = {w : 750 < w < 950} C O
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Basic concepts

Examples

@ Trial: measure a quantity and determine the difference (with sign)
between the exact value and the measured value.

a possible outcome: w =1.5

Q = R (infinite set!)

o the measurement is exact: A = {0},
o under-measured value: B = {w : w < 0},

o the measured value is at least 5 more than the exact one:
C={w:w>5}
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Basic concepts

Operations with events

Union of events: A and B are events

AU B occurs if at least one of them occurs.

AU B contains all elementary events which are in A or B.

AU B occurs if A OR B occurs.

not excluding or!
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Basic concepts

Operations with events

Intersection of events: A and B are events

AN B occurs if both A and B occur.

If the observed possible outcome isin AN B, then it isin A and also in B .

AN B occurs if A AND B occur

A andB are mutually exclusive if AN B = @.
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Basic concepts

Operations with events

Difference of the events: A andB events

A~ B occurs if A occurs but B does not

A~ B contains the elementary events which are in A but (=and) not in B

A = (ANB)U(ANB)
® = (ANB)N(ANB

~—
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Basic concepts

Operations with events

Complement of an event: A event,

A occurs if A does not occur.

A=0O\A ANB=ANB
De Morgan rules

>
C

vy}
I

N
)
W

>
D
vy
I
N
-
W
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Basic concepts

Sigma algebra of the events

a set of certain subsets of () A is called ¢ algebra if
OcA B
fAc A then Ac A

fA €A i=123.. then UAeA
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Basic concepts

Sigma algebra of the events

If A is o algebra, then

e e A

o ifAc€ A and B € A then
AUBEA (AUB=AUBUQU--)

o ifAc AandBc Athen ANBe A @mB:ZuE)

i=1 =

o algebra: closed concerning operations, events: elements of A, they have
probability
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Concept of probability

Relative frequency

experiment, A is an event
the experiment is repeated n times
the frequency of A in case of n trials: ka(n)

ka(n)

one can see a kind of stability
ka(n)
[ H ¢

n

relative frequency of A :

if n— oo, then (as if it had a limit).
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Concept of probability

Relative frequency - example i)

Trial: flip a coin
results of 10 repetitions: T,T,T,H,T,T,H, T,H,H
event A: the result of a flip is H.

tial (T[T]T] H T T 1 H] T H]H
n 11213 4 [ 5] 6 | 7 [ 8 | 9 |10
ka(m (000 1T [T |1 | 2| 2 3|4
k

AIS”) 0l0/0/025 02017027 |025/|033]0.4
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Concept of probability

Relative frequency - example ii)

Relative frequencies in case of 10 trials
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Concept of probability

Relative frequency - example iii)

L L L L L L L 1 L
u] 100 200 300 400 s00 BOO Joo 800 Q00 1000

Relative frequencies in case of 1000 trials
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Concept of probability

Relative frequency - example iv)

L L L L L L L L L
o 1000 2000 Z000 4000 S000  s000 7000 S0o00 9000

10000

Relative frequencies in case of 10000 trials
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Concept of probability

Properties of the relative frequency

kA(n)

n

@ 0< ka(n)<n=0<
ka(n)

<1

@ ka(n)=n= =1

e if A, B are events for which AN B = @&, then

kaug(n) = ka(n) + kg (n),

therefore
kAug(n) _ kA(n) + kB(n)

n n n
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Probability

The axioms of the probability

Probability is a function mapping from o algebra of events to R

P: A—R

with the following properties (axioms):

)0 < P(A) forall Ac A .

1) P(Q)) = 1.

) If A; i=1,2,....€ A for which A;iNA; =@, i # jthen

P(UA) = iP(A,-)

NOTE: P(A) is a real number!
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Probability
The consequences of the axioms

Q@ P(®) =0
n and A;NA;=@,i#j, then

P(OA) = LP(A)

Q@IfAcA i=12..

Q@ If ANB =, then P(AUB) = P(A) + P(B)

Q P(A)=1-P(A).

24 / 347
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Probability

The consequences of the axioms

@ If B C A, then P(A\B) = P(A) — P(B).

Q If BC A then P(B) < P(A).

@ P(A) <1 for any event.
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Probability
The consequences of the axioms

@ P(A\B)=P(A)—P(ANB)
Q@ P(AUB) =P(A)+ P(B)—P(ANB)

@ P(AUB) < P(A)+ P(B)
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Probability
The consequences of the axioms

@ P(AUBUC) =P(A)+ P(B)+ P(C)
—P(ANB)—-P(BNC)—P(ANC)+P(ANBNC)

@ P(UA)=3YPA) - Y P(ANA)
i=1 i=1 i<je{1,2,~--,n}
+ Y P(A,’ ﬂAj ﬂAk)

i<j<ke{l,2,---,n}

(=)™ P(ALNAN..NA,)
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Probability

Classical (combinatorial) probability

e () non empty finite set, |QQ] = n

o A = the set of all subsets of ()

P(A) L ﬂ __ number of "good" outcomes
" |Q]  number of all outcomes
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Probability

Classical probability

Axioms I., Il., lll. are satisfied.
e 0 < P(A),
[¢]
o P(O)=1= =1,
[¢]

o if AiNA, =@, then

ALUA| A +]A
P(A1U Ay) = i) 2] | 1||Q|| 2l pay) + P4,

1
NOTE:P ({w}) = o= all possible outcomes are equally likely.

Axioms are satisfied=>so are the consequences.
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Probability

Geometric probability

e () C R” with finite measure, #(Q) # 0; u(Q) € R{.
i denotes the measure (length, area, volume, ....)

o A is the set of measurable subsets of ().
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Probability
Geometric probability

Axioms |. Il. and lll. are satisfied
(A)
0o 0 < ——£,
()
o p(a) = MY _ g

NOTE: P(A) is proportional to the measure of A.
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Conditional probability

Motivation

Q) is a sample space,
A and B are events

We know that B occurs (information!)

Given that B occurs compute the probability that A occurs

o
o
o If B occurs, then the elementary event is in B.
@ If A occurs, then the elementary event is in A.
o

The observed outcome must be in AN B, while the sample space is
restricted to B.
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Conditional probability

Definition

Definition
Let P(B) > 0, the conditional probability of A given B is

P(AN B)

P(A|B) := 75)

Note: In the nominator: the probability of the intersection.
In the denominator: the probability of the condition.
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Conditional probability
Basic properties

. 0< P(AB), as P(A|B) := P(;‘(E)B),o < P(ANB),0 < P(B).
I P(QB) = P(I?(g)B) _ I’Zgg ~1
N p ((BIA,-) N B) P (G(Ai N B))
. P(UAIB) = ”P(B) = ’:/13(3) —
Y P(ANB)
= o P(B) = ;§1P(Ai|8)
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Conditional probability

Properties

Axioms I 11., Ill. are satisfied =so are the consequences

NOTE:The condition is fixed.

MOE (PE MIK) PROB.TH. 35 / 347



Conditional Probability
Properties

P(A|B) = 1— P(A|B)

P(A~ C | B) = P(A|B) — P(ANC | B)

P(AUC | B) = P(A|B) + P(C|B) — P(ANC | B)
Let P(AN B) > 0. Then

P(ANB) = P(A|B)-P(B) = P(BJA) - P(A)
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Theorem of total probability

Bi1, By, ..., B, are called partition of Q) if .EnJlB; =0, and BiNB; = Q,
i #j.

Theorem

Let By, By, ..., B, be a partition of Q) and P(B;) > 0,
i=1,2,3,...,n.Then for any event A

P(A) = iP(A\B,-) . P(B)).
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Theorem of the total probability

Example

There are three shifts in a factory. 45% of all products are manufactured
by the morning shift, 35% of all products are manufactured by the
afternoon shift, 20% are manufactured by the evening shift. A product
manufactured by the morning shift is substandard with probability 0.04, a
product manufactured by the afternoon shift is substandard with
probability 0.06, and a product manufactured by the evening shift is
substandard with probability 0.08. Choose a product from the entire set of
products. Compute the probability that the chosen product is substandard.
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Theorem of the total probability

Example

Let

S = the product is substandard.

B: = product is manufactured by the morning shift
B, = product is manufactured by the afternoon shift
B3 = product is manufactured by the evening

B:1, By, B; is a partition.

MOE (PE MIK) PROB.TH.

39 / 347



Theorem of total probability
Example

P(By) = 0.45, P(B,) = 0.35, P(B3) = 0.2,

P(S|By) = 0.04, P(S|B,) = 0.06, P(S|B3) = 0.08,

P(S) = P(S|B1) - P(B1) 4+ P(5|B2) - P(B2) + P(S|B3) - P(Bs3) =
=0.04-0.45+0.06-0.3540.08- 0.2 = 0.055
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Bayes theorem

Further question: Given that the chosen product is substandard, compute

the probability that it is manufactured by the morning/afternoon/evening
shift.

P(Bi|S) =2, P(B,|S) =?, P(Bs|S) =?
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Bayes Theorem

Theorem

Suppose that By, By, ...., B, is a partition with P(B;) >0, i =1,2,3,..., n.
Then for any event A with P(A) >0

p(Ba) = PAIB) P(B) _ P(AIB)-P(B)
LP(AB) - P(B)

P(A)

Recall: P(A|B;)- P(Bj) = P(AN B;).
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Bayes Theorem
Example

P(S|B))P(By) _ 0.04-0.45

P(S|B,)P(B 0.06 - 0.35
P(B.]5) = ( ‘Pi)S)( 2 - 0055 0382
P(Bs|S) = P(S|Bs)P(B;) _ 0.08-02 _ 0901

P(S) ~0.055
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Comparison of the conditional and total (unconditional)

probabilities

If we know that an event occurs, then the conditional probability of
another event

@ may increase as compared to the unconditional probability

@ may decrease as compared to the unconditional probability

@ it may happen that it does not change as compared to the
unconditional probability
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Comparison of the conditional and total probabilities

Example i)

Roll twice a fair dice.

@ Let A = the sum of the results is 8,
A=1{(26),(35).(44).(53),(62)}
B = the difference of the results is 2
lT3h= {(1,3).(2,4),(3,5),(4,6),(6,4),(5.3),(4,2), (3, 1)}
en )

8
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Comparison of the conditional and total probability

Example ii)

o Let C = the dlfFerence of the rolls is at most 1,

{ (L, 1) 11),(2,2),(2,3),(3,2).(3,3). (3.4), }
4 5),(5,4),(5,5),(56),(6,5),(6,6)

the sum of the results equals 7

{(1,

6).(2,5),(3.4),(4.3),(5,2),(6,1)}

Then

2 16
P(C|D) = 5 =0333 < P(C) = 2 = 0.444
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Comparison of the conditional and total probabilities

Example iii)

@ Let E = the difference of the rolls is at least 4

E={(51).(1,5).(2.6),(6.2),(1,6),(6,1)}
F = the first roll equals 5
ihz{(5,1>.(5,2) (5,.3).(5.4).(5.5).(5,6)}

—

P(F|E) =
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Concept of independence

Definition of independence of two events

Definition

A and B are called independent is

P(ANB) = P(A) - P(B).

If P(A) > 0, P(B) > 0,moreover A and B are independent, then

P(A[B) = P(A)
P(B|A) = P(B)
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Concept of independence

Independence of two events

If P(A) > 0 and P(B) > 0, furthermore AN B = @, then A and B can
not be independent!

P(ANB)=P(@) =0, P(A)-P(B) #0,P(ANB) # P(A)-P(B) = A
and B are not independent!

IMPORTANT NOTE: Independent#mutually exclusive
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Concept of independence
Independence of two events
If A and B are independent, then so are A and B, A and B, A and B. l

Proof
P(AHE) = P(ANB)=P(A)—P(ANB) =
= P(A)—P(A)-P(B)=P(A)-(1- P(B)) = P(A)- P(B)
P(ANB) = P(AUB)=1-P(AUB) =
1—(P(A)+ P(B)—P(ANB)) = P(A)-P(B)
]
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Concept of independence

Independence of three events

Events A, B, and C are called independent if

P(ANB) = P(A)-P(B)

P(ANC) = P(A)-P(C)

P(BNC)=P(B)-P(C)

(pairwise independent)

moreover

P(ANBNC)=P(A)-P(B)-P(C)
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Concept of independence

Example

Choose one number of the set {1,2,3,4}.

Let A={1,2}, B={1,3},C={14}.

1

Then P(A) = 5
1
P(B) = -
( ) 2'
1
P(C) = =.
(=1
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Concept of independence
Example

PANB) = P({1}) = ; = P(A)- P(B) |
P(ANC) = P({1}) = % P(A)-P(C) ¢ = pairwise independent
P(BNC) = P({1}) = ; = P(B)- P(C) |
but
P(ANBNC) = P({1}) = ; # ¢ = P(A) - P(B) - P(C).
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Concept of independence

Independence of events

Definition

Events A;, i € I are called independent if for any n > 1 integer, and
{ki, ka, ..., kn} C I indices

P(Ak, NA, N...NA) = P(Ak) - P(Ax,) - ... - P(Ax,)

Experiments are called independent if the events connected to them are
independent.

MOE (PE MIK) PROB.TH. 54 / 347



Random variables

Let
() sample space
A 0 algebra of events
P probability
Consider the functions
c:0O—-R

¢(w) depends on the result of the random experiment, ((w € Q),
therefore ¢ is a random quantity (random variable)
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Random variables

Example i)

Flip a fair coin;

if the result is head, then | gain 5SHUF,;

if the result is tail, | pay 3 HUF.

Let ¢ be the money | gain.

Q={H, T}, A=2%P classical probability
¢(H)=5¢(T)=-3,

therefore (:0—R ¢(w) :{ _g ::Zi I;I_
¢ can be 5 and -3, moreover
P(¢=5)=P({H}) =0.5, P( 3)=P({T})=0.5.

(’; = — =
The probability of gain P(¢ > 0) = P(Z=5) =05
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Random variables

Example ii)

Roll a fair dice, let the gain be the square of the number of points.

¢ is the square of the number of points

QO =1{1,23,4,5,6},

A = 29 (all subsets of Q),

P classical probability

¢(1) =1, 4(2) =4, ¢(3) =9 &(4) =16, ¢(5) =25, &(6) = 36.
Therefore Z:Q—R, &>i)=i%
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Random variables

Example ii)

possible values of ¢ are 1, 4, 9, 16, 25 and 36 and
PE=1)=P({1})=¢ PE=4)=P({2})=1L -

P(& =36) = P({6}) = ¢.
The gain is at most 10 HUF:
PE<10)=PE=1)+PE=4)+PE=9) =

N|—
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Random variables

Example iii)

Roll twice a fair dice, let ¢ be the difference between the points

Q={(11),(1,2),...(6,6)}, A= 29 P classical probability.

¢((1,1)) =0, ¢((2.2)) =0, ¢((2,1)) =1, 5((6,1)) =5, .....
éZQ—>]R, é‘((il,l'z)):’il—iﬂ.

MOE (PE MIK) PROB.TH. 59 / 347



Random variables

Example iii)

The possible values of ¢ are 0, 1, 2, 3, 4 and 5.

P(¢=0)=P({(1,1),(2,2),...(6,6)}) = 5
P(¢=1)=P({(1,2),(2,1),(3,2),(2.3),--- ., (5.6),(6,5)}) = 3.
P(¢=2) = P({(1,3),(3,1),(4,2),(2,4),- -, (4,6),(6,4)}) = 5.
P(¢=3) = P({(1.4).(4.1),(5.2).(2,5).(3,6). (6,3)}) = 3

P(C =4) = P({(1,5),(5,1),(2,6),(6,2)}) = 5,
P(¢=5)=P({(6,1),(1,6)}) = 5.
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Random variables

Example iv)

Choose two numbers with replacement out of {1,5,12}, ¢ is the sum of
the numbers.

Q=1{(1,1),(1,5), ---,(12,12)},

A =29,

P classical probability

¢((1,1)) =2, ¢((1,5)) =6, ¢((5,5)) =10, ...

CZQ—>]R, g((il,l'z)):il—Fl'g.
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Random variables

Example iv)

The possible values of ¢ are 2 6, 10, 13, 17 and 24, moreover

P(G=2)=P{(L1}) =3,

P(E=6)=P{(L5),(51)}) =
P(¢=10) = P({(5.5)}) = 5.
P(C=13) = P({(1,12),(12,1)}) = §,
P& =17) = P({(5,12), (12,5)}) = 3,
Pl =24) = (K11®D=é
The sum is at least 15: P(& > 15) = P({ =17)+ P(§ = 24) = %
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Random variables

Example v)

Choose two numbers without replacement out of {1, 5, 12},Iet ¢ be the
minimum of the numbers.

Q= {{1,5},{1,12},{5,12}},

A =22 P classical probability.

({15} =1, E({1,12}) = 1, &({5.12}) =5

C:Q—>]R, g({il,l'g}) :min{il,ig}.
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Random variables

Example v)

The possible values of ¢ are 1 and 5
P(E=1) = P({{1,5) {1.12}}) = -,
P(E=5)=P({{5.12}}) = 3.

The minimum is prime
P(@e{2357 --})=P(E=5=
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Random variables

Common features of examples i)-v)

@ The values ¢ can be listed: x1, xo, x3, - -

@ The probabilities

pr=P(l=x), pp=P(=x) ps=P(E=x) -
can be computed.
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Random variables

Common features of of examples i)-v)

The following inequalities hold

0 < p1, p2, p3, -

1 = pr+ptps+--
moreover
PeA) =) p ACR
X;€A
especially
PE<x)=Y p x€R
X <X
MOE (PE MIK) PROB.TH.
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Random variables

Discrete random variables

The random variable ¢ is called discrete, if the set of its possible values is
finite or countable infinite.

If ¢ is discrete we give its distribution if we list its possible values

(x1,x2, ...) and the probabilities p; = P(=x) i=1,2,---.

X1, X2, X3,

p].r p21 p31
Examples i)-v) are discrete r.v-s.

The probabilities satisfy (1) and (2) we do not need the mapping
w— &(w).

Notation:
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Random variables

Example vi)

Shoot on a circle with radius R by geometric probability. Let ¢ be the
distance between the centre of the circle and the point.

o O={(uv)eR*|u®+v? <R?} the points of the circle

o A — the set of the subsets of the circle which has area

e P — geometric probability

0 (:0O—R ¢((uv))=Vu>+v?

the possible values of ¢ are the numbers of the interval [0, R]

MOE (PE MIK) PROB.TH.

68 / 347



Random variables

Example vi)

o P(F=0)= T<;§g;;e) =0 =0

o P(E=R)= T( circle Iin;(\g/)i;h radius R) _ % —0

o P(E=R/2) = T (circle |ineTw(ig1)radius R/2) _ R%n —0
o P(=x)= T (circle Iin;\(/v(i)t)h radius x ) __ % —0

@ All possible values have probability zero!!!!
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Random variables

Example vi)

Instead of P(¢ = x) consider the probabilities P(& < x)!

e P(E<0)=P@) =
T(open circle )with radius R)  R?m

R =1
° PE<R)= T(Q) T Rn
T (open circle with radius R/2)  (R/2)*m
P R/2) = = =0.2
e P(C<R/2) Q) o 0.25
T (open circle with radius x ) x*m  x* .
P = = = — f
° P(¢ <x) T(Q) Rz R
0<x<R

e P(<x)=P(@)=0 ifx<0
e PC<x)=P(Q)=1 ifR<x.
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Random variable

Cumulative distribution function (c.d.f.)

(Q, A, P)

Definition
The function ¢ : () — R is called random variable if for any x € R

{w:f(w) <x}teA

The previous examples satisfy this.

Definition
The cumulative distribution function of ¢ is F : R — IR for which

F(x):=P((<x)=P{w:¢(w) <x}) xeR
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Random variable

Cumulative distribution function of example i)

0 ifx<-3
F(x)=P(E<x)={ % if =3<x<5
1 if 5<x
Graph:
10T Oo—
A A A
MOE (PE MIK)
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Random variables

Cumulative distribution function of example vi)

0 if x <0
2
F)=PE<x)={ o f0o<x<R
1 if R < x
Graph, if R =1:
1.0
0.5

-1.0 -0.8 -0.6 -04 -02 00 02 04 06 08 1.0 12 14
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Cumulative distribution function

The properties of the cumulative distribution function

Crv, Fcdf, F(x):=P(l<x) x€R
A) 0 < F(x) <1 (it is a probability)
B) F(x) is monotone increasing

(if x <y, then {w: &(w) < x} C {w: &w) < y})
Q) XILmOOF(X) =1, XﬂrpooF(x) =0

D) F is continuous from left hand side, that is lim F(x) = F(a).

X—a—
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Random variable

The properties of the cumulative distribution functions

B) and C) imply A)

Conditions B), C) and D) are sufficient:

If the function F : R — R satisfies B), C), D) then there exists a random
variable ¢ with c.d.f. F.
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Random variable

Determining probabilities by the cumulative distribution functions

¢ random variable with c.d.f. F, F(x) := P(¢ < x)

P(§ € (-, a)) = P({ <a) =F(a)

PG elam))=Pla<i) =P <a)=1-F(a)

P(a< ¢ < b)=F(b)—F(a)
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Random variable

Determining probabilities by the cumulative distribution functions

¢ random variable with c.d.f. F, F(x) := P(¢ < x)

Theorem

P(Z=a)= lim F(x)— F(a)

Xx—a+

| A\

Corollary
e If F is a continuous function in a then P({ = a) = 0.

e if F is a continuous function in every x € R, then ¢ takes every value
with probability O.
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Random variables

Continuous random variables

¢ is a random variable with c.d.f. F, F(x) := P(¢ < x)

The r.v. ¢ is called continuous r.v. if there exists such a function
f : R — IR, which is continuous except from at most finite points, for

which

F(x) = 7f(t)dt x € R.

— o0

f is called probability density function (p.d.f).
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Random variables

Continuous random variables

e If ¢ is continuos random variable, then F(x) is continuous in every
xe R.

e If f s continuous in x, then F is differentiable in x, moreover
F'(x) = f(x).

o If the value of f is changed at a (some) point, then F does not
change.
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Random variables

Properties of the probability density functions (p.d.f)

¢ continuous r.v., f isits p.d.f.

l.) f(x) > 0 (except from some points) (derivative of an increasing

function)
IL) /f(t)dt —1
(as /f(t)dt = lim F(x) = lim F(x) =1-0)

If f : R — R satisfies the above properties I.) and II.) then there exists a
continuous r.v. ¢ which has p.d.f. f.
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Random variables

What kind of density is expressed?

P(a<Z<a+Aa)=F(a+Aa)—F(a)

P(a<Z<a+Aa) F(a+Aa)—F(a)

Aa Aa

. F(a+Aa)—F(a) .,
Aah—r!?)+ Aa = F(a) =f(a)

therefore
Pla<<a+Aa)~f(a) -Na
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Random variables
Computing probabilities by the help of p.d.f.-s

b
P(a<&<b)= /f(t)dt

P(a<&<b)=F(b)— F(a) = /f(t)dt— /f(t)dt — /f(t)dt.

F is continuous in every point, therefore P({ = x) = 0 for any x € R

Pla<i<b)=Pa<i<b)=Pla<i<b)=P(a

<g<b)=
— F(b) — F(a).

~—
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Random variables

P.d.f. of example vi)

0 fx<o
2
F(x) = ﬁif0<x§R
1 fR<x
0 ifx<o0
/ 2x
f(x)=F'(x) = 77 f0<x<R
0 IfR<x

if x = 0, then F is differentiable
if x = R, then F is not differentiable at x.
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Random variables

P.d.f. of example vi)

Let R=1

f (X) 2.0 '.'

157
10T

05T

i I I I b | | | | i . .
T T T

T T N T N T N T N T N T T T
-10 -08 -06 -04 -02 00 02 04 06 08 10 12 1.4X
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Random variables
Identically distributed r.v.-s

Definition
The r.v.-s ¢ and 1 are called identically distributed if they have the same
c.d.f.-s.

| A\

Theorem
If ¢ and 17 are discrete, moreover identically distributed, then they have
same possible values and the same probabilities belonging to them.

F €2 (02 025 035) 7 (04 o025 03
orexampie 6 {os 025 035) 7 04 025 035

If ¢ and 11 are continuous r.v.-s and moreover they are identically
distributed, then the p.d.f. of ¢ equals the p.d.f. of 1.
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Random variables

Identically distributed r.v.-s - example i)

Roll twice a fair dice. Let ¢ be the number of "6".
Then

O ={(11),...(6,6)},8((1,1)) = 0;¢((5,6)) = 1;...

2;
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Random variables

Identically distributed r.v.-s - example ii)

Choose 1 number from the set .Let the gain be 2 HUF, if the number

equals 1, let the gain be 2, if the number is at least 2 and at most 12, the
gain is 1, in any other case we do not gain. Let the gain be denoted by 7.
Q={1,..,36},17(1) =2;7(2) =1;57(12) = 1,7(13) = 0; ..., 7(36) = 0;

0 1 2
T\ 25 1 1
36 36 36

The c.d.f-s of ¢ and 77 and are the same functions, therefore ¢ and # are
i "MOE (PE MIK) PROB.TH.




Random variables

Independent random variables

(A P), & nrv-s

Definition

The r.v.-s ¢, 1 are called independent if for any values of x, y € R
P(E<x)N(n <y)) =Pl <x) Py <y).

Independence of { and nj means the independence of the events {¢ < x}
and {n <y} x, y € R.

MOE (PE MIK) PROB.TH. 88 / 347



Random variables

Independent discrete random variables

(Q,AP), & 1rve-s

Theorem

Let ¢ and 17 be discrete r.v.-s with possible values x; i=1,.... and y;

Jj=1,..., respectively.
¢ and n are independent if and only if

P& =x)N(n=y)) =P =x) Pl=y)

foralli=1,...andj=1,...
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Random variables

Independent continuous random variables

(Q, A P), & nrv-s

Theorem

Let & and 1 continuous r.v.-s with p.d.f. f(x) and g(y),respectively.
¢ and 1 are independent, if and only if

9%°P X
EX DY) 1) -g(y)

for every x e R,y € R.
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Random variables

Numerical characterizing of r.v.-s

expectation (expected value)
variance/dispersion
mode

median

00000

covariance/correlation coefficient
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Random variables

Definition of the expectation

Let ¢ discrete r.v. C : (Xl X2 X3 . ) .
p1 P2 p3 .
The expectation of ¢ is

supposing Y. |xi| - pi < oo.
i=1

If the number of possible values is finite, then the sum is finite as well.

.Z |xi| - pi <oo implies .Z i - pi = E()<oo.
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Random variables

Definition of the expectation

Definition
Let ¢ be continuous random variable with p.d.f. f.
The expectation of ¢ is

E() = 7x- f(x)dx

supposing / |x] - f(x)dx < oo.

v

/ |x| - f(x) dx < co implies E(¢) < oo.

— o0
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Random variables

Properties of the expectation i)

Let g, 7 rv-s,a, b, ceR
@ If ¢ and 7 are identically distributed, then E(&) = E(7).
Q If0<¢, then 0 < E(¢)
Q@ E(G+n)=E(Q)+E®m)
O E(c-¢) =c-E(Q)
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Random variables

Properties of the expectation ii)

Consequences:

Q Ifi=c, then E({) =c

Q@ E(a-¢+b)=a-E(@Q)+b

Q@ Ifa<i<bthena<E)<b
Q If &<, then E(J) < E(y)
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Random variables

Properties of the expectation iii)

Q If &y, &), ... ¢, are identically distributed, E(&;) = ... E(§,) = m,
then
n
E <Z (j,) =n-m,
i=1
@ Furthermore .
X G
E| = =m.
n

@ If ¢ and 77 are independent, then
E(G-n)=E(S) E().
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Random variables

Properties of the expectation iv)

@ I‘c‘;{isdiscrete,g:()qL X2 X3 )
p1 p2 p3 -

g : R — R function, g(&) exists, then
E(g(¢)) = ;g(xf) pi

supposing Y721 |g(xi)| - pj < oo,

@ Especially, g(x) = x2,

(o]
E(F%) = ZX,-Z * pi, supposing ZX;Z P < .
i=1 i=1
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Random variables

Properties of the expectation v)

@ If ¢ is continuous random variable with p.d.f. f,
g:R —R; g(&) exists,

E(g(0) = [ g(x)- F(x)dx

supposing [ |g(x)| - f(x)dx < oo.

— 00

@ Especially, g(x) = x2

E(&2) = /x2-f(x)dX-supposing /X2'f(x)dx< -
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Random variables

Definition of the variance and the dispersion

The variance of & is D?(&) = E ((C - E(C))2> , If the expectations exist.

The dispersion of & D(&) = \/D2(¢) = \/E ((g - E(g))2) Jif the

expectations exist.

Remark

(& — E(&))? is nonnegative, therefore E (£ — E(Z))? > 0, the square root
can be taken. )
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Random variables

Properties of the variance and the dispersion i)

@ |If two random variables are identically distributed, then their variances
are equal.

@ D*(&) = E(§*) — (E(§)*, D)= \/E(Cz) —(E(§))?
Q If P(& =c) =1, then D?(&) =0 = D(&).

Q If D>(&) =0=D(¢), then P(E=¢c) =1.

@ D?(a-{+b)=2a*-D*(), D(a-&+b)=lal-D(F)
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Random variables

Properties of the variance and the dispersion ii)

@ If ¢ and 7 are independent, then
D?*(¢ + 1) = D*() + D*(n).

D(¢ +n)#D(E) + D(n)!
Q@ Ifg.¢h ..., ¢, are independent, identically distributed random
variables, D?(¢&;) = ... = D?(¢,) = 02 then
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Random variables

Properties of the variance and the dispersion iii)

Q If ¢y, 8y, ...,¢, areindependent, identically distributed random
variables, D(¢;) = ... = D({,) = 0, then
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Random variables
Mode

Definition
Let ¢ be discrete r.v.. The mode of ¢ is its most likely possible value.

C?(;i ;2 :2 :::),themodeofgisx,-, 0712 2 B 1 = W B

The mode of ¢ may not be unique (multimode distribution). \
Mode is one of the possible values.
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Random variables
Mode

Definition

Let ¢ be continuous r.v. with p.d.f. f . The mode of ¢ is the argument of
the local maximum value of f .

The mode of ¢ may not be unique (multimode distribution). \
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Random variables

Mode - example

f(x) = { % (e +0X3 ) i)ft;:erzw?se mode: 0, 2.879
Yoo+
01
00 ;
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Random variables

Median

Let ¢ be a r.v.. The the median of ¢ is x, if

and

If ¢ is continuous r.v., then median of ¢ is x if F(x) = 0.5.

Proof P({ < x) = P({ < x) = F(x) > 0.5,
P(>x)=1—F(x)>05,05>F(x)= F(x) =05. =
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Random variables

Median - example

F(x) = ﬁj& if1sx median: 1.73
0  otherwise

= (X) 1.0 "
08T

06T

=05 x2=3, x=+3=173
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Random variables
Median

If & is discrete and F(x) # 0.5, then the median of § is the value x where
F jumps the level 0.5.

Proof P({ > x) > 0.5 = F(x) < 0.5,
P <x)=F(x)+P(=x)= uir;rLrF(u) >05m
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Random variables

Median - example i)

0 ifx<-=2
(=2 1 5\ _ . ) 1/3 if—2<x<1
5(u31m UQ'H”" 2/3 if1<x<5
1 if5<x
F(x) 10T —
05T
G ]
5 0 5 10
X
median: 1
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Random variables
Median

Statement

If the c.d.f. of ¢ F(x) takes the value 0.5 for a < x < b, then the median
of & is any point in (a, b]
a+b

Usually is used.
Proof P(¢ < x) > P({ < x) = F(x) =05 P(¢ > x) =1— F(x) = 0.5.
|
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Random variables

Median-example ii)

§:< );F(X): 1/2 ha —2<x<5
1/2 172 1 hab < x
F(X) 10T —
B5
5 0 5 10
X

median: # —15
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Random variables

Covariance - definition

Let &, 7 be rv.-s, E(E), E(1) exist

Definition
The covariance of ¢ and 1 is

cov(G. 1) = E((—E(Z))- (1 — E(1)))

if the expectation exists.
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Random variables

Properties of the covariance i)

ov (g, 1) = cov(1.¢)

(€.8) =E((E—E(Q))- (C E(¢))) =D*(¢)
(€. 11) = cov(& — E(5). 7 — E(y))

v(c§+ a,dy+b) = cdcov(§ 1)

cov(c¢ +a,cé +a) = c?D?(&)

If = c, then cov({, 1) = 0.

ov

ov

QOQQ@O
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Random variables

Properties of the covariance ii)

@ cov(gn) = E(-n) — E(Z) - E(n)),
as cov(g, 1) = E((&— E(C))- ( (’7)))
=E@G-n—C-E(m)—E@) 7

@ IfE(Z) =0, then cov(, 1) = ( )

)+

Q@ D*(¢+n) = D*(§)+ D*(y
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Random variables

Existence of the covariance

If E(&%) and E(y?) exist, then cov(E, 1) exists and

|cov(¢.y)| < D(&) - D(1).
Equality holds if and only if = a+ b orn = cC +d.
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Random variables

Properties of the covariance iii)

If { and 11 are independent, then cov (&, 1) = 0. l

If cov (&, 11) =0+ ¢ and 1 are independent.
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Random variables

Properties of the covariance - example

Example

An example when cov (&, 7) =0, but ¢ and 5 are not independent:
. . 05,if —1<x<1

Let & be continuous r.v. with p.d.f. f(x):{ 0. otherwise :

Let # = &.Then & and # are not independent, but cov (&, 1) = 0.

E(E-n) =E@) = [1;x*jdx =0.

E(§) =0.E(G) -E(n) =0=

cov(&, 1) = E(&- 1) — E(&) - E(y7) = 0.

NOTE: The zero value of the covariance does not imply independence.
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Random variables
Correlation coefficient - definition

Definition

& n are. r.v.-s, D(¢), D(n) are finite, D(&) # 0,D(n) # 0.

The correlation coefficient of ¢ and 17 is r(&, 1) = %.

If D() =0, then P(C = E(E)) =1, and cov(§, 1) =0, let r(¢,n) =0,
by definition.
If D(n7) = 0, then let r(&, 1) = 0, by definition.
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Random variables

Properties of the correlation coefficient

@ |r(¢,1)| <1, Equality holds if and only if there is a linear relation
between the two r.v.-s.

@ If &, 17 are independent, then r(&, 1) = 0.
© |r(&)| = |r(ag+ b cy +d)|.

C—EE) n—E(m)y _ E—E(@) n=E(my _
Q r( D(é))v 70(77(;7)) = cov( D(é)), WD(W;Y ) =r(&n).
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Frequently used discrete distributions

@ Characteristically distributed random variables.
@ Uniformly distributed discrete random variables
© Binomially distributed random variables.

@ Poisson distributed random variables.

@ Hypergeometrically distributed random variables.

MOE (PE MIK) PROB.TH. 120 / 347



Frequently used discrete distributions

Characteristically distributed r.v.

R.v. ¢ is called characteristically distributed random variable with
parameter 0 < p < 1 if
0 1
& (1 —p p)
Statement

E(G)=p. D(G)=+p (1—p).

Example: Ais an event, P(A) =p,0<p <1
1 weA 1 if A occurs
¢=1a(w) = { 0 w¢gA <1A o { 0 if A does not occur ) '
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Frequently used discrete distributions
Uniformly distributed r.v.

Definition
R.v. ¢ is called uniformly distributed discrete random variable, if

(X1 X2 ... Xp
il 1 1

Statement

E@) =+ En:lx,' =X, D()=,/% §1Xi2 _ 2

Example: Roll a fair dice. Let ¢ be the square of the result.

¢: (} Lll ? 116 215 316> . All possible values are equally likely.

6 6 6 6 6 6
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Frequently used discrete distributions

Binomially distributed r.v.- definition

R.v. ¢ is called binomially distributed random variable with parameters
2<n and0< p<1if

0O 1 ... n
g'(po pr ... pn)

px=P(l=k) = (k) Pk (1= p)nk

with

n

0< (Z) P (1=p)" ¥ (Z) pk-(1—p)k=1.

k=0
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Frequently used discrete distributions

Binomially distributed r.v. ii)

Application: Repeat an experiment n > 2 times independently, let A be an
event with 0 < P(A) < 1. Let { be the number of the occurrences of A
during the experiments. Then ¢ is binomially distributed r.v. with
parameters nand p = P(A) (2<n, 0 < P(A) <1).

There are N objects, S of them are of first quality, N — S of them are of
second quality. Sample n with replacement. Let ¢ be the number of
elements of first quality in the sample. Then ¢ is binomially distributed

r.v. with parameters n and p = N
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Frequently used discrete distributions
Binomially distributed r.v. iii)

The sum of n independent characteristically distributed r.v. .with
parameter p is binomially distributed r.v. with parameters
nand p.(2<n, 0<p<1).

Proof ¢=y",1; 14,---,1, independent
the values in the sum are 0 or 1.
the possible values of Y7 ;1;are0,1,2,...,n and
P(X L=k =()-P(ly=1)----- P(1,=1)- k
P(Lsi=0)---P(L,=0)= () - p*-(1—p)" *. m
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Frequently used discrete distributions

Binomially distributed r.v. iv)

Repeat an experience n times, let A be a fixed event and let ¢ be the
number of occurrences of A during the experiments. Then

with
1 - 1 if A occurs during the /" experiment
"7 1 0 if Adoes not occur during the ith experiment
and1; i=1,2,...,n areindependent.
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Frequently used discrete distributions
Binomially distributed r.v. v)

If ¢ is binomially distributed r.v. with parameters n and p, then
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Frequently used discrete distributions

Binomially distributed r.v. vi)

If ¢ is binomially distributed r.v. with parameters n and p, then the mode
of ¢ is

o [(n+1)-p],if(n+1)-pisnot integer

o (n+1)-pand (n+1)-p—1,if (n+1)-p is integer.
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Frequently used discrete distributions

Binomially distributed r.v.- example

Let n=10, p=0.2, (n+1)-p = 2.2 is not integer = mode= 2

D 03
02T
01+
0.0 f f f f f f : :
0 1 2 3 4 5 6 7 8 9 I%O
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Frequently used discrete distributions

Binomially distributed r.v. viii)

Statement

If ¢, are binomially distributed r.v.-s with parameters n and p,; k is fixed
and lim np, = A > 0.
n—oo
Then .
n _ —00 )\ A
P&, =k = () o @=por* =5 et
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Frequently used discrete distributions

Poisson distributed r.v. - definition

Definition
R.v. ¢ is called Poisson distributed r.v. with parameter A > 0, if

0o 1 ..\ . AK
: thpy=—-e " k=0,1,2,---.
¢ (Po p1 )W’ k=T ¢

| N\

Statement

(0]
0<pk and ) px =1
k=0

o0 o0 k 00
Proof ¥\ pr=Y —etr=e?. ¥ —=etr.e?=1 n
k=0 k=0 k!
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Frequently used discrete distributions

Poisson distributed r.v. i)

pk="-e? k=012---

Statement

If ¢ is Poisson distributed r.v. with A > 0 then

E@)=A D) =vVA

| N\

Statement

If ¢ is Poisson distributed with A > 0, then the mode of ¢ is
e [A], if A is not integer,
@ Aand A —1, if A is integer.
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Frequently used discrete distributions

Poisson distributed r.v. ii)

If ¢, is Poisson distributed with parameter A1 > 0 and ¢, is Poisson
distributed r.v. with A, > 0, moreover ¢, and ¢, are independent, then
their sum ¢, + &, is also Poisson distributed with parameter A1 + Ay .
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Frequently used discrete distributions

Hypergeometically distributed r.v. - definition

The r.v. ¢ is called hypergeometrically distributed random variable with
parameters N, S, n, 2< S <N, 1<n<S5 n<N-S)if

(om0
pk=P(C=k)=(‘Z>'(I'\7I:f) k=0,1,2-,n

(1)
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Frequently used discrete distributions

Hypergeometically distributed r.v. - example

Sampling without replacement:

N elements, S is of first quality, N — S is of second quality.
Choose n out of them without replacement. (1<n< S,n < N —S)
Let ¢ be the number of elements of first quality in the sample.
Then the possible values of ¢ are 0,1,--- , n, and

P(E=k) = <i)<l'\7l:f) k=0,1,2---,n

(»)
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Frequently used discrete distributions

Hypergeometically distributed r.v. - properties

Statement

If the r.v. ¢ is hypergeometrically distributed with N, S, n then

E@)=n>

D(c>=\/n.%.(1_%>.(1_lr\rl:11)
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Frequently used discrete distributions

Hypergeometically distributed r.v. - properties

Statement

If the r.v.-s ) are hypergeometrically distributed r.v.-s with N, Sy,

. N . .
lim — = p,moreover n , k is fixed and then

S N-—S
P(Cy = k) = <I£V) (gv)nklv) = (Z> 'Pk~<1—P)"fk

n
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Frequently used continuous distributions

@ uniform

@ exponential

Q@ Weibull

Q@ normal (Gauss)
@ Chi-square

O Erlang
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Frequently used continuous distributions

Uniformly distributed r.v. i)

Definition
R.v. { is called uniformly distributed on the interval [a, b] (a<b), if its

p.d.f. is
c if a<x<h
flx) = { 0 otherwise

Remark

[y
A\

[S f(x)dx=1=c=

[ee]

> 0.

—a

\
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Frequently used continuous distributions

Uniformly distributed r.v. ii)

if a<x<b
f(X): b— a - -
0 otherwise
a=-1 b=2
f(’\/03'_'
02T
01T
5 4 3 =2 4 0o 1 2 3 4 5
X
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Frequently used continuous distributions

Uniformly distributed r.v. iii)

Statement
If ¢ is uniformly distributed r.v. on [a,b], then

0 if x<a

F(x) = z:z if a<x<b
1 if b<x
Proof 5
X X X X — .
F(x)= [" f(t)dt= [ ﬁdt:ﬁ[t]a:b_a, if a<x<b. m
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Frequently used continuous distributions

Uniformly distributed r.v. iv)

0 if x<a

Fx) = ’;:Z if a<x<b
1 if b< x
a=-1,b=2
1.0
F(x)
0.5
5 4 3 =2 1 o 1 2 3 4 5
X
MOE (PE MIK)
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Frequently used continuous distributions
Uniformly distributed r.v. v)

If ¢ is continuous uniformly distributed r.v. on [a, b] and a<c<d<b,
then

d—c

b—a

a c—a d—c

a b—a b—a

Plc<i<d)=

d
b

Proof P(c < { <d)=F(d)—F(c) =
(geometric probability) m
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Frequently used continuous distributions

Uniformly distributed r.v. v)

Statement

If ¢ is continuos uniformly distributed r.v. on [a, b], then
a+b
E =
(C) 2 U
b—a
D =
® - == |
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Frequently used continuous distributions

Exponentially distributed r.v. - definition

Definition
¢ is exponentially distributed r.v., with parameter A > 0 if its p.d.f. is

L a—AX
f(x)={Ae if 0<x

0 otherwise

e~ Ax e
0 < f(x), fjooof(x)dxzfooo)t-eAxdx:/\[_A]O =0—(-1)=1.
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Frequently used continuous distributions

Exponentially distributed r.v. i)

Fx) = A-e™™ if 0<x
B 0 otherwise
A=2
f(x) *
1
2 ' 1 0 ' 1 2 3
X
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Frequently used continuous distributions
Exponentially distributed r.v. ii)

If ¢ is exponentially distributed r.v. with A > 0 then

{ 0 if x<0

F(X) l—e ™ jf 0<x
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Frequently used continuous distributions

Exponentially distributed r.v. iii)

0 if x<0
F(X)_{l—e/\x if 0< x
A=2
F(X)l.O
0.5
2 1 0 1 2 3 2 5
X
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Frequently used continuous distributions
Exponentially distributed r.v. iv)

If ¢ exponentially distributed with a A > 0, then

1 1
EQ =1 D=1
00 00 —A Ae’AX *
Proof £(5) = [“ x-f(x)dx = [; x-A-e Mdx = |x- 3
— o
0] /\e_AX —/\X e_AX ® 1 ].
—Jo 1 Adx-O—kfole dx = [—A]O_O_(_/\)_)\'
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Frequently used continuous distributions

Exponentially distributed r.v. - "Forever young" property i)

If ¢ is exponentially distributed r.v. with A > 0, then for any0 < x, 0 <y

PE>x+y|E>x)=P(@>y)

Proof P(&>y)=1—F(y) =e V.
PE>x+y|E>x) = P(C>X+yﬁ§>x) _PE>x+y) _

(C>X)( )_ P(ﬁi?)
1-F(x+y) et
TR e e
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Frequently used continuous distributions

Exponentially distributed r.v. - "Forever young" property ii)

Statement

If & has only nonnegative values, F is differentiable, F(x) # 1,
lim F'(x) = A >0, and
x—0+
PE>x+yld>x)=P(>y) 0<x, vy

then ¢ is exponentially distributed r.v. with parameter A.
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Frequently used continuous distributions

Exponentially distributed r.v. - Relation between exponential and Poisson distribution i)

Statement

Let ¢y,8y,....,C,, ... be independent, exponentially distributed r.v. with A,
0 < T fixed. Let

(0 if T<E

1 if & <T and T<¢ +¢,

N = 2 :
k if YE & <T and T<YiE

\

Then 1+ is Poisson distributed r.v. with parameter A - T.
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Frequently used continuous distributions

Exponentially distributed r.v. - Relation between exponential and Poisson distribution ii)

......... O OO SR S RN U SR B

¢, = lifetime of the first part = the time point of the first change

¢, = lifetime of the second part, ¢; + ¢, = the time point of the second
change

¢3 = lifetime of the third part, {; + ¢, + {3 = the time point of the third
change

the sum of the first and second r.v. is less than T, but the sum of 3 r.v.-s
is more than T

the number of changes to T is the number of r.v.-s whose sum is less than

T but increasing the number of the r.v.-s by 1, their sum exceeds the value
of T.
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Frequently used continuous distributions
R.v.-s with Weibull distributions - definition

Definition

The distribution of the r.v. ¢ is called Weibull with parameters A > 0 and
k >0, if its c.d.f. is

F(x>:{ 1-e " if 0<x

0 otherwise

Remark

| A\

F is c.d.f. as it is continuous, monotone increasing and its limit at -co
equals 0, at oo equals 1.
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Frequently used continuous distributions

R.v.-s with Weibull distributions ii)

Statement

If the distribution of ¢ is Weibull distribution, then its p.d.f is

F(x) = Aok (A-x)Lem0" jf 0<x
0 otherwise

and E(¢) = 1T(1+ %).

I(s)=: [, t°—1-e 'ds;[(s) = (s—1)-T(s — 1); generalization of s!
Note: Weibull distribution is a generalization of exponential distribution
(k=1).
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Frequently used continuous distributions

R.v.-s with Weibull distributions iii)

cd.f-sincaseof A =1k =0.5— black;k =2 —red; k =5 - green

10T
Yy ]
08T
06T
04T

0.2 7

0.0

X L
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Frequently used continuous distributions

Weibull distributed r.v.-s - iv)

p.df-sincaseof A =1 k=0.5— black;k =2 —red; k =5 - green

Y 15
1.0
05
0.0 : : T T 1
0 1 2 3 4 5
X
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Frequently used continuous distributions

Standard normally distributed r.v.-s i)

Definition
The r.v. ¢ is called standard normally distributed if its p.d.f. is
1 x2
X) = e~z for any x € R.
¢(x) Tom y
Notation: & ~ N(0,1)
x2 [e0]
0< o(x), [T e Tdx=V2mr= [ ¢(x)dx=1.
PROB.TH. 158 / 347
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Frequently used continuous distributions

Standard normally distributed r.v.-s ii)

p0x) = ——e ¥
27
9(0) = \/;71 = 0.39894

XL
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Frequently used continuous distributions
Standard normally distributed r.v.-s iii)

If¢ ~ N(0,1), then its c.d.f. is ®(x) = [*_ o(t

The values are contained in tables.
(x)
0.5
0.8413
0.9772
1

X

A~ NN = O

P(—x) =1—D(x).
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Frequently used continuous distributions

Standard normally distributed r.v.-s iv)

If & ~ N(0,1), then
E@G) =0, D(@)=1

Proof £(¢) = [*_ x-9(x)dx = [*_x- \/%efédx =
L [—e*%]o_o =L (0-0)=0.

27 o 2
E(&) = [T, %2 g(x)dx = [T %2 e Fx =
\/% [—X.e_%](:o + fjooo %ne_%dx —04+1=1.
D2(&) =E(&) - (E@)’=1=D(¢) =1 m
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Frequently used continuous distributions

Standard normally distributed r.v.-s v)

If¢ ~ N(0,1), theny = —¢ ~ N(0,1).

Proof Fy(x) = P(y <x) =P(—-(<x)=P(0<i+x)=P(—x<
H=1-d(—x)=1-(1-d(x)) =

MOE (PE MIK) PROB.TH.
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Frequently used continuous distributions

Normally (Gauss) distributed r.v.-s - definition

Definition

Let &~ N(0,1), me R, 0< 0.y =0+ mis called normally (Gauss)
distributed r.v. with parameters m and o. Notation: 1 ~ N(m, ).

In case of m =0, 0 =1 7 is standard normally distributed.

Let ~ N(0,1), me R a<0 n=a-¢+ misnormally distributed.
asn=—a- (=€) +m,0< —aand —& ~ N(0,1).
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Frequently used continuous distributions
Normally (Gauss) distributed r.v.-s ii)

Statement

Ifn ~ N(m, o), then

and
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Frequently used continuous distributions
Normally (Gauss) distributed r.v.-s iii)

m=1, c = 0.5: green

m=1, 0 =2 : red, m=1, 0 = 1 black

MOE (PE MIK)

y

0.8 T
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Frequently used continuous distributions
Normally (Gauss) distributed r.v.-s iv)

Ifn ~ N(m,o), then

Proof E(y) = E(c-C+m)=0c-E({)+m=0c-0+m=m.
D(n)=D(c-{+m)=0c-D({)=0c-1=0. =
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Frequently used continuous distributions

rule)

(k- rule)
Ify ~ N(m,o), then P(m—k-0c <n<m+k-o)=2P(k)—1.

Proof P(m—k-c <n<m+k-o)=F,(m+k-0c)—F,(m—k-o)=
d>(m+k;_m)—<b(m_l:f_m):<I>(k)—d>(—k):2-¢(k)—1.l

k=1:P(m—0o <y <m+o)=2d(1)—1=0.6826
k=2:P(m—20 <5< m+20)=2dD(2) — 1= 009544
k=3:P(m—30 <y <m+30)=20(3)—1=009974
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Frequently used continuous distributions
Normally (Gauss) distributed r.v.— vi)

Ifn ~N(m,o), thenf =a-n+b~ N(a-m-+b,|a|-0),if a#0.

Proof
0=a-n+k=a(c+m)+b=ac+am+b=(—ac)(—¢)+am+b

where { ~ N(0,1). m

If 7, ~ N(my,01), 7, ~ N(mo,02), independent, then

Mt~ N (m1+mz,\/a%+a%) :
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Frequently used continuous distributions
Normally (Gauss) distributed r.v.— vii)

If, ~ N(m,o) i=1,2,...,n are independent, then

If, ~ N(m,o) i=1,2,...,n are independent, then

MOE (PE MIK) PROB.TH.
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Frequently used continuous distributions
Chi-square distributed r.v.-s i)

Let & ~ N(0,1). Then 7 = & is called Chi-square distributed r.v. with
degree of freedom 1.

Statement
If y is Chi-square distributed r.v. with degree of freedom 1, then

[ 2d(yx)—1 if0<x
F”(X)—{ 0 if x <0

| N\

\

Proof F,(x) = P( <x) = P(& <x) = P(—/x <& < x) =
D(Vx) = ®(=vx) =2-2(Vx) —1. =
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Frequently used continuous distributions
Chi-square distributed r.v.-s ii)

Statement

If n is Chi-square distributed r.v. with degree of freedom 1, then

L _e 7 ifO<x
fy(x) = 27+/% d E(n) =1,D() = V2.
(%) { VB Fx<o (7) =1,D(y) = V2

Proof f,(x) = (F,(x))' = (2@(vx) —1)' =2- L e (R) =
. L2 1
V2 24/x

E() =E(¢*)=D*(¢) =1 m
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Frequently used continuous distributions

Chi-square distributed r.v.—s iii)

p.d.f:
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Sum of independent random variables

Convolution

Statement

Let ¢ and 17 be independent continuous random variables with p.d.f.-s fz
and f,, respectively. Then {+ 1 is also continuous random variable and its
p.d.f. is

[ee]

fein(2z) = /_oof,';(z—x)fn(x)dx = /_Z)%(X)fﬂ(z—x)dx
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Frequently used continuous distributions

Chi-square distributed r.v.—s iii)

Let & ~ N(0,1), & ~ N(0,1) be independent r.v.-s. Then i = & 4 2
is called Chi-square distributed r.v. with degree of freedom 2.

Statement
The p.d.f. of § = &+ 5 is

| A\

{ 05e 7 if 0<x

fy(x) = 0 ifx<0'

and

E(7) =2,D(y) = 2.
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Frequently used continuous distributions

Chi-square distributed r.v.— iv)

Proof apply convolution formula,

1 _z—x
————=e" 2 if 0<z—x
f — = V2m/z—x
ale =) { 0 #z-x<o

(x) =

sl b if 0<x
0 if x<0
'%1*52(2) = ffom fC1 (Z _X) ) fgz(X)dX =
fz 1 .1 e idx= %exp(—%) z 1
0 \/;\/zfx \/E\/} R s 0 (z—x)x
I dx = [f —2=dx1—5 =a, [’ 1 x—f da =
0 m 0 zx— x2 z 0 zx—x2 1\/7

[arcsina]t, = 7,
fe1e,(2) = 3exp(—35),0<z m
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Frequently used continuous distributions

Chi-square distributed r.v.—s v)

Let &; ~ N(0,1),i =1,2,...,n, be independent r.v.-s. Thenny = Y[, C,z
is called Chi-square distributed r.v. with degree of freedom n.

Statement

If n is Chi-square distributed r.v. with degree of freedom n, then its
p.d.f. is

and

E()=n  D(&)=2n

A\
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Frequently used continuous distributions

Chi-square distributed r.v.— s vi)

p.d.f. f,(x);
n=3- black,n=5—red, n =10 - green

0.3
0.2

0.1
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Frequently used continuous distributions

Erlang distributed r.v.-s i)

Definition

Let ¢; i=1,2,...,n independent exponentially distributed r.v.-s with
parameters 0<A. Then 7 = Y/ ; is called Erlang distributed r.v. with
degree of freedom n.
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Frequently used continuous distributions
Erlang distributed r.v. ii)

Let &, and ¢, independent exponentially distributed r.v.-s with parameter
0<A. Then the p.d.f. of 1 =¢; +¢,

[ A’zexp(—Az), 0< z
fy(2) = { 0 otherwise
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Frequently used continuous distributions

Erlang distributed r.v. iii)

0, if z<x
Proof fz (z — x) = { Aexp(—A(z—x)), if 0<z—x "

£ (x) = 0,if x<0O
YT Aexp(—Ax), if 0 < x

0,if x<0orz<x
foy (x) - 5, () = { AMexp(—Az), f0<x<z
riea(2) = [ B (2= %) - i (x)dbe = [ 1% exp(—2) i =
=A%zexp(—Az),0<z m
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Frequently used continuous distributions

Erlang distributed r.v. iii)

A =2;fy(z) = 22zexp(—22);

0.6

0.4 1

0.2 1

0.0

XL
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Frequently used continuous distributions
Erlang distributed r.v. iv)

Statement

If ¢; are independent exponentially distributed r.v.-s with parameter 0<A,
then the p.d.f. of Y| ¢, is

£ (x) = )‘ X 1, exp(—Ax), 0 < x
0, otherwise
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Frequently used continuous distributions

Erlang distributed r.v. v)

A =2;n=3— black,n =6 — red, n =10 — green

yost
04T
03T
02}

0.1

0.0 —t
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Limit theorems

The law of large numbers i)

Statement (Markov inequality)
Let 0 < &, E(C) be finite and 0 < A, then

A
Proof
- {3 552)
E(G) 2 E(A-1g50) = A-E(1gzp) = A-P(E 2 A),
) > pe =)
|

MOE (PE MIK) PROB.TH.
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Limit theorems

The law of large numbers ii)

Statement (Csebisev inequality)

If D(n) is finite, 0 < ¢, then

Proof As 0 < (1 — E(3))?, deUq amﬁ):D%mSﬁma

A = €2, apply Markov inequality:

o2 _E(0-E0)) (01— E0)? 2 ) =

g2 g2

P(ln—EMm)| =€)
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Limit theorems

The law of large numbers iii)

Statement (Another form of Chebisev inequality)

If D(n) is finite, 0 < €, then

Py —E(p)l <o) 21— 200,

82
Proof
P(ln—E(m)| <e)=P(n—E(n)| >¢) =
1Py~ ) 2 ¢) 21—
||

MOE (PE MIK) PROB.TH. 186 / 347



Limit theorems

The law of large numbers iv)

Statement

If D(n) is finite, D() # 0, 0 < k, then

P (1n — ()| > k- D()) < 75
PIn— E@) < k-D(p) 21—
Do e D200 _ D) _ 1
Proof Let ¢ = k- D(1) Th 2 kD) R [

We get bounds for the probabilities, not the exact values. We do not need
the distribution.
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Limit theorems

The law of large numbers v)

P (17— E(p)| < kD(p) > 1— =

k2
Large difference-small probability, small difference-large probability. l
Especially:
1
k=1 1-5=0  P(ly—E@)| < D)) >0
1
k=2 1-— ? =075 P(ln—E(n)| <2D(n)) >0.75
k=3 1-— = 089 P(|ln—E(n)| <3D(y)) >0.89
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Limit theorems

The law of large numbers vi)

Statement

If¢; i =1,2,...areindependent identically distributed r.v.-s,
E(&;) = m, D(E;) = o are finite, then for any 0 < ¢

10

o[

28) — 0, if n — oo.

lig,—m

i=1

<8>—>1, if n — oo

Proof Apply the Chebysev's inequality for 17 = %27:1 ¢; m

MOE (PE MIK) PROB.TH.
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Limit theorems

Bernoulli theorem i)

Statement (Bernoulli theorem)

Repeat an experiment n times independently, let ka(n) be the frequency
of the event A, 0 < p= P (A) < 1.Then for any 0 < ¢

P(M—p’28>—>o,ifn—>oo
P (

n
MOE (PE MIK) PROB.TH. 190 / 347
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Limit theorems

Bernoulli theorem ii)

Proof ka(n) is binomially distributed with parameters n, and p = P(A).
ka(n) is the sum of n independent characteristically distributed r.v.-s.
E(1s,) = P(A) = p, D(14) = v/p(1 = p)

Apply the law of large numbers. =
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Limit theorems

Bernoulli theorem iii)

The relative frequency is close to the probability if the number of
experiments is large.

Application: in case of

@ pools,
@ computer simulations,

@ sampling.
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Limit theorems

Central limit theorem i)

Random numbers generated by uniform distribution (transformation:
expectation 0 and dispersion 1)

04

0.3sf

03r

028t

02

015+

01F

005k
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Limit theorems

Central limit theorem ii)

Random numbers (after standardization) - sums of two uniformly
distributed random variables

0.45
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Limit theorems

Central limit theorem iii)

Random numbers (after transformation) - sums of five uniformly
distributed random variables
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Limit theorems

Central limit theorem iv)

Random numbers (after transformation) - sums of 100 uniformly
distributed random variables

0.45
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Limit theorems

Central limit theorem v)

Random numbers generated by exponential distribution and transformed
(0 expectation and 1 dispersion)

MOE (PE MIK)
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Limit theorems

Central limit theorem v)

Random numbers (after transformation) - sums of 2 exponentially
distributed random variables

07

06F
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Limit theorems

Central limit theorem vi)

Random numbers (after transformation) - sums of 5 exponentially
distributed random variables
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Limit theorems

Central limit theorem vii)

Random numbers (after transformation)- sums of 100 exponentially
distributed random variables

0.45

MOE (PE MIK) PROB.TH. 200 / 347



Limit theorems

Central limit theorem viii)

Let ¢; i =1,2,3,...be independent identically distributed r.v.-s.
E(g;) =m D(;) =0

Take the sum Y7 ; €.

By the properties of the expectation

E Z?:léi_nm>:E( =1 8i—nm) _ E(Y/.¢)—nm

N Vie . oV

By the properties of the dispersion
D =16, — nm _ D (X, & — nm) _ D (X1 8i) _
Vn-o Vn-o Vn-o

n
& —nm . )
L is called standardized sum.

Vn-o

1.
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Limit theorems

Central limit theorem for the sum i)

Letg, i=1,23,... /ndependent identically distributed r.v.-s,
E(¢;) =m, D C,)
Then

IlmP(2 =16 ’U <x):<I>(x) for any x € R.
Vvn

n—oo

Remark

| \

There is no requirement for the distribution of ¢;, it can be arbitrary.
On the left hand side one can see a sequence of c.d.f.-s. The limit is the
standard normal c.d.f..

\
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Limit theorems

Central limit theorem for the sum ii)

Fsum(Y):P( 7:1§i<Y):P(Z7=1§i—”m<y—”m):
p(Eabmm v

Voo S yno) U\ Ve
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Limit theorems

Central limit theorem for sum v)

On the left hand side there is a c.d.f..
On the right hand side there is a normal c.d.f..

The parameters of the normal c.d.f. are: nm and \/n- 0.

The approximation is good for 100 < n in case of (almost) any
distribution.

If the distribution of ¢; i =1,2,3,... is about symmetrical, then it
can be applied in case of 30 < n.
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Limit theorems

Central limit theorem for the average i)

Let {; i=1,23,... beindependent identically distributed r.v.-s,
E(Z,) = m, D(&) =

Let y = L & (average).

Then

Fyly) = @ (y;m) .
NG
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Limit theorems

Central limit theorem for the average ii)

y—m
(%

NG
On the left hand side there is a c.d.f..
On the right hand side there is a normal c.d.f..

Fﬂ(y) ~ o

o
The parameters of the normal c.d.f. are m and 7
n

These are just the expectation and dispersion of the average.
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Limit theorems

Central limit theorem for frequency: Moivre-Laplace theorem i)

Theorem

Let A be an event with P(A) = p, 0<p<1. Let ka(n) be the frequency of
the event A if we have n independent experiments. Then

b— np a—np
P(a<ka(n)<b)m®| ——"F0m—— | Q| ———
np(l—p) np(l—p)
Proof ka(n) is the sum of n independent characteristically distributed
random variables.

The c.d.f. of the sum is approximately normal distribution function with

parameters m = E (ka(n)) = np,0c = D (ka(n)) = /np(1—p) . =
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Limit theorems

Central limit theorem for frequency: Moivre-Laplace theorem ii)

If ka(n) is the frequency of event A having n independent experiments,
P(A) = p, 0<p<1, then

P(ka(n)=1i)=P(i < ka(n) < i+1)~

q)( i+1—np)_q)< i—np ):
np(1—p) np(1—p)

1 - (z—np)2 1
—.e 2m(l-p) . — g
NoY: np(1—p)
1 _ (i405—np)? 1
R — A T |

V2r np(1—p)

The probability can be approximated by the values of normal p.d.f. with

parameters np and /np(1 — p).
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Limit theorems

Central limit theorem for frequency: Moivre-Laplace theorem iii)

n=100,p=0.1

The exact probabilities and the approximate p.d.f.
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Limit theorems

Central limit theorem for Poisson distribution

Statement

Let i1 be Poisson distributed r.v. with 10< A. Then
x—=A

Fy(x) = Py <x) = ®( 7 )

Statement

Let 1 be Poisson distributed with 30< A parameter. Then

k _ —
Ply =) = fre ™~ o(=2) — o)
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Limit theorems

Central limit theorem for relative frequency i)

Theorem

If ka(n) is the frequency of the event A having n independent
experiments, P(A) = p, 0<p<1, then
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Limit theorems

Central limit theorem for relative frequency ii)

If ka(n) is the frequency of the event A having n independent
experiments, P(A) = p, 0 < p < 1,

n,= k‘f(") is the relative frequency of A, then

y—p
Fr () =® | ——
My
vp(L—p)
Vn
Note: The parameters of the approximate normal distribution are just the

expectation of the relative frequency and the dispersion of the relative
frequency.
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Limit theorems

Central limit theorem- example . i)

Roll a fair dice. The gain is the square of the results, if the result is odd,
and the let the gain be 0 if the result is even number. Compute the
probability that the sum of the gains is at least 550 and less than 600 after
100 games.At least how much is the gain with probability 0.997

Let &, be the gain in the first game, ¢, be the gain in the second
game,...,C1oo be the gain in the 100th game.

g,:(? o 25),i:1,2,3,...,100.
2

MOE (PE MIK) PROB.TH. 213 / 347



Limit theorems

Central limit theorem- example . ii)

Solution

For every i=1,2,...,100, ¢, is random quantity, ¢; are independent
identically distributed r.v.-s.

100
The question concerns the sum ) C; .
=

1

100
The question can be answered by the help of the c.d.f. of y =Y C; .
i=1

We don't know the c.d.f. F; (x), but it can be approximated by normal
c.d.f. according to the central limit theorem (CLTH).
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Limit theorems

Central limit theorem- example . iii)

Solution

In order to be able to use CLTH we have to know the parameters of the
approximate normal distribution.

The expectation of the normal distribution is the expectation of the sum.

The dispersion of the normal distribution is the dispersion of the sum.
E¢)=0-1+1-1+9.14+25.1=58333 =

100
E(;1 ¢;) =100-5.8333 = 583.33

E) =0} 410 1+ 6 1425t | =117.83
D?(&;) = 117.83 — 5.83332 = 83.803 —>
D(é) V/83.803 = 0.1544 —>

D(zg) V100-9.1544 = 91.544

v
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Limit theorems

Central limit theorem- example I. iv)

a) Compute the probability that the sum of the gains is at least 550 and
less than 600 after 100 games .

| A\

Solution

100
P(550< Y &; < 600)=F;(600) — F;(550) ~

i=1
& 60%155?&33) _ ¢(5509;5#) = 0.214 35.

\
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Limit theorems

Central limit theorem- example |. v)

b) At least how much is the gain with probability 0.997

100
x=? P(Y ¢; > x) =0.99,1— Fy(x) = 0.99, F,(x) = 0.01,
i=1

a5 Fy ) ~ (552,
we solve the equation ®(*5283-33) = 0.01.

9
Q(X5728.33) = 0.01 = 9]1'58234133 = —2.32 = x = 370.95,x = 371.

91.544
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Limit theorems

Central limit theorem- example Il i)

In a factory the used material during a day is a r.v. with p.d.f.
f(x):{ 1-5%,if0<x<2

0, otherwise
If the daily needs are independent, compute the probability that at least 25

units of material is used during 30 days.
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Limit theorems

Central limit theorem- example 11 ii)

Solution
Let &, be the amount of material used during the first day, ¢, be the
amount of material used during the second day,...., {3, be the amount of
material used during the 30th day,.

For every i=1,2,...,30 ¢; is random quantity, ¢; are independent identically

distributed r.v.-s. i

The question concerns ), ¢; and it can be answered by the help of the
i=1

cdf ofn = ZC

We do not know Fy. but it can be approximated by normal c.d.f.
according to CLTH.

v
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Limit theorems

Central limit theorem- example Il iii)

Solution

We have to know the expectation and the dispersion of the normal
distribution. They are the expectation and the dispersion of the sum.

EE) = [T, x f(x)dx = [Zx-(1—%)dx =2 :>E(zg)—3o
20

E(E) f X2 f(x)dx = [T x%- (1 — %)dx = 0.666 67
D2(§-) 2 :>D(§,-) - \/; — 0.4714 —

D(zg) V/30-0.4714 = 2.5820
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Limit theorems

Central limit theorem- example Il iv)

Compute the probability that at least 25 units of material is used during
30 days.

v

30
a) The question is P(Y, &; > 25) = 1— F;(25) ~ 1 — ®(£53%) = 0.264.
i=1

MOE (PE MIK) PROB.TH. 221 / 347



Limit theorems

Central limit theorem- example Il v)

For how many days 50 units amount of material are enough with
probability 0.99 ?

Solution

| A

=7 @ =Y & : P(Y. & < 50) = 0.99; Fe(50) = 0.99;
i=1 i=1

n
Use normal c.d.f. instead of Fg(x), the expectation is E(Y. &;) = n- 3,
i=1

n
the dispersion is D(Y_ &;) = \/n-0.4714.
i=1

Now Fo(x) ~ ®(<0885Ls)

50—0.6667- _ 50—-0.6667-n __ —

For 62 days it is enough 50 units of material with probability 0.99.

v
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Limit theorems

Central limit theorem- example Ill i)

Example
For a flight, 500 tickets are sold. If every passenger is at the board with
probability 0.9 independently of each other, compute the probability that
at least 460 people are at the board.

| \

Solution

Let 175, the number of people at he board in case of 500 sold tickets.
Ns00 IS binomially distributed r.v. with n=500, p=0.9 parameters. The
question is: P(460< 15,,)-
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Limit theorems

Central limit theorem- example IlI. ii)

We have 2 ways:
a) P(460< 11550) = L2460 P (11500 = k) =

Y060 (°20) - 0.9% - (1 —0.9)500—k = 0.075

difficulty: computing and summing 41 probabilities.

224 / 347
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Limit theorems

Central limit theorem- example IlI iii)

b) 1154, can be considered as a sum of 500 characteristically distributed
r.v.-s. Therefore CLTH can be applied. Expectation of 1 member: p,
dispersion: \/p(1 — p), therefore the expectation of the sum is np,
dispersion of the sum is \/np(1 — p). Consequently

F’7500 (X) ~ (I)( x—500-0.9 )

m 460—500-0.9
Now P(460 < 17509) = 1—Fy,,,(460) ~ 1 — ®(T2E=02) = 0,068,

Note: E (1500) =500 - 0.9 = 450.0; D (175,) = +/500-0.9-0.1 = 6.7082.

v
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Limit theorems

Central limit theorem- example Ill iv)

Which is value for which the number of people at the board is less than
with probability 0.99 ?

Solution

x=? P(f550 < x) = 0.99

Fisoo(x) = 099, @(G5i5005) = 099

x—500-0.9 __ 233
1v/500-0.9-0.1 T
x = 465.63; x = 466.
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Limit theorems

Central limit theorem- example Ill. v)

How many tickets could be sold if we want to insure that the number of
people at the board is less than 500 with probability 0.9997

Solution

Let n be the number of sold tickets, 1, is the number of people at the
board,

1, is binomially distributed r.v. with n and p=0.9;

n=7? for which P(1, < 500) = 0.999.

F,(500) = 0.999, E(57,) = n-0.9,D(y,) = v/n-0.9-0.1

500—n-0.9 500—n-0.9 __ —
O(200-809) — 0,999, 30209 — 309, n = 531,
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Limit theorems

Central limit theorem- example Ill. iv)

Compute the probability that, in case of 500 sold tickets, there are exactly
450 people at the board.

Solution

a) Exact value (300) - 0.9%%0 - 0.150 = 0.05937 1.
b) Approximate value applying c.d.f. by the help of CLTH:
P(17500 = 450) = P(450 < 1750, < 451) =~

451-500-0.9 450—500-0.9\ __
qD(\/soo.o.g-o.l) o qD(\/soo-o.g-o.l) = 0.059251.

Not too much difference.
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Limit theorems

Central limit theorem- example Il v)

c) approximate value applying p.d.f.

Normal p.d.f. With expectation 450, and dispersion 6. 708 2
(x—450)2 )

’7500 (X) V2 6 7082 eXp( 2-6.70822

(450—450)%
frsan (450) = T3 7a53°P(— 2570827 ) = 0059471
(451-450)2 _
77500 (451) /27.[ 6. 7082exp( 2.6.708 22 ) — 05 881 4
(450.5—450)2\ __
Frauo (450-5) = \/Eﬁ 7052 P(— 2570522 ) = 0.059306

good coincidences.
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Limit theorems

Central limit theorem- example IV i)

The misprints of a book on a page are Poisson distributed r.v.-s with
expectation 0.7. The numbers of misprints on the separate pages are
independent r.v.-s. Compute the probability that in a book of 250 pages
there are more than 200 misprints.
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Limit theorems

Central limit theorem- example 1V ii)

Solution
Npeo IS the number of misprints on 250 pages. Npeo IS Poisson distributed

r.v. with expectation 250 - 0.7 = 175 and dispersion +/250 - 0.7 = 13. 229.
Therefore Fy, (x) ~ CD(T;%S)
P(y,, >200) = P(, >201) =1— Fy, (201) = 1 — ®(352) =

13.229
1-0.99592 = 0.004 08

| \

Example

Which is the value for which the number of misprints is less with
probability 0.97

Solution

x=? P(i1,, < x) =09 ®(555%) =09, 3555 = 1.28, x = 191.
93, x = 192.

| A
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Limit theorems

Central limit theorem - example IV iii)

Compute the probability that there are 170 misprints on 250 pages.

Solution
a) applying c.d.f.:

P(1,,, = 170) = P(170 < 5,,, < 171) ~ @(3f355°) — P(H35°) = 0.0
28455

b) applying p.d.f.:
170.5—175)2
9(170.5) =t exp(— W20 = 0.02846 1.
Exact value: P(n, = 170) = % -exp(—175) = 0.028455.
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Multidimensional random variables

Basic concepts i)

Let (), A,P) be given, consider the functions &: O — R" .
¢(w) = (81(w), &r(w), ... §,(w))— n dimensional point!

Definition

¢ O — R is called multidimensional random variable (m.d.r.v.) if for
any (x1,...,xp) € R"
{w: ¢ (w) < x1,8(w) <x2, .., §p(w) < xp} € A

Remark

As{w : &1 (w) < x1 N&y(w) < xoN...N¢,(w) < xp} is an event, it has
probability!

¢i:OQ—Risarv. i=12..,n

| A\

A,

As{¢) <xi} =Up_1 {G1(w) <x1,8(w) <m, &, (w) < m}
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Multidimensional random variables

Example I. i)

There are 100 products, 20 are of | class, 30 are of Il class, 40 are of Il
class, 10 are of IV class. Choose 6 items without replacement. Let
¢=(&;.&,), ¢, be the number of the products of | class in the sample, &,
is the number of the products of Il class in the sample.

The items are numbered, 1,2,...,20 are of | class, 21,...,50 are of |l

class,51,...90 are of Il class, 91,...,100 are of IV class.
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Multidimensional random variables

Example I. ii)

Possible outcomes: the subsets containing 6 elements from {1,2,..,100}.
events: subset of ()
P: classical probability.

o &1 0 — R?

o ¢({5,21,31,41,51,100}) = (1,3)

@ ¢ maps the set of the possible outcomes into a subset of IR.
° Rny value of ¢ is a two dimensional point.

@ The value of ¢ is a random value, as the possible outcome is random.
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Multidimensional random variables

Example I. iii)

@ The possible values of ¢ are the pairs (0,0),

(0,1),...(0,6),(1,0),(1,1),....(5,0),(5,1),(6,0).
@ The possible values can be listed.

@ Probabilities belonging to the possible values are can be computed:

o B Gy o L
P(G=(iJj)= (100 , 0<4,j <6, integers, i +j < 6.
6
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Multidimensional random variables

Example I. iv)

e The margins: &;({5,21,31,41,51,100}) =1, ...,
&,({5,21,31,41,51,100}) = 3, ....

05: QO —=Rrv, Gy QO —=Rruv;
@ The possible values of ¢; are 0,1,2,3,4,5,6 ;

D) (o)
probabilities are: P(;=i)= ’(108)*’ .
6
@ The possible values of ¢, are 0,1,2,3,4,5,6;
D62

probabilities are: P(&,=/)= ’(120)
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Multidimensional random variables
Example Il i.)

Choose two numbers independently from the interval [0,1] by geometric
probability.

Let ¢=(;, &,), where ¢, is the sum of the numbers, &, is the difference of
the numbers.

e O =10, 1]x0, 1],

@ events: the subsets of () which have area,

@ P :area

e O)— R?,

° g((0.5,0.5)) = (1,0), g((0.9,0.5)) =(1.4,04),...

MOE (PE MIK) PROB.TH. 238 / 347



Multidimensional random variables

Example Il ii)

@ The possible values of &:
{(i,y2) ER?:0<y; <2,0<y, <1} € [0,2]x[0, 1]
@ It is not a finite or a countable infinite set
® ¢;((0.5,05)) =1;5,((0.5,0.5)) = 0 =-¢((0.5,0.5)) = (1,0)
e P(¢=(1.50.3)=P(({(0.9,0.6),(0.6,0.9)}) =

_T({(09.06).(0609)}) _
o T(Q) -

o P(&=(y1,52))=0, V(y1,y2) € R?.
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Multidimensional random variables

Basic concepts ii)

Definition

¢: O — R" m.d.r.v. is discrete if it has finite or countable infinitely many
possible values.

Definition

| A

We give the distribution of a discrete m.d.r.v. if we list its possible values
and the probabilities belonging to the possible values.

Definition

The distribution of ¢; are called marginal distributions.

Example 1) is discrete, Example 1) is not.
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Multidimensional random variables

Joint cumulative distribution function

Following the steps of one dimensional r.v.-s,
o instead of P({ = g)zP{w C(w) = 5)}) x € R" we investigate
P(¢ < x)!

@ x =(x1,x2, ..Xpn);
= x}—{w £1(@) < 0,65 (@) < 0, §4(w) < 0}

As it is required that {w : §; (w) < x1, 8 (w) < x2, ..., §p(w) < xp} € A,
therefore it has probability.

Definition
¢: 0 — R" m.d.r.v, the joint c.d.f. of ¢ is the function F:R" — R for
which

F(x1,%0, ... ) = P{w : &1 (w) < x1, 8 (w) < x2, o0, Ep(W) < xp}) =
P(8y <x1,8p <X, Gy < Xn)
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Multidimensional random variables

Properties of the joint cumulative distribution function (j.c.d.f.) i)

Q 0< F(x1,x2, ..., xp) <1

@ F is monotone increasing in all its variables

o lim F(x1,x2,....xn) =1, lim F(x1,x2,...,xn) =0
n

x;—oo,Vi=1,2,... di:x;——o0

@ it is continuous from left hand side in all variables

These properties are not sufficient if 1<n. l
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Multidimensional random variables

Properties of the joint cumulative distribution function ii)

Q if n=2, then for F(x1,x) = P(&; < x1,&, < x2) the inequality

0 < F(x1+Axy, xa+Ax2) — F(x1 4+ Ax1, x2) — F(x1, xa + Axp) + F(xq, »

is satisfied for all 0 < Axy,0 < Axp.

Properties 1., 2., 3., 4., 5 are sufficient in two dimensions!

If F is continuous in every point, then P(¢= x) =0 for all x € R".
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Multidimensional random variables

Joint cumulative distribution function - example i)

0, if x<0 or y<0
Sy i 0<x<1,0<y <1
Flxy) = 1< x,0<y <1
1<y, 0<x <1
0,/f 1<x and 1<y

MOE (PE MIK) PROB.TH. 244 / 347



Multidimensional random variables

Joint cumulative distribution function - example ii)
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Multidimensional random variables

Joint probability density function - definition

¢: QO — R is called continuous m.d.r.v. if there exists such a function
f: R” — IR, continuous almost everywhere, for which

XL eeuens Xn
F(x1, %2, .., Xn) :/-~-/f(tl,....,t,,)dt,,...dtl.

The function f is called joint probability density function (j.p.d.f.)
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Multidimensional random variables
Joint probability density function - properties

If f is changed in "some" points, the integral does not change.

If f is continuous at x, then F is differentiable at x.

If F is differentiable at x, then

_ 0"F(x1, X2, ..., Xn)
- aX1...aXn '

f(X1, X2, ... Xn)
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Multidimensional random variables

Joint probability density function - properties i)

Let {: Q) — R" be continuous m.d.r.v. with p.d.f. f. Then

0<f(x1,..xn), (4)

and

/~-~/f(t1,...,tn)dtn...dt1 =1. (5)

v
Theorem

If f : R" — R is a continuous function except from "some" points and f
satisfies properties 4 and 5, then there exists such a m.d.r.v. & whose p.d.f

is f.
v
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Multidimensional random variables

Joint probability density function - example

1
_ [ omes(l—x) x,0<x<10<y<1
flx.y) { 0, otherwise
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Multidimensional random variables
Joint probability density function - properties ii)

¢: 3 — R" is continuous m.d.r.v. with joint p.d.f. f. Then for A C R"

P(eA) = /f(tl, ooy tn)dt,..dty.

A
V.
RENEIL

o Where the j.p.d.f is large, § takes values frequently around these
values.

o Where the j.p.d.f. is small, then § takes values rarely around these
values.

e Iff(x) =0, for every x € A, then P(¢ € A) = 0.

\
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Multidimensional random variables

Identically distributed m.d.r.v.-s

Definition

¢ and 77 are m.d.r.v.-s. They are called identically distributed if their
j.c.d.f.-s are equal.

Remark

| \

If  and 1 are discrete, then they have the same possible values and with
the same probabilities.

\

If ¢ and 11 are continuous m.d.r.v., then their j.p.d.f.-s are the equal.
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Multidimensional random variables

Example iv)

Example
Let {=(&;,¢,) be a m.d.r.v. with

x1+x, f0<x<land0<x <1
0, otherwise

)|

Compute the probability of ¢, < 632_1

P, < ':2—1) = [ f(x1,x)dxodx1, with A:{(xl,xz) ER?:x < %}
A

X

f f(Xl,XQ)dXdel = fol fojl (Xl +X2)dX2dX1 = fol |:X1X2 -+ X2—22:|07 dx; =
A

fi (% + ) dq = [if SxPdxi =3 [g—f]; — 0.20833
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Multidimensional random variables

Marginal c.d.f., marginal distribution

Definition

¢ = (81,85, ..., C,) m.d.r.v. The distribution of §; is called the ith
marginal distribution.

Definition

The c.d.f. of &, is the ith marginal c.d.f., that is F;(x;) = P(&; < x;).

Theorem

Fi(xi) = lim  F(x1, X2, ..., Xi, ... Xn)
Vxj—00,j7#i

Remark

| \H\
§

If ¢ is discrete, then ¢, is also discrete for any i=1,2,...,n.
If § is continuous m.d.r.v., then §; is also continuous r.v. for any
i=1,2,....n.
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Multidimensional random variables

Joint p.d.f. and marginal p.d.f.

Theorem

If ¢ is continuous m.d.r.v., then ¢; is continuous r.v., i=1,2,...,n, moreover

oo X )
F,'(X,‘) = / / / f(tl,...,t,',...tn)dtn...dt,'...dtl,

f,'(X,‘) = / / f(tl,...,X,',...tn)dtn...dti+1dti_1...dtl
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Multidimensional random variables

Independence of m.d.r.v.-s i)

¢ and 77 are m.d.r.v.-s. ¢ and 7 are called independent if for any values of

1<r and 0<m, for any indices (k1 ka, ..., k) and (s1, 2, ..., Sm), with
notation 6 = (G, -\ Gk, o Mg -+ s, )

Fo=Fg - Fry Py P,

In case of independence, the j.c.d.f. is the product of the marginal c.d.f.-s.
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Multidimensional random variables

Independence of m.d.r.v.-s ii)

Theorem

¢ is an n dimensional r.v.,  is an m dimensional r.v.-s. { and 1y are
independent if and only if

P((c¢cA)n (1€ B))=PEeA)-P(eB)
ACR" and B C R™.
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Multidimensional random variables

Independence of m.d.r.v.-s iii)

Theorem

If & and u are continuous r.v.-s, then (¢ i) is continuous m.d.r.v. Let us
denote its j.p.d.f. by f(x1,x2). { and 17 are independent, if and only if

f(x1, %) = f(x) - (x)

for (x1,x2) € R? except from "some" points.

v

Proof ¢ and 7 are independent, if and only if F(xi,x2) = F1(x1) - F2(x2).
If F is differentiable at (xi, x2),then

2 X1,X 2 X X X X
) = g = SRpOREe) = S50 5] = fi(x) - Hx)
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Multidimensional random variables

Independence of m.d.r.v.-s iv)

If ¢ and 1 are independent, g and h are such functions for which g(¢) and
h(i’]) exist, then g(¢) and h(i7) are also independent.

If §=c, then ¢ is independent from any m.d.r.v..
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Multidimensional random variables

Covariance i)

Theorem
Let &, n be r.v.-sthe j.p.d.f. of ({,n) is f(x1,x2). Then

E(C'U) :L [ X1'X2'f(X1,X2)dxzdx1,

supposing fjooo fjooo |x1 - x2| - F(x1, x2)dxodxy < oo.
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Multidimensional random variables

Covariance ii)

Theorem

Let ¢, n be discrete r.v.-s with possible values (x;, y;), i=1,2,...,j=12,....

Then
Z leyj =X, 1 = Yj),

i=1j=
supposing Y721 Y21 |xi - yj| - P(§ = xi,m = yj) < o0
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Multidimensional random variables

Covariance - example | i)

Let the j.p.d.f. of (&;,¢,) be
f( )_ x1+xif0<x <1,0<x <1
Alaa)) = 0 otherwise

Compute cov (g, 7).

| A

Solution
E(5,-82) = f_oo f_ooxl “xp - F(x1, ) dxodxy =
fOl fOl X1 X2 - (Xl +X2) dX2dX1 =
C ) (< 2 Ligxd | Bxa ! 1x | x
Jo Jo (6 - x2 +x5x) deda = [ [T + T]odxl — Jly >4 Feba —
1

2 2
LA =
[6 +6]o_

W[

A\
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Multidimensional random variables

Covariance - example | ii)

Solution
E(&) = [% xif(xi)dx,
fi(x) = f f(x1,x2)dxp = fo f(x1,x2)dxp =

fo x1 + xodxo —x1+2, if0<x <1
0, otherwise

3 271
— [® - filxa)da = fi xa(xa+0.5)dx = [?ur{ﬂo:%.
Slmllar/y, (62) = 17—2
cov(En) =5~ () = — 1z |
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Multidimensional random variables

Expectation and covariance of m.d.r.v.-s

Definition
Let ¢ be an n dimensional r.v., then E(&) = (E(G1), E(G,), - E(E,))-

Definition

Let ¢ be an m dimensional r.v., 77 n dimensional r.v., then
cov(g, 1) = C € R™™ is a matrix, which has the elements

cij = cov(g; 1)
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Multidimensional random variables

Auto-covariance matrix of m.d.r.v.-s - definition

(auto-covariance matrix) Let ¢ be a m.v.r.v.. Then

cov($,) = C = (cij)i=1,...nj=1,..n- € R™"

with the elements

Gij = Cov(givéj)-
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Multidimensional random variables

Auto-covariance matrix of m.d.r.v.-s - properties

] Ci,j = Cj','
° ¢ = D)
@ positive definite
e If i :Ag—{—g, then
&1
cov(ip, ) = A~ cov(&, AT (AeRmn g = | 2 |)
Gn
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Multidimensional normal distribution

Definition

Let ¢; i=1,2,...,k be independent r.v.-s with standard normal distributions.

LetZ=| . |, AcR™, meR".

Ck
Consider
n= A¢ + m.

1 is called n dimensional r.v. with normal distribution.

The above definition is the generalization of one dimensional normal
distribution (recall 7 = 0¢ + m).

MOE (PE MIK) PROB.TH. 266 / 347



Multidimensional normal distribution

Properties i)

If y is m.d.r.v. with normal distribution, then B -1 + b is also m.d.r.v.
with normal distribution. -

Proof B +b=B-(AZ+m)+b=BA-C+Bm+b m
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Multidimensional normal distribution

Properties ii)

If 7 is m.d.r.v. with normal distribution, then every coordinate 1, is one
dimensional r.v. with normal distribution.

Proof B;=(1 0 . . 0), By=1,
Bi=(0 .1 . 0), By=y; m
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Multidimensional normal distribution

Properties iii)

If is a m.d.r.v. with normal distribution then the sum, the difference, the
linear transformations are normally distributed r.v.

Proof 17, +17,=(1 1 . . 0)y,
hora=(1 1 0)y
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Multidimensional normal distribution

Properties iv)

It n,,1, are independent normally distributed r.v.-s, then 1, + 1, is also
normally distributed.

proor (1) =% o) (&) ()
up) 0 o2 P my
where &;"N(0,1),&,"N(0,1), &;, ¢, are independent.
Apply the above theorem. m
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Multidimensional normal distribution

Expectation and covariance
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Multidimensional normal distribution
Joint probability density function

If 17:A§ +m m.d.r.v. with normal distribution, moreover A- AT is

invertible, then the j.p.d.fofz is

1
f;](xl,XQ,...,Xn) = = .
n <\/27-[> det(A- AT)
1 =il
.eXP(—E (X1 — My, ..., Xp — mn) (A-AT>
Xp — My
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Multidimensional normal distribution
J. p.d.f. - example i)
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Multidimensional normal distribution
J.p.d.f. - example ii)
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Multidimensional normal distribution
J.p.d.f. - example iii)
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Multidimensional normal distribution
J.p.d.f. - example iv)
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Multidimensional normal distribution
J.c.d.f. - example V i)

Let Cz( 61 ) be a two dimensional r.v. with normal distribution,

=\ G
E(¢1) =0, E(¢2) =10, D(&;) = 2, D(,) = 3, r(¢;, &,) = 0.5.
Which is more probable: ¢ is around (-1,8) or (2,11)?
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Multidimensional normal distribution

J.p.d.f. - example V ii)

cov(g,g):( g g ) = AAT,

V=1 1 9 -3 1 9
(AA ) T det AAT ( -3 4 -7 ( -3
) 3 1 9 -3 . 1.0
(check: ( 3 9 ) = ( o 4 ) = < 0
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Multidimensional normal distribution
J.p.d.f. - example V iii)

(5 7)(an)
(% 2) ()
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Multidimensional normal distribution
J.p.d.f. - example V iv)

the exponent:

1 1/ 9 -3 —il—@
—5(—1—0,8—10)5(_3 A )(8_10 >_—o.24074

1
fr(—1,8) = ——5—— - exp(—0.24074) = 0.02407 6.
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Multidimensional normal distribution
J.p.d.f. - example V v)

fQ(Xl.Xz) = m.exp(—%(xl—o,&_lo).%.
(—93 _43>'(>21—_100>)

7’5(2,11) = m.exp(—%@—O,ll—lo).%.
(—93 _43>'(1§:(1)0))

v
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Multidimensional normal distribution
J.p.d.f. - example V vi)

exponent:
1 1 9 -3 2—0
—5(2—0,11—10)5( e ) ( 10 ) — 051852
f(2,11) = ——— - exp(—0.51852) = 0.018237.
<\/27r) o
fg(2, 11) < fg(—l, 8) = around (-1,8) are more probable the values.
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Multidimensional normal distribution

Independence and correlation

Ife :( 61 ) is a two dimensional r.v. with normal distribution, moreover

cov(Gy,¢&,) =0, then &; and &, are independent.
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Multidimensional normal distribution

Linear transformation - example | i)

Let gz( C1 ) be a two dimensional r.v. with normal distribution, its

Go

expectation is , the dispersions are 3 and 2, respectively, and

0
2
cov(¢;, &) = 4. Compute the probability of &; + &, < 5.
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Multidimensional normal distribution

Linear transformation - example | ii)

Solution

&+ 8 N(O0+2,2)
D?(&y +65) = cov(§y + 85,81 +8) =

(1 1)(?1 j)(i):zl.o,

therefore &, + &, " N(2,1/21).
e+ < 5) = @(32) =

®( 0.65465) = 0.74365
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Multidimensional normal distribution

Linear transformation - example Il i)

Let §=( 61 ) be a two dimensional r.v. with normal distribution, its

G2

expectation is

g ,the dispersions are 3 and 2, respectively, and
cov(&;,&,) = 4, then compute the probability of &; < &.
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Multidimensional normal distribution

Linear transformation - example I ii)

Solution

P(G1 < &) = P(§1 — ¢, <0),

g1 — G "N(0—2,?),

D?(&, — &) = cov(Cy — 85,8 — &p) =

9 4 1
T
Cl _€2~N(_2r\/§)r
P& — & < 0) = ®(=12)) = ©(0.89443) = 0.81445.
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Conditional distribution

Conditional cumulative distribution function i)

Let A be an event, suppose 0 < P(A). The conditional c.d.f. of the
m.d.r.v. ¢ given A is the function

Fe(x|A) :R" — R : Fz(x|A) := P(¢ < x|A),x € R".

As 0 < P(A), therefore P(& < &lA):% is well defined.

Remark
As the conditional probability satisfies the axioms and all properties of the
probability, the conditional c.d.f. satisfies the properties of the c.d.f.-s.

v
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Conditional distribution
Conditional probability density function

Definition

Let A be an event for which 0<P(A), and suppose that the conditional
distribution of & is continuous. Then the derivative of the conditional c.d.f.
of ¢ is called conditional density function of ¢ and it is denoted by fz(x|A).

| A\

Remark

The conditional density function satisfies the properties (4) and (5) of the
Jjoint probability density functions.
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Conditional distribution
Example | i)

Roll twice a fair dice. Let ¢ be the sum of the results, let A be the event
that the difference between the results equals 1. Determine the conditional
distribution of ¢ given A.
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Conditional distribution
Example | ii)

Solution

If A holds, then the possible values of ¢ are 3,5,7,9,11,
PE = 3|A) = C(3F)WA> = P({<1PZ£)A)(2 20) . = # =02
P(z = 5la) = 26204 — PUCHLI _ 5 — o,
P = 71A) = EET0A _ PUCHLEIL _ 55 _ o2,
P(E = 9A) = f; gmA) _ P({(4F,>584,)(5,4)} _ ?i? — 02
P = 11/A) = e 33”” — HUEHLN) _ 5 — 02
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Conditional distribution

Discrete r.v.

Statement
i X1 X2 . . . Xp
Let ¢ and n be discrete r.v.-s ¢: ,
‘ ! 5 < p1 P2 Pn )
vy o . . Ym _ B 3
77'(% qQ . . . CIm)yo<qj'P<€_Xi"7—yj)—Pi,j. Then

the possible vales of ¢ given 1 = y; form a subset of {x1, X, ..., X»} and
the probabilities belonging to them are

P = xly = ) = LE=XON=%) _ Py

P(n =y;) qj

RENEIL

| A\

The conditional distribution can be expressed by the joint distribution and
the marginal distributions.
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Conditional distribution

Example Il i)

Let the lifetime of a spare part (&) be exponentially distributed r.v. with
expectation 10 hours. Determine the conditional c.d.f. and the conditional
p.d.f. of ¢ given A={5 < ¢} .
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Conditional distribution
Example Il ii)

Solution

The conditional c.d.f. is

F(x|A) = P(& < x|]A)= P((E<x)NA) _ P((E<0)N(5<)) _ P(5<é<x) _

O P(5<¢) T P(3<9)

F(x)—
[ ) s
0, ifx<5b

{ exp(—0.5)—exp(—0.1x)

oxp(=0.5) . if b<x
0, ifFx<5

1—exp(—0.1x+0.5), if x<5
0, ifx<5 '
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Conditional distribution
Example Il iii)

The conditional p.d.f. is

/ 0.1-exp(—0.1x+0.5), if 5<x
B(x14) = (R = { 01 Pl Dot 09
fO.lO“
0.05 T
0 5 0 15
X
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Conditional distribution

Conditional p.d.f. i)

Let ¢ and 77 be continuous r.v.-s, the joint distribution is continuous,
j-p.d.f. is f(x,y). The conditional p.d.f. of { given 1 =y is defined as

flxy)
Gl =y) = { O i
if fy(y) = 0.
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Conditional distribution
Conditional p.d.f. ii)

If 0<f;(y ), then fz(x| = y) a is density function.

Proof 0<fz(x|n7 = y), as the nominator and denominator are nonnegative.
If 0<f,(y), then [ fe(x|yy = y)dx = [ TXgy —

) oo fy(y)
:ﬁ f_oof(x,y)dx:ﬂ](—j//)zl. |
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Conditional distribution

Multidimensional normal distribution

Theorem

Let (¢,7) be a m.d.r.v. with two dimensional normal distribution,
my = E(&), my = E(1). 01 = D(&), 02 = D(n).r = r(&n).
Then the conditional distribution of ¢ given § = y is also normal
distribution with expectation

o
m o+ re—=(y —m)
02

and dispersion

(71-\/1—r2.
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Conditional distribution

Multidimensional normal distribution - example | i)

The height and the weight of a man is a two dimensional normally
distributed r.v. with expectations 175 cm and 75 kg, with dispersions 10
cm and 15kg, the correlation coefficient is 0.6. Given that the height is
180 cm, compute the probability that the weight is more than 100 kg.
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Conditional distribution

Multidimensional normal distribution - example | i)

Let ¢ denote the weight, 1 the height.
The conditional distribution of ¢ given 1 = 180 is normal distribution with

expectation

15
my+r2(y — my) =75+ 0.6 -~ (180 — 175) = 79.5,
(%) 10

and with dispersion
c=01-V1—-r2=15-v1-0.62 = 12.0.

P > 100y = 180) = 1- ®( 100-122) =0.043 79.
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Conditional distribution

Multidimensional normal distribution - example Il i)

Example

Given that the height is 160 cm, compute the probability that the weight
is more than 100 kg.

Solution

| \

The conditional distribution of { given 1 = 160 is normal distribution
with expectation

15
my+rZL(y — my) =75+ 0.6 - — (160 — 175) = 61.5,
(%) 10

and with dispersion
c=01-V1—r2=15-v1—-0.62 = 12.0.

P(¢>100]7 = 180) = 1 — & ( 109-0L3) — 0.06 675 3.
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Conditional distribution

Conditional expectation - definition i)

Let ¢ and 7 be discrete r.v.-s with ¢: ( XX e e ) :
pr p2 - - - Pn
(% %) osu =) s Thn

the conditional expectation of ¢ given 17 = y; is defined as the expectation
defined by the conditional distribution of ¢ given 77 = y;, namely

E¢Cln=y)= ,Z-X’ - P(¢ = xiln =y;).

E(|n = yj) is the function of the condition.
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Conditional distribution

Conditional expectation - definition ii)

Definition

Let (¢,n) be a two dimensional continuous random variable. Then the
conditional expectation of ¢ given =y is defined as the expectation
computed by the conditional p.d.f. of { given 1 =y , namely

E(&|y = y) is the function of the condition y.
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Conditional distribution

Conditional expectation - properties i)

Let ¢ and 17 be discrete r.v.-s, possible values of ij are y; j=1,2,..,m. Then

E(@) = L E@lr =) P(1= 1),

v

Let ¢ and 17 be continuous r.v.-s. Then

o]

E@Q)= [E@ln=y) f(y)dy.

— 00

\
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Conditional distribution

Conditional expectation as regression function i)

Theorem

Let & and 1 be r.v.-s with finite dispersion, and let H*(y) = E(C|y = y).
We want to find the function H(y) for which E((H(n7))?) is finite,
moreover for which E((& — H(n))?) is minimal, then the H(y) = H*(y).
That is

; _ 2y ¥ 2
H:E(,_r;g,;gz)@E((C H(1))?) = E((€ — H*(1))?)

where H* (1) = E(E|n) denotes the random variable which takes value
Es(Cly=y)ifn=y.

MOE (PE MIK) PROB.TH. 305 / 347



Conditional distribution

Conditional expectation as regression function ii)

RENEILS

If we want to approximate the r.v. ¢ by a function of  then the "best"
approximation is given by the function computed by the conditional
expectation.

| \

Statement
Let (¢,n) be a two dimensional normally distributed r.v.. Then

H*(n) = E(§ln) = an+b

and

E(n|¢) = E(m|¢) = cC+d
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Conditional distribution

Conditional distribution - example i)

The income and the outcome of a factory (¢, 7) is a two dimensional r.v.
with j.p.d.f.

x+y if0<x<10<y<1

f(X,y>={ 0

Determine the conditional p.d.f. of the outcome (#) given the income
equals 0.3.
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Conditional distribution

Conditional distribution - example ii)

Recall f:(x) = [ f(x,y)dy :{ x+ 0.5, if 0<x<1

e 0, otherwise
f

—

(xy)
£(y|€ = x) :{ a0 FO<y<I _

, otherwise

f(x.y)
gy if 0<y<1 0<x<1)
0, otherwise

(0.3, . 0
filyle = 03) = [0 = 9483 if 0<y<1.
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Conditional distribution

Conditional distribution - example iii)

Given that the income is 0.3, compute the probability that the outcome is
between 0.5 and 0.8 7

0.8 0.8
P(0.5<1<0.8]¢ = 0.3)= [ f;(y|& = 0.3)dy [ X233 dy = 0.356 25
0.5 0.5

\
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Conditional distribution

Conditional distribution - example iv)

Given that the income is 0.3, compute the expectation of the outcome. \

E(I§ =03)=[y-fy(ylt=03) = fy 393 gy = 0.604 17.
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Conditional distribution

Conditional distribution - example v)

Example

Given that the income equals x, 0<x<1, compute the expectation of the
outcome.

Solution

| \

E(n]¢ = x) fy Srisdy =

1 1
_x (2] 1 [2] =
X105 " |7 ), T x305 " |3,

1 1
05 SeF e s (0<x<1).
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Conditional distribution
Conditional distribution - example vi)

Check the property E(E(7|&)) = E(n).

[e] 1
E(n)= [y f(y)dy = [y-(y+0.5)dy = 0.58333
e .

E(E(7]E)) = OflE(ﬂlé‘ — x) - filx) =

(0.5- x+X0.5 + % : x+10.5) (x+0.5)dx =

o, o— .

(0.5- x4 3)dx = 0.58333.
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Conditional distribution

Conditional distribution - example vii)

Which function of the income should be applied for approximating the
outcome, if we want to minimize the expectation of the squared difference
between the outcome and its approximate value?

Solution
As

x 1 1 1
E = = g 0 —
e =x)= 7052 x705 3

therefore we should apply

& 1 1

1
Emle) = +305 2 7505 3
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Conditional distribution

Conditional distribution - example vii)

Compute the expectation of the squared difference between the outcome
and its approximation.
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Conditional distribution

Conditional distribution - example viii)

Solution

|

E(n?) =[y*(y +0.5)dy = 0.416 67
0

01 (s 4+ s 1)) =
fo fo (x+05 7T x+05 %) - (x + y)dydx = 0.340 96.
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Conditional distribution

Conditional distribution- example ix)

1 1)2) _
105 '3
1

+
+ L 1)? (x+0.5)dx = 0.34096.
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Simple linear regression

Problem statement

Let ¢ and 77 be r.v.-s. We would like to find the linear function of ¢ which
approximates 1 "as well as possible".

More exactly: determine the values a and b for which E((17 — (ag + b))?)
is minimal.

1, = aé + b; we are seaking the solution of TI;}I‘I(E((ﬂ — 1)

1 : dependent variable, ’

¢ : independent variable - explanatory variable

The minimizer will be denoted by 7 (approximation of #).

Simple linear regression: one dependent variable is approximated by a
linear function of one independent variable.
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Simple linear regression

Solution of the problem

Theorem

If D?(&) and D?(n) are finite and D?(&) # 0 # D?(n), then the solution

of the above minimum problem is

_ cov(&,7)

2@F) b= E(n)—aE(S)
therefore the best approximation is
= _ cov(C.1)

1= Sl @~ @)+ E)

The error of the approximation is E((n — E(77))?) = (1 — r?)D?(7).
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Simple linear regression

Another form of the linear regression function

If there is a linear relationship between ¢ and 1,then ij = 11, and

E((f —n)?) = D*(n)- (1-1%) =0.
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Simple linear regression

Properties

If ¢ and 17 are independent, then
1= E(n)
and E((7 — 1)?) = D2(y) = D2(y)(1 - 02).

E(7) = E(y) and cov(y — 7.7]) = 0.

1 is splitted into a component parallel to ¢ and another one which is
orthogonal to &.(scalar product: covariance)
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Simple linear regression

Examples for application

amount of the rainwater- yield in agriculture

IQ of mother - IQ of the child

support at the local election- support at the country’'s election
height - mass

grade in microeconomics - grade in mathematics

grade in microeconomics+ grade in macroeconomics - grade in
mathematics

temperature - gas consumption

income - outcome
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Simple linear regression

Examples i)

Which type of functions is worth using for approximation?
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Simple linear regression

Examples ii)

Which type of functions is worth using for approximation?

1 : A
o — = .'f% )
-2 —1 0 1 2
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Simple linear regression

Examples iii)

Which type of functions is worth using for approximation?

1 . . —r : — F———g
* * +
* + * + * ko4 & * 4 *
09 ot * W PR g ¥ 1
PO * * * T4}
08F & e + L Y
* ** e # L £
L * * ¥ |
07 * * **_*_ ™ + N a; ***_ i A
-
0Bf+  +  *x + B ow T e
+ P o ¥ )
111 - ¥ = e P o
* - * «*® ¥ w4
D.A-*_ + ¥ * **** *.*. o +
+ * * % % g *
03t i BT s +]
+
02 * i ***** : 4
# * '}
01f + %y
* 3 * £
A
1] L L L L & 4 Il L 1 L
0 01 02 03 04 05 0B 07 08 09 1
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Simple linear regression
Example - fitting for data i)

Statement

Having pa/rs of data (x;, y;) with P(& = x;, n = y; ) = +, then
EG-n)= # E@Q=x Em=v
con(gn) = Bmn_ 3.5,

x2
D(§)=\/ L1 — % D(n)= ,1};'7 -y
Now
Liaxiyi oo
N T XY =N 1 =
= 2 (E—X)+y
n X =2
i=1l 7y — X
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Simple linear regression

Example - fitting for data ii)

data: (0.34855; 0.348552
(0.78392; 0.78392?)
(0.31560; 0.315602)
(0.69065; 0.69065?)
( )

) (0.30736; 0.307362)
(0.32371; 0.32371?)

(3.0718- 107%;(3.0718- 1072)?)
(0.607 36; 0.60736)

(

0.39860; 0.398602 2.1681-1072; (2.1681-1072)2)

y 0.53{

0.0 r—+——+—F——F—
00 02 04 06 0.8
X
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Simple linear regression

Example - fitting for data iii)

E(Z) = x = 0.382 81, E() =y = 0.204 11,
D?(&) = 6. 395 4- 1072, cov(¢, 77) =5.0443-102
regression function:

5.0443-1072
Y= W(X —0.38281) 4 0.20411

y = 0.78874x —9.7834-1072
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Simple linear regression

Example - fitting for data iv)

\Y 10T
05T
I ! ! ! |
F T T T 1
-1.0 0.5 05 1.0 15
X
05T
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Simple linear regression
Example iv)

Let & be uniformly distributed r.v. on [0,1]let 7 =&
Determine the linear regression of 1 by C.

Solution

coefficients: a = %(%7), b= E(n)—aE(d).

E(E) = 0.5, D(¢) = 1/V/12, E(n) =y x*dx = 0.33333,
B ) = E(E°) =y x*dx = 0.25,

cov(¢n) = 0.25-3 - 3 =8.3333 x 1072;

D(y1) = 0.298 14;
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Simple linear regression

Example v)

. 8.3333x 1072 1 1
= (-0 g =g
ﬁ 3
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Simple linear regression

Example - normal distribution i)

Example

Let the height and the weight of a man be a two-dimensional normally
distributed r.v.. The height is ¢~ N(177,10), the weight is 7"N(75, 12)
and correlation coefficient is 0.7.

a) Determine the best linear approximation of the height by the help of

weight.
b ) Determine the best approximation of the height by the help of weight.
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Linear regression

Example - normal distribution i)

¢~N(177, 10) (height), n "N(75, 12) (weight), r (¢, 1) = 0.7.
a) linear regression:

¢ —E(9)

D(¢)

q-7 _ _ E-177
= 0.7 (5555)

By = &)

¢—177
10

)+ 75
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Linear regression

Example - normal distribution iii)

b) In case of m.d. normal distribution the best approximation is linear,
therefore the best approximation is

& —177

7 =8.4( T

)+ 75.

Example

c) If the height of a man is 165 cm, determine the approximate value of
the weight.

| \

Solution
= 8.4-15171 1 75 — 64.92
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Simple linear regression

Example - normal distibution iv)

Example

d) Determine the best linear approximation of the weight by the help of
height.
—E@©) n— E(1)
T = (8 1) - s
D(¢) D(1)
E—177 _ __ y—75
Y
F_10.07.1=7° _ 0
¢=10-0.7 1 + 177 = 1217—i—133.5 |
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Simple linear regression

Example - normal distribution v)

If the weight of a person is 82kg how much is the approximate value of the
height?

Solution
§=1-8241335=181.33

|
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Simple linear regression

Example - general distribution i)

Let {= (1. ¢,) be a m.d.r.v. with j.p.df.

f(XX)— X1+x,0<x<1L,0<x<1
RoeP) = 0, otherwise
Determine the linear regression of ¢, by the help of ¢;
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Simple linear regression
Example

Solution

we need E(¢;),D(¢;).E(G,), cov (€1.85)
E(Z) = Ji xa(x1+0.5)dx = 058333 = E(&)

D(Ey) = 1/ Jo x2(xa +0.5)dxy — 0.583332 = 0.27630 = D({,)

E(E-&) = [) [3 x1-x - (x1 +x)dxidx, = 0.33333
cov(Z,, &,) = 0.33333 — 0.583332 = —6.9439 x 1073
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Simple linear regression

Example - general distribution ii)

- —6.9439 x 103
62 = 0.276 392 (¢; —0.58333) + 0.58333

= —9.0899 x 1072 - &, + 0.63635.
1

The function of the best linear approximation:

y = —9.0899 x 1072 - x 4+ 0.63635
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Simple linear regression

Example - general distribution iii)

The best linear approximation:
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Simple linear regression

Example - general distribution iv)

1

The best (nonlinear) approximation E(&,|¢; = x1) = ey % + xliO.S 3

I T ——g ¥ T T —

P T *
i Fow T daat Ty
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Multiple linear regression

Problem statement

Let ¢ be n dimensional r.v. (written in column vector)

Letﬁ be ar.v;
We suppose, that the dispersions are finite.
We want to find the linear function of ¢ which approximates the best the

rv. 1.

a € R"=?beR =7,
for which E((n — (a” -+ b))?) is minimal.

@ one dependent variable 7,
@ more than one independent (explanatory) variables (¢;, i=1,2,...,n).
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Multivariate linear regression

Solution of the problem

Statement

The solution of the above problem

a’ = cov(1,§) - cov(§, )"

b= E(y) - a E(). J

The expectation of the squared difference is

E((n—17)%) = D*(y) — cov(y,§) - cov(§,&) " - cov(,&) |

MOE (PE MIK) PROB.TH. 342 / 347



Multiple linear regression
Example i)

The lifetime of a machine is a r.v. with expectations 100 units, dispersion
10 units. The lifetime is approximated by the help of the time elapsed
from the shopping and the time turned on. Determine the best linear
approximation of the lifetime if we know the expectations, dispersions and
covariances.
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Multivariate linear regression

Example - data

Example

7 : a the lifetime of the machine

¢y : the time elapsed from the shopping
¢, : the time turned on

(¢
=(2)
E(¢;) = 80, E(¢,) = 50,
D(&) = 30, D(Z,) = 20, (Z1.8,) = 13,

cov (17, §1) = 6, cov (17, &) = -50
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Multivariate linear regression

Example - computations i)

Solution

cov (11, §) = (6,-50)

cov (¢, g)_lz( 900 200 )1 _ ( 0.00125 6.25~10_i3 )
2" Z 200 400 6.25 - 10 2.8125-10

al = cov (1, ¢)-cov (gg)_l

0.00125  6.25-10*
(6 —50)- ( 6.95 - 10=* 28105 - 10=3 ) = (0.03875,-0.14438)
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Multivariate linear regression

Example - computations ii)

Solution

E(n)-a" E(¢) =100 -(0.03875 ,-0.14438). ( 28 ) —104.12

~

7 = (0.03875,—0.14438) - ( gl ) +104.12 =
2

0.03875¢; — 0.14438¢, + 104.12.
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Probability theory and mathematical statistics
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