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Element of the Theory of the Computation

Lecture 1



Sets: Example 1

* Decide whether the following statements are true or not!

_5¢{l,2,3,4,5)

~0e{l,2 3,45

~ 2,3} e {1, 3}, 2, {2, 3, 4}, {2, 3, O}
_ @ e{l,2 3,45

_7¢{1,3,57)
_1e{{1},2,3,5,7)

_ 2,3} e{1,2 {3, 2}, 4

_{1,2) e {1, 2, {2, 3}

— B e{D,1,1{2, 4%



Sets: Example 2

 Decide whether the following statements are true or not!

-{1,2} {2, 1}

- {1} {1, 2}

- {1} {1, 2}

- {1} = {3, 2}

- 0 c{l, 2}

-{2,3} {1, 3,{2, 4}}
- 0 c{d, 3, {3, 4}}

- {{2,3}} = {1, 3, {2, 3}}



Sets: Example 3

 Decide whether the following statements are true or not!

- DD

- DJed

i ZX=2{%);

- O e {J}

—{a, b} c{a, b, c}

— {a, b} € {a, b}

—{a, b} c{a, b, {a, b}}
— {{a, b}} ={a, b, {a, b}}
— {a, b} € {a, b, {b, a}}



Power sets: Example 1

 Which elements are inside the power set?
— P({a1 b}) -
0: excluded, 1:included

%,
{b}

{a}
{a, b}

R B O O
R O +— O

- P({a, b}) = {4, {a}, {b}, {a, b}}



Power sets: Example 2

* Which elements are inside the power sets?
— 257} =

0: excluded, 1:included

%)
1/}

{5}
{5, 7}

R P O O
R O F» O

— 2. = {5, {5}, {7}, {5, 7}}



Power sets: Example 3

* Which elements are inside the power sets?

- P({2, 3,5}) =

0 0 0 %

0 0 1 {5}

0 1 0 {3}

0 1 1 {3, 5}
1 0 0 {2}

1 0 1 {2, 5}
1 1 0 {2, 3}
1 1 1 {2, 3, 5}

- P({2, 3, 5}) = {4, {2}, {3}, {5}, {2, 3}, {2, 5}, {3, 5},
{2, 3, 5}}



Power sets: Example 4

* Which elements are inside the power sets?

- P({x}) =

0: excluded, 1:included

— Px}) = X}



Power sets: Example 4

* Which elements are inside the power sets?

- P2} =

0: excluded, 1:included

0 {
1 %)

- P9} =1 (91} =19, (T}
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Power sets: Example 5

* Which elements are inside the power sets?

- P({J}, 9} =

0: excluded, 1:included

0 0 %

0 1 %)

1 0 {<}}
1 1 {{<}, <}

— PG} ) =19, {2}, (19}, {19}, D}
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Power sets: Example 6

* Decide whether the following statements true or not!

— {a, b} = P({a, b})

— O < P(D)

— {a, b} € P({a, b})

— O € P(QD)

— {3, 5} c 2.5}

— {3} € 235}

—{<J, {a, b}} = P({a, b})

— {{a}, {b}} € P({a, b})
— {T} € 235}
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Operations with sets: Example 1

e Perform the operations!

- ({1,2,500{2,1)n{2,5,7} =
={1,2,5}n{2,5, 7} =
=12, 5}

—-{0,3,5} U ({3, 7} n{3,5, 7}) =
= {0, 3,5} U {3, 7} =
={0, 3,5, 7}

13



Operations with sets: Example 2

e Perform the operations!

— (U3, 51 {1, 2, 31, {73) N (M3, 1, 5} {3, 21 {7}}) =
={1,2,3,5, 7}n{} =

= {

— (WBL 3, 5L (7)) v (ML, 2,3} 42, 3, 4})) =
={3,5,7}u{2, 3} =
={2,3,5, 7}

14



Operations with sets: Example 3

e Perform the operations!

- ({1,2,5}-{5,7,9) v ({5,7,9}-{1, 2,5}) =
={1, 2} u {7, 9} =
={1, 2, 7, 9}

-({3,57-{1,2,5)n({1,3,7,9}-{1,2, 7} =
={3, 7} n {3, 9} =
=13}

15



Operations with sets: Example 4

 Perform the assigned operations!

- P({2,3,3}) - P({3,5}) =
= {9,{2}, {3}, (5}, 12, 3}, {2, 5}, {3, 5}, 12, 3, 5}} -
{9, {3}, {5}, 13, 5}} =
= {2} {2, 3}, {2, 5}, 12, 3, 5}}

_ (2571 Z 265.9)) U 2.5} =
= ({9, {31 {7}, {5, 7}} - {2, {5} {9}, {5, 9 v
{F, {3}, {5}, {3, 3}} =
= {71 {5, 7} u{F, {3} {5} {3, 3}} =
= {9, {3} {3} {7}, {5, 7}, {3, B}
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Operations with sets: Example 5

e Perform the operations!

({1,220 {2,3) N ({4,5,6}{3,5 7)) =
= {1,2, 3}~ {5} =
=

- (({1,4,5,710{2,4,8,3}) n{1,2,3,4,5,6, 7} N
({4,5,6}U{3,5,7})—{4,6,7}) =

= ({1,2,3,4,5,7,8n{1,2,3,4,5,6,7}) n
{3,4,5,6,7}—-{4,6,7}) =

={1,2,3,4,5, 71" {3,5} =
=13, 3}
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Operations with sets: Example 6

e Perform the operations!

— A, B are sets, A is defined as:
AAB=(AuB)-(AnB)

— ({1, 2}n{2,3})) u({4,5,6} A{3,5 7} =
= {2} u{3,4,6, 7} =
={2,3,4,6, 7}

-~ ({1,2,3,4,56,7,8 9 A{1,23,4,5,6,9) A
{1,3,6,8}=

={7,8} A {1, 3,6, 8} =
= {1, 3,6, 7}
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Operations with sets: Example 7

e Perform the operations!

— A, B are sets, A is defined as:
AAB=(AuB)-(AnB)
-({1,2,3,91-{4,5,6,7}) A{1,5}=
={1,2,3,9} A{1,5}=
= {2, 3,5, 9}

- (({1,9}1-4{3,8,9H)u ({4,6,8 {1, 3,6, 8}) A
({1,2,5} A ({3,6,9}n{1,2,3,4,5}) =

= ({1} v {1,3,4,6,8}) A ({1, 2,5} A {3}) =
= {1, 3,4,6,8} A {1, 2, 3, 5}
={2,4,5, 6, 8}

19



Operations with sets: Example 8

e Perform the operations!

- A {1, 2, 3,7, 8}, B: {3, 4, 5}, C. {5, 6, 7}
—AuB=
{1,2,3,7,8tu{3,4,5}={1,2,3,4,5,7, 8}
—-BnC=
{3,4,5}n {5, 6, 7} ={5}
—-AABU(CUA) =
{1,2,3,7,8 A ({3,4,5 U ({5, 6, 7} U
{1,2,3,7,8}) =
{1,2,3,7,8 A ({3,4,5} {1, 2,3,5,6,7,8}) =
{1,2,3,7,8} A{1,2,3,4,5,6,7,8}={4, 5, 6}



Cartesian products

e Perform the operations!

—{1,5,9} x{b, c,d} =
{1, b), (1, ¢), (1, d), (5, b), (5, ¢), (5, d), (9, b),
(9, ), (9, d)}

_ {O} X {1’ 2} X {1! 2’ 3} =
{(0,1,1),(0,1,2),(,1,3),(0,21), (0,2, 2),
(0, 2, 3)}

21



Cartesian products

e Perform the operations!

— P({4,5}) x{1, 2} =
D, {4}, {5} 14, 9}y x {1, 2} =

(2, 1), (@, 2), (14}, 1), (14}, 2), ({5} 1), ({5} 2),
(14, 5} 1), (14, 5}, 2)}

— P({2, 4}) x P({3, 5}) =
0, {2}, {4}, 12, 4}} X D, {3}, {3}, {3, 5} =
(D, D), (4, 13)), (D, 15}), (D, {3, 5}), ({2}, D),
(12}, 13}), (12}, {5}, ({2}, {3, 5}), (14}, D), ({4}, {3}),

(14}, {5}), (14}, {3, 5)), ({12, 4}, D), ({2, 4}, {3}),
(12, 4}, {5}), (12, 4}, {3, 5})} 77



Cartesian products

 Decide whether the following statements are true or not!

— {a} x {b} = {(a, b);
— {a, b} = {a} x {b}
—{a, b} € {a} x {b}
— (&, b) e {a} x {b}
— {(a, b)} = {a} x {b}

23



Cartesian products

* Decide whether the following statements are true or not!

— (a, b) € (a, b) x {a, b}
= {((a, b), a), ((a, b), b)}
—{a, b} € {b, a} x {b}
= {(b, b), (a, b)}
— (&, b) € {a, (a, b)} x {(b, &), b} =

1@, (b, @), (a, b), (&, b), (b, @)), ((a, b), b)} =
{(a b, a), (a b), (a b, b, a), (a b, b)}

24



Relations: Example 1

* |s the graph given below is reflexive?

- Ry ={(a a), (a,b), (a, c), (b, ¢), (c, a)}
R,c{a, b, c} x{a, b,c}

o

— answer: no, because there is no loop at each node

25



Relations: Example 2

 Decide whether the following statements are true or not!
— the graph given below is:

e symmetrical there are no (b, a), (c, b) edges

* transitive (c, b) is missing

* anti-symmetrical for (a, c) there is (c, a) edge too
a b

c 26



Relations: Example 3

e Calculate the reflexive closure of the graph given below!

- Ry ={(@ a), (& b), (b, a), (b, b), (a, c), (b, ¢)}

EU\Q/@Z a b

- R;={(& a), (& b), (b, a), (b, b), (a, c), (b, ¢), (c, c)}

27



Relations: Example 4

e Calculate the symmetrical closure of the graph given

below!
- Ry ={(a, a), (a, b), (b, a), (b, b), (a, ¢), (b, c)}

-

b a b

- R;=1{(& a), (& b), (b, a), (b, b), (a, c), (b, ¢), (c, a),
(C, b);

28



Relations: Example 5

e Calculate the symmetrical closure of the graph given

below!
- R, ={(a, a), (¢, ¢), (a, b), (b, a), (a, ¢), (¢, @), (d, ¢),
(b, d), (c, b)}

)

.

d c d

- R;={(& a), (¢, ), (a, b), (b, &), (a, c), (¢, a), (d, ¢),
(b, d), (¢, b), (b, c), (c, d), (d, b)} #



Relations: Example 6

e Calculate the transitive closure of the graph given below!

- R, ={(@& a), (& b), (a, ¢), (b, a), (c, b)}

) —

b a b

- R;={(@ a), (& b), (a ¢), (b, a), (¢, b), (b, ), (c, &)}

30



Relations: Example 7

Calculate the transitive closure of the graph given
below!

- R;={(@ a), (&, b), (b, a), (b, b), (a, c), (b, ©)}

- R;={{(@ a), (& b), (b, a), (b, b), (a, c), (b, ¢)}

31



Relations: Example 8

e Describe the properties of this relation!

_ Rl — {(1! 1)1 (11 5)1 (21 2)’ (2’ 4)’ (2’ 3)’ (3’ 1)’ (4’ 2)’
(6, 3), (6,6), (7, 7), (6, 7)}

2 4
D

— not reflexive

— not symmetric

— not transitive

— not anti-symmetric

32



Relations: Example 9

« Describe the properties of this relation!
- Ry ={(a, b), (b, &), (a, ), (b, b), (¢, b), (c, ¢)}

s

a

— reflexive
— transitive c
— anti-symmetric

33



Relations: Example 10

» Describe the properties of this relation!
- R;={(a, a), (a, b), (b, ¢), (a, ¢), (c, ), (c, C)}

— not reflexive

— not symmetric

— not transitive

— not anti-symmetric

34



Relations: Example 11

e Describe the properties of the union of previous two
relations!

- Ry UR;={(a a), (& D), (a c), (b, a), (b, b), (b, c),
(¢, @), (¢, b), (¢, C);}

— reflexive c
— symmetric
— transitive

35



Relations: Example 12

* Decide whether the following statements true or not!
- R={(a, a), (b, b), (¢, ¢), (a, b), (b, a), (a, c), (b, C)}

— the graph is given below:
* reflexive c
e symmetric
e anti-symmetric
e transitive
e equivalence

36



Relations: Example 13

* Decide whether the following statements true or not!
-R= {(a! a)1 (a1 C)1 (C1 a)1 (C1 C)1 (C1 e)1 (61 C)1 (e1 e)1
(e, a), (a, e), (b, b), (b, 1), (f, b), (f, 1), (d, d)}

a 4/'6(:
e reflexive

e symmetric e
e anti-symmetric o

. tran§|t|ve } )7
e equivalence '

37



Relations: Example 14

* Decide whether the following statements true or not!
- R ={(a, a), (b, b), (c, ), (d, d), (a, b), (a, ¢), (a, d),
(b, d)}

— the graph is given below:
* reflexive
e symmetric
e anti-symmetric
e transitive
e equivalence

38



Relations: Example 15

* Decide whether the following statements true or not!
- R={(a a), (b, b), (¢, ¢), (d, d), (a, b), (b, d), (a, d),
(a, ¢), (c, d), (b, ¢);

— the graph is given below:
* reflexive
e symmetric
e anti-symmetric
e transitive
e equivalence

39



Relations: Example 16

* Decide whether the following statements true or not!
— R ={(a, a), (b, b), (c, ¢), (d, d), (a, c), (c, a), (b, d),
(d, b)}

— the graph is given below:
* reflexive
e symmetric
e anti-symmetric
e transitive
e equivalence

40



Relations: Example 17

* Decide whether the following statements true or not!
- R={(a, ¢), (c, a), (b, d), (d, b), (a, d), (b, )}

a

— the graph is given below: d
* reflexive
e symmetric
e anti-symmetric
e transitive
e equivalence

41



Element of the Theory of the Computation

Lecture 2

42



Algorithm complexity: Example 1

e Letf(n)=9n2+ 3n + 2
— is it true: f(n) € O(n?)?
—f(N)=9n?+3n+2<9n?+3n?+2=12n° + 2
—f(nN)<c*n’+d
eCc=12,d=2

e Letf(n)=9n2+ 3n + 2
— is it true: n% € O(f)?
—n?<c(9n?+3n+2)+d
ec=1,d=0

43



Algorithm complexity: Example 1

e Letf(n)=9n2+ 3n + 2
— isittrue: n°~f?
— f(n) € O(n?), n? € O(f)

44



Algorithm complexity: Example 2

e Letf(n)=2n%+ 3n
— is it true: f(n) € O(n3%)?
— f(nN) =2n?+3n<2n3+ 3n3=5n3
—f(nN)<c*n3+d
ec=5d=0

e Letf(n)=2n%+ 3n
— isittrue: n3 € O(f)?
—n3<c*(2n?+3n) +d
 there's no ¢ and d to satisfy the equation for all n

45



Algorithm complexity: Example 2

e Letf(n)=2n%+ 3n
—isittrue: n3~f?
— no, because
* N3 ¢ O(f)
o f € O(N3)

46



Algorithm complexity: Example 3

e |sittrue or false?

— f(n) =2"+n’, g(n) =5n’

f(n) € O(g(n))
g(n) € O(f(n))
f(n) =~ g(n)

— f(n) = 100, g(n) =n
f(n) € O(g(n))

g(n) e O(f(n))
f(n) =~ g(n)

a7



Algorithm complexity: Example 4

e |sittrue or false?

— f(n) = 5n%+ n%- 700, g(n) = 2n*+ n3+ 100

f(n) € O(g(n))
g(n) e O(f(n))
f(n) =~ g(n)

— f(n) = 20n31 + 6n%2 + 10n + 6, g(n) = 10n*+ n®1 + 6

f(n) € O(g(n))
g(n) e O(f(n))
f(n) =~ g(n)

48



Closure: Example 1

* A binary relation is given on D x D. Give the closure of
set A on this relation!

— D={dy, dy, d, dj}

- A={d,}

—(dy,d3) e R,d, e A* > d; € A*
— A*={d5, d,}

_(dg,dz) € R,d3€A*—>d2€A*
— A* ={d,, dj, d }

49



Closure: Example 2

* A binary relation is given on D x D. Give the closure of
set A on this relation!

— D ={d;, dy, d3, dg, ds, dg, d7}
— A={d,, d,}

— A*={d,, d,}

— A*={d;, d,, dg}

— A* ={dy, dy, d3, ds}

50



Closure: Example 3

* A binary relation is given on D x D. Give the closure of
set A on this relation!

— D ={d;, dy, d3, dg, ds, dg, d7}
— A ={dg, d;}

— A* ={d,, d;}

— A* ={d;, dg, ds}

— A* ={d¢, d, dg, ds}

51



Closure: Example 4

e Aternary relation is given on D x D x D. Give the closure
of set A on this relation!

- D ={d,, d,, d;, d,, dg, dg, d, dg, dg, d}
— A={dg, d,, d;}
— A*={dg, d;, d;}
— A* ={dg, d;, dy, d,}
— A*={dg, d-, d;, d,, d3} ds
— A* ={dg, d, d;, d,, dj, ds}
— A* ={dg, d;, dy, d,, d, ds, dg}

ds

52



Closure: Example 5

e Aternary relation is given on D x D x D. Give the closure
of set A on this relation!

- D ={d,, d,, d;, d,, dg, dg, d, dg, dg, d}
— A={d,, d;, d3}

— A*={d,, d;, d3}

— A*={d,, d;, dj, ds}

— A*={d,, d;, dj, dg, dg}

53



Closure: Example 6

» Give the E(q,) set of the following NFA!
— E(qy) = {94}
— E(qyp) ={q;, a2}
— E(qy) ={d5, d, a4}

54



Closure: Example 6

« Give the "E" sets of the states of the following NFA!

— E(dp) = {do}
— E(ay) ={qy, Ay, A4}
— E(0y) = {09}
— E(93) = {03}
— E(q,4) ={ay, d;, 95}

55



Closure: Example 7

* Give the "E" sets of the states of the following NFA!
— E(9p) =1{dp, 91, 92, 03 A4}

— E(9y) ={dp, 91, 92, 03 A4} a
— E(9,) =1{dp, 91, 92, 03 A4} a;
— E(03) = {03, d,} 2 ° v ba
— E(q,) =104} %o ab 9% e 6
e
gs

56
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Element of the Theory of the Computation

Lecture 3
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Language: Example 1

 Define the next language: L(a w b)L(c u d) =
 Solution:

= (L(@) v L(b))(L(c) v L(d)) =
= ({a} v {bh)({c} v {d}) =

= {a, bH{c, d} =

= {ac, ad, bc, bd}

58



Language: Example 2

 Define the next language: L(abc U ab)L(cd u d) =
 Solution:

= (L(abc) u L(ab))(L(cd) U L(d)) =
= ({abc} U {ab})({cd} w {d}) =

= {abc, ab}{cd, d} =

= {abccd, abcd, abd}

59



Language: Example 3

« Define the next language: L(a U @)L(ab U ba) =
 Solution:

= L(avw @)L(ab U ba) =

= (L(a) v L(9))(L(ab) v L(ba)) =
= ({a} v D)({ab} v {ba}) =

= {aH{ab, ba} =

= {aab, aba}

60



Language: Example 4

* Define the next language: L(a)(L(a u b)L(c U @%))
e Solution:

= L@)((L(a) v L(b))(L(c) v L(D%)) =
= {a}(({a} v {bh({c} v {e})) =

= {a}({a, b{c, e}) =

= {aH{ac, a, bc, b} =

= {aac, aa, abc, ab}

61



Language: Example 5

Is the statement, a € L(a*b*a*b*), true?

Is the statement, L(b*a*) n L(a*b*) = L(a*ub*), true?
Is the statement, L(a*b*) n L(c*d*) = 9, true?

= {e}

Is the statement, abcd € L((a(cd)*b*)*), true?

— false, because the first iteration of the outermost * can

generate "ab" but after that there is a compulsory "a"
— abacd e L((a(cd)*b*)*)

62



Language: Example 6

Which strings are the elements of the following language?
we2*|w=uuRu,u e 2%}, £ ={a, b}

Solution:

— {abbaab, baabba, aaaaaa, bbbbbb, ...}

Which strings are the elements of the following language?
fwe 2* | ww=www}, 2 ={a, b}
Solution:

— (e}

63



Regular Expression: Example 1

Give regular expression RE such that
L(RE) = {w € {a, b}*}

Solution:

— RE = (a*b*)* or RE = (a U b)*

Give regular expression RE such that
L(RE) = {w < {a, b}* | #a is odd}
Solution:

— RE = b*ab*(ab*ab*)*

64



Regular Expression: Example 2

Give regular expression RE such that
L(RE) = {w < {a, b}* | #a Is even}
Solution:

— RE = b* U (b*ab*ab*)*

Give regular expression RE such that
L(RE) = {w < {a, b}* | w contains substring "abba"}

Solution:
— RE = (a u b)*abba(a U b)*

65



Regular Expression: Example 3

Give regular expression RE such that
L(RE) = {w < {a, b}* | w not contains substring "ab"}

Solution:
— RE = b*a*

Give regular expression RE such that
L(RE) = {w € {a, b}* | #a = 0}
Solution:

— RE = Db*

66



Regular Expression: Example 4

Give regular expression RE such that
L(RE) = {w € {a, b} | #a = 2}
Solution:

— RE = b*ab*ab*

Give regular expression RE such that

L(RE) ={w € {a, b, c}* | #a ={0, 2, 4}}

Solution:

—RE=(Mbuc)* u (buc)albuc)alb uc)*) U
((b w c)*a(b v c)*a(b v c)*a(b U c)*a(b U c)*)

67



Regular Expression: Example 5

Give regular expression RE such that
L(RE) = {w € {a, b}* | #a = 0}
Solution:

— RE=(au b)*

Give regular expression RE such that
L(RE) ={w € {a, b}* | #a = 2}
Solution:

— RE = b*ab*a(b U a)*

68



Regular Expression: Example 6

Give regular expression RE such that
L(RE) ={w € {a, b, c}* | #a = 2}
Solution:

— RE = (b u c)*a(b U c)*a(b U c)*

Give regular expression RE such that
L(RE) ={w € {a, b}* | #a < 2}
Solution:

— RE = b*(a v @*)b*(a v @*)b*
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Regular Expression: Example 7

Give regular expression RE such that

L(RE) ={w € {a, b}* | 3 < #a < 6}

Solution:

— RE = b*ab*ab*ab*(a u @*)b*(a U @*)b*(a U B*)b*

Give regular expression RE such that
L(RE) = {w € {a, b}* | #a mod 4 = 0}
Solution:

— RE = b* U (b*ab*ab*ab*ab*)*
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Regular Expression: Example 8

Give regular expression RE such that
L(RE) = {w < {a, b}* | #a mod 6 = 2}
Solution:

— RE = (b*ab*ab*ab*ab*ab*ab*)*b*ab*ab*

Give regular expression RE such that

L(RE) ={w € {a, b}* | #amod 4 = 2 or 3}
Solution:

— RE = (b*ab*ab*ab*ab*)*b*ab*ab*(a u @*)b*
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Regular Expression: Example 9

Give regular expression RE such that

L(RE) ={w € {a, b, c}* | #a + #c = 4}

Solution:

— RE =b*(a U c)b*(a U c)b*(a U c)b*(a U c)b*

Give regular expression RE such that

L(RE) ={w € {a, b, c}* | (#a + #c) mod 4 = 2}

Solution:

— RE = (b*(a U c)b*(a U c)b*(a U c)b*(a U c)b*)*
b*(a U c)b*(a U c)b*
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Regular Expression: Example 10

Give regular expression RE such that
L(RE) = {w € {a, b}* | #a = 2+3k, k = 0}
Solution:

— L(RE) ={w € {a, b}* | #a mod 3 = 2}
— RE = (b*ab*ab*ab*)*(b*ab*ab*)

Give regular expression RE such that

L(RE) = {w < {a, b}* | #a is even or #a mod 3 = 0}
Solution:

— RE =(b*ab*ab*ab*)* U (b*ab*ab*)* U b*
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Regular Expression: Example 11

Give regular expression RE such that
L(RE) = {w < {a, b}* | #a is even and #a mod 3 = 0}

Solution:
— L(RE) = {w € {a, b}* | #a mod 6 = 0}
— RE = (b*ab*ab*ab*ab*ab*ab*)* U b*

Give regular expression RE such that

L(RE) = {w € {a, b}* | #a is odd and #a mod 3 = 0}
Solution:

— L(RE) ={w € {a, b}* | #a mod 6 = 3}

— RE = b*ab*ab*ab*(b*ab*ab*ab*ab*ab*ab*)*
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Element of the Theory of the Computation

Lecture 4
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DFA: Example 1

» Define DFA M such that
— L(M) ={w € {a, b}* | w contains b}
e States:
— g,: DFA haven't read 'b' yet
— g,: final state — DFA have already read 'b’

a a,b

e

d1 g2
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DFA: Example 2

e Define DFA M such that
— L(M) ={w € {a, b}* | w contains 'bba'}
e States:
— (o: 0 symbol is read from 'bba'’
— (4: 1 symbol is read from 'bba’
— (,: 2 symbols are read from 'bba’
— (5. 3 symbols are read from ‘bba’, final state

a b a, b
D I 4
Jo K\\\fi///// oF o p) ds .




DFA: Example 3

» Define DFA M such that

— L(M) = {w € {a, b}* | w does not contain "bba"}
¢ States:

— go: 0 symbol is read from "bba"

— g;: 1 symbol is read from "bba"

— 0,: 2 symbols are read from "bba"

— O5: "bba" is read

@ O 8 _8




DFA: Example 4

e Define DFA M such that

— L(M) ={w € {a, b}* | w does not contain ‘abba'}
e States:

— (o: 0 symbol is read from ‘abba’

— 04: 1 symbol is read form 'abba'’

— (,: 2 symbols are read from 'abba'’

— (5: 3 symbols are read from ‘abba’

— g,4: 4 symbols are read from 'abba'’

bf} a b b a )
o e et e

q
do Qs W
b 79
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DFA: Example 5

e Define DFA M such that

— L(M) ={w € {a, b}* | #b = 3}
o States:

— Qo #b =0

— Qg #b =1

— Q. #b =2

— Qs #b =3

— (Osy. #b 2 4

a,b
Jo g1 gz ds Q=4
>8 b 8 b 8 b 8 b 6}
a a a a

80



DFA: Example 6

e Define DFA M such that

— L(M) ={w € {a, b}* | #a < 4}
o States:

— (o #a =0

— Q. #a=1

—(,-#a =2

— (4 #a =3

— Osy- #a 24
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DFA: Example 7

e Define DFA M such that

— L(M) ={w € {a, b}* | #a = 0}
e States:

— g,: 0'a'isread

— (,: 1 or more 'a’ is read
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DFA: Example 8

e Define DFA M such that

— L(M) ={w € {a, b}* | #a = 0}
o State:

— g4 Initial and final state

of

83



DFA: Example 9

e Define DFA M such that
— L(M) ={w e {a, b}* | 2 <#a <5}
e States:

— Qo-
— 0.
— Q-
— Qs
— s
— Q-
— Q-

#a=0
#a=1
#a =2
#a =3
#a=4
#a =95
#a =6
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DFA: Example 10

e Define DFA M such that

— L(M) ={w € {a, b}* | #a mod 2 = 0}
e States:

— (,: #a is even

— @, #ais odd
b a

DINas

oF
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DFA: Example 11

e Define DFA M such that

— L(M) ={w € {a, b}* | #a mod 4 = 2}
e States:

—(go:#amod 4 =0

— Qg #amod4 =1

— (- #amod 4 =2 bﬂ b@ bﬂ bﬂ

— Q- #amod 4 =3 ‘
do Js
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DFA: Example 12

e Define DFA M such that

— L(M) ={w € {a, b}* | #amod 4 = 1 or 3}
e States:

— Qo-#amod4 =0

Rl e

— Q- #amod 4 =3 q3
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DFA: Example 13

e Define DFA M such that
— L(M) ={w € {a, b, c}* | #a + #c = 2}
e States:
—(p-#a+#Cc =0
—Q #a+#c=1
—qz:#a+#C:2 bm bm bm a,b,cm
—gu#a+#cz3 A0 AC.e a0,

Jdo g4 o), g3
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DFA: Example 14

» Define DFA M such that

— L(M) ={w € {a, b, c}* | #a + 2#c = 4}
e States:

— (o #a+2#c=0

- #a+2#c=1

— (- #a +2#Cc =2

— (4 #a+ 2#C =3

— (. #Ha+2#Cc 24
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DFA: Example 15

e Define DFA M such that
—L(M)={w e {a, b}*| (#a=1) or ((#a + #b) mod 2 = 0)}
o States: two independent conditions
— Qo #a=0
—Q,; #a=1
— Qs #a>1
— Qio: Ha+#b)mod2=0
— Q- Ha+#b)mod2=1
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DFA: Example 16

* Define DFA M such that
— L(M) ={w € {a, b}* | (#a<3)& (#b mod 3 = 1)}
« States: g;;: #a =1and #b mod 3 = |

Jo,0 d1,0 J2,0 Js,0 J4,0

aaaaa
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DFA: Example 16

* Define DFA M such that
— L(M) ={w € {a, b}* | (#a<3)& (#b mod 3 = 1)}
« States: g;;: #a =1and #b mod 3 = |
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DFA: Example 16

* Define DFA M such that
— L(M) ={w € {a, b}* | (#a<3)& (#b mod 3 = 1)}
« States: q;;: #a =1and #b mod 3 = |
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DFA: Examples

e Define DFA M such that
— L ={w € {a, b}* | w contains "aabbaabb"}
— L={w e {a, b}* | #b = 3 or 6}
— L={w e {a, b}* | 3 <a# < 6}
— L={w e {a, b}* | #amod 5 = 3}
—L={we{a, b}*|#bmod 3 =1 or 2}
— L={w e {a, b, c}* | #a + 3#c = 1}
—L={we{a, b, c}|2#a+#b + 3#Cc <7}
—L(M)={w e {a,b}*| (#b<4) & (#b mod 5 =2 or 3)}
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DFA

e Give the transition diagram of the DFA!

~M=(K.2,55F) g o 500
Yo %

— K ={0p, 91} a

— 2 ={a, b} .

_s=gq, Yo Yo

— F = {ql} 41 a Yo
. L(M) = {w: #a is odd} ds b ds
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DFA

 Process bbaba with the DFA!
(do, bbaba) |-y (q,, baba)

- (do, @ba)
-m (01, ba)
-m (01, @)
-m (dos €)

* bbaba is rejected, because g, is not a final state
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DFA

e Give the transition diagram of the DFA!

-M=(K %,5s,F) g | o [5(@0)
Uo d:

— K ={de: d1, 95} a
- 2={a, b} do b do
3% d; a d.
- F=ia o] b 01
e L(M)={w: #az=2} : a :
2 2
o b o
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DFA

* Process abbbaba with the DFA!
(do, abbbaba) |-, (g,, bbbaba)

-w (01, bbaba)

-w (01, baba)

-m (01, @ba)
- (02, ba)
-m (02, @)
-m (02, €)

« abbbaba is accepted
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Element of the Theory of the Computation

Lecture 5
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NFA — DFA

o Steps of NFA to DFA conversion
— eliminating string transitions by introducing new states
— definition of e-sets
— definition of new initial state
— definition of transition function
— definition of finite states

100



NFA — DFA: Example 1

 Give DFA M'such that L(M") = L(M)!
— M is given below
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NFA — DFA: Example 1

« Eliminating string transitions by introducing new states
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NFA — DFA: Example 1

e Definition of E-sets:

— E(qp) ={q.}
— E(qy) ={q,}
— E(q3) = {0, a3, A} a1

b
— E(q4) = {04}
— E(05) = {qs} b

« Definition of new initial state 2

- s3 = E(qy) ={a;} = Q,
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NFA — DFA: Example 1

o Definition of transition function:

—5({q1} a)=0=Q,

g1 b

{0}, b) = E(@y) ={0,} = Qs
Jd,a)=0=Q, b

Qs

{9,}, @) = E(q3) = {0y, A3, A4} = Q4
{q,}, b) =0 =Q,

- 6({012 O3 4}, @) = E(0y) U E(Q3) U E(qs) =
{02, O3, A4 U5} = Qs

— 0({qz, O3, 4}, b) =D = Q,

o(
o(
6(9,b) =0 =Q,
o(
o(

d4
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NFA — DFA: Example 1

— 0({9,, 43, 04, G5}, @) = E(Q,) W E(93) U E(q5) =
{02, O3, A4 U5} = Qs

— 0({9,, 03, A4, G5}, b) = E(0;) ={d.} = Qq

o Definition of final states

— F3 = {{a, 93, s}, {92, D3, A4, s}

o

Js




NFA — DFA: Example 1

{q2’ ds, Ja, q5}

{d2, a3, 94}
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NFA — DFA: Example 2

 Give DFA M'such that L(M') = L(M) !
— M is given below

b
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NFA — DFA: Example 2

« Eliminating string transitions by introducing new states

gs

108



NFA — DFA: Example 2

e Definition of E-sets:

o Definition of new Initial state

— E(9y) = {04}
— E(0y) ={q,}
— E(d3) ={a1, 93}
— E(q4) = {04}
— E(9s) = {05}

- s3 = E(qy) ={a;} = Q,
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NFA — DFA: Example 2

o Definition of transition function:

- 0({a;}, @) = E(q,) ={a4} = Q;
— 0({q;}, b) = E(0,) v E(ds) ={a,, ds} = Q3

— 0({a,4}, @) = E(qy) ={0,} = Qq 1 ’ 4
— 0({q,}, b) =@ = Qs

— 0({d,, Os}, @) = E(qy) ={0,} = Qq
— 6(

— 6(

— 6(

{92, 95}, b) = E(q3) = {0y, 93} = Qg
{9,}, @) =0 = Qg
{0,}, b) = E(Q3) = {01, 93} = Q¢
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NFA — DFA: Example 2

0(9F,a) =0 = Qs
0(4d, b) =9 = Qg
0({a;, az}, @) = E(q,) ={d4} = Q;
- 6({% ds}, b) = E(qy) w E(ds) = {0y, 05} = Q3

o Definition of final states

— F3 = {10y, O3}
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NFA — DFA: Example 2
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NFA — DFA: Example 3

 Give DFA M'such that L(M') = L(M) !
— M is given below
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NFA — DFA: Example 3

e Definition of E-sets:

— E(9y) = {04}

— E(0,) =10y, ds, A4}
— E(93) = {03}

— E(q,) = {094}

— E(9s) = {05, 97}

— E(ds) = {06, 07}

— E(9;) = {97}

— E(gg) = {0}
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NFA — DFA: Example 3

o Definition of new Initial state

- s; = E(qy) ={a} = Qq

o Definition of transition function:

- 5({011} a) = E(d,) ={d,, 43, A4} = Q;
0({q.}, b) = @ = Q3
0({dz, a3, A4}, @) = E(ds) = {05, a7} = Q4
0({dy, a3, A4}, b) = E(de) = {06, A7} = Qs
0(4d,a) =0 =Q,
0(9, b) =0 =Q;
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o Definition of final states

NFA — DFA: Example 3

— 0({as, g7}, @) =D = Qg
— 0({ds, 9;}, b) = E(qg) = {dg} = Qs
— 0({de, O7}, @) =D = Qg

— 0({de: 07}, b) = E(qg) = {dg} = Qs
— 0({qg}, @) =D = Q4
— 0({qg}, b) =D = Q4

— F3 = {Qg}}
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NFA — DFA: Example 3

117



NFA — DFA: Example 4

* Give DFA M' such that L(M") = L(M) !
— M is given below
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NFA — DFA: Example 4

« Eliminating string transitions by introducing new states
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NFA — DFA: Example 4

e Definition of E-sets:

— E(9y) = {04}

— E(0y) ={q,}

— E(93) = {03}

— E(q,) = {03, 94}

— E(9s) = {05}

— E(ds) = {03, A4, Uss 6}
— E(9;) = {97}
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NFA — DFA: Example 4

o Definition of new Initial state

o Definition of transition function:

- s; = E(qy) ={a} = Qq

- 6({011} a) = E(q;) ={g;} = Q,
0({a1}, b) = E(a,) = {0} = Q3
o0({as}, @) =0 =Q,

6({a7}, b) = E(ds) V E(q4) = {ds, 94} = Qs *
o0({q.}, @) =9 =Q,
O(
O(
o(4,

{9,}, b) = E(q3) = {ds} = Q¢
J,a)=0=Q,
b) =0 =Q,

121



/'\/'\/'\/'\/'\/‘\

NFA — DFA: Example 4

0({as, a4}, @) =0 =Q, 5
0({ds, A4}, b) = E(0e) = {ds, A4, 05, 6} = Q7 %
0({as}, @) =0 =Q,

0({as}, b) = E(de) ={as, das U5, A6} = Q7

0({ds, 44, dss 9e}, @) = E(q,) U E(Qy) =10y, 03, A4} = Qg
0({ds, A4, Oss ds}s D) = E(Qe) = {03, A4, s, 6} = Q7
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— 0({dy, O3, U4}, D) =
E(g,) v E(qg) =
{02, O3, A4y s, A6} = Qg
— 0({92, 93, A4 s, e}, @) = E(dy) L E(qy) =
{01, O3, A4} = Qg
— 0({dy: U3 U4y s, e}, D) =
E(g;) W E(de) = {03, A4, s, Ge} = Q7

o Definition of final states

— F3={{ds, A4, U5, A6}, {02, U3s A4, Us» As})
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NFA — DFA: Example 4
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NFA — DFA: Example 5

» Give DFA M' such that L(M') = L(M) !
— M s given below e
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NFA — DFA: Example 5

« Eliminating string transitions by introducing new states
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NFA — DFA: Example 5

e Definition of E-sets:

— E(gy) ={a;, 4, G5, d6, A7} e
— E(ay) ={az}

— E(g3) = {az}

— E(a,) ={a4, 95, 96, A7}
— E(9s) = {05, ¢}

— E(de) = {qe}

— E(g;) ={az}

— E(dg) = {qg}
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NFA — DFA: Example 5

o Definition of new Initial state

— S3 = E(g1) ={04, A4, U5, e, 97} = Q4
e Definition of transition function:

— 0({91, U4, 95, Q6. A7}, @) = E(d) W E(03) U E(97) =
{02, 03, 07} = Q;
— 0({91, U4, G5, G, A7}, b) = E(d3) W E(dg) = {03, dg} = Qg
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NFA — DFA: Example 5 .

— 0({q,, 03, 07}, @) = E(q,) =
{44 G5, e, A7} = Qq

— 0({d,, 03, A7}, b) =
E(ds) U E(gg) = {03, dg} = Q3

— 0({qs, 9g}, @) = E(Q4) ={d4, U5, 96, A7} = Qq
— 0({gs, dg}, b) = E(q;) = {01, 94, ds, 96, A7} = Q4

— 0({q4, 95, Q6, A7}, @) =
E(ds) v E(q7) ={ds, 07} = Qs

— 0({d4: U5, U6, 7}, b) = E(03) U E(gg) = {03, dg} = Q3
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— 0({g3, 47}, @) =
E(d4) = {d4: Us: Js, A7} = Q4

— 0({ds, 9}, b) = E(qg) = {dg} = Qs
— 0({0g}, @) =9 = Q4

— 0({dg}, b) = E(ay) = {041, A4, G5, Ge: A7} = Q
-o({}, a) =9 =0Q;

- o({}, b) =0 =Q;
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NFA — DFA: Example 5

e Definition of final states

— F;={{d1, A4, ds, 9g » A7}, {92 O3, A7}, {4, A5, s O}
{ds, a-}}
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NFA — DFA: Example 5

{91, d4, 95, s, q7} {d2, g3, a7} 5

a
o * o {04, 95, 06, A7}

a

b b b a

‘ {0} {93, a7}
b

{ds, ds) o
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Element of the Theory of the Computation

Lecture 6
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RE — NFA: Example 1

 Define NFA M, where L(M)=L(R)andR=0Q!

X0
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RE — NFA: Example 2

 Define NFA M, where L(M) =L(R) and R=a!

A (e

Jdo d1
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RE — NFA: Example 3

* Define NFA M, where L(M) = L(R) and R = @* |

>Olo e 1 - >go>
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RE — NFA: Example 4

 Define NFA M, where L(M) =L(R) and R=ab'!

OO0 ~® — O™
Jo oF o p) J3 oy oF
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RE — NFA: Example 5

 Define NFA M, where L(IM)=L(R)andR=aub!!
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RE — NFA: Example 6

 Define NFA M, where L(M) =L(R) and R = a*!
— simplify carefully if possible

e

e G
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RE — NFA: Example 7

e Define NFA M, where L(M) = L(R) and R is given below!
Use the construction theorems!

— R=(@ub)a

o0 w(bee
Q1 Qo 1

Jo
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RE — NFA: Example 8

e Define NFA M, where L(M) = L(R) and R is given below!
Use the construction theorems!

— R=a*u b*

e

g
€ 9s
Q2
J4 Js 5
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RE — NFA: Example 9

e Define NFA M, where L(M) = L(R) and R is given below!
Use the construction theorems!

_R=au (ab)*
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RE — NFA: Example 10

e Define NFA M, where L(M) = L(R) and R is given below!
Use the construction theorems!

— R=(@ub)*
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RE — NFA: Example 11

e Define NFA M, where L(M) = L(R) and R is given below!
— R=(auv ab*a
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RE — NFA: Example 12

e Define NFA M, where L(M) = L(R) and R is given below!
— R=(a*vabu @%a
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RE — NFA: Example 13

e Define NFA M, where L(M) = L(R) and R is given below!
— R = (a*b*)*(a v b)

— K={d, 91, 95, d3} K ={do, 94}
—Z={a,b} Z:{a,b}
— F ={d,, 93} -

a,b
L oDee
Jo oF 14
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RE — NFA: Example 14

e Define NFA M, where L(M) = L(R) and R is given below!
— R =(((ab)*a*)* v ((aa)*b*)*)

— K={dp, 91, A2, G, Ga} K'=1{0o, 91, Go}
— ¥ ={a, b} §_=C{Ia, b}
— S = qO — M0
F = {a,,
— F = {qz’ q4} n ] {ql q2}
ab,a
e @ql
- e
Q 147

aa,b




RE — NFA: Example 15

e Define NFA M, where L(M) = L(R) and R is given below!
— R = (a* U b*)(ab)*
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RE — NFA: Example 16

e Define NFA M, where L(M) = L(R) and R is given below!
-~ R=(auw @b)*)(b U (@b)*
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RE — NFA: Example 17

e Define NFA M, where L(M) = L(R) and R is given below!
— R = (ab)*((ba)* U aa*)
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RE — NFA: Example 18

e Define NFA M, where L(M) = L(R) and R is given below!
— R = (((ab)*(aab)*)*a*)*

ab aab a
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RE — NFA: Example 19

e Define NFA M, where L(M) = L(R) and R is given below!

— R =(((aa)* v (bb)*)*((bb)* v (aa)*)*)*
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RE — NFA: Example 20

e Define NFA M, where L(M) = L(R) and R is given below!
— R=(awv b)*bb

ab

20
o).

of
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RE — NFA: Example 21

e Define NFA M, where L(M) = L(R) and R is given below!
— R =Db((a* v b)a)*
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RE — NFA: Example 22

e Define NFA M, where L(M) = L(R) and R is given below!
— R =a(a* v b*)(au b)a*

Jo g1
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RE — NFA: Example 23

e Define NFA M, where L(M) = L(R) and R is given below!
— R = (a* u ab)*(b* U ba)
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Element of the Theory of the Computation

Lecture 7
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CFG: Example 1

 Which words can be derived at most in 4 steps with
G={V, 2, R, S} grammar from S?

—-V={a, b, A B, S}

— 2 ={a, b}

- R={S—>A S—abA,S—aB,A— Sa,B — b}
e Solution:

- S =>5; A=>;Sa =>;aBa =>;aba

— S =>5 abA =>; abSa =>; abaBa => ababa

— S=>gaB=>gab
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CFG: Example 2

 Which words can be derived at most in 4 steps with
G={V, 2, R, S} grammar from S?

-V={a, b AB,S}

— 2 ={a, b}

- R={S—>A S—abA,S—aB,A— a,B— Sb}
e Solution:

- S=>A=>ga

— S =>5aB =>;aSb =>;aAb =>; aab

— S =>5abA =>; aba

— S =>5aB =>;aSb =>; aabAb =>; aabab
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CFG: Example 3

 Which words can be derived at most in 4 steps with
G={V, 2, R, S} grammar from S?

-V={a, b AB,S}

-2 ={a, b}

- R={S—>ABS,S —>AB,A—aA, B—DbB,S —e,
A — a, B — b}

 Solution:
— S =>5 ABS =>;aBS =>;abS =>; ab
— S=>;AB=>;aB =>;ab
— S =>5;AB =>;aAB =>; aaB =>; aab
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CFG: Example 4

 Which words can be derived at most in 4 steps with
G={V, 2, R, S} grammar from S?

-V={a, b AB,S}

-2 ={a, b}

- R={S—>aSB,S—>DbSA, S—a,S—Db,A— aS,
B — bS}
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CFG: Example 4

e R={S—>aSB,S —»>bSA,S—a,S —>b, A— aS,
B — bS}

e Solution:
— S =>5aSB =>; aaB =>; aabS =>; aaba
— S =>4 bSA =>; baA =>; baaS =>4 baaa
— S=>;a
- S=>b
— S =>;aSB =>;aShS =>; aabS =>; aaba
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CFG: Example 5

* Give 3 different deductions to the word "abab"!
—-V={a, b A B,S}
— 2 ={a, b}
- R={S—aB,S—> Ab,B—>DbS,A— Sa,S — e}
e Solution:
— S =>5aB =>;abS =>; abaB =>; ababS =>; abab
— S =>5aB =>;abS =>; abAb =>; abSab =>; abab
— S =>;5 Ab =>; Sab =>; Abab =>; Sabab =>; abab
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CFG: Example 6

* Give 3 different deductions to the word "abba"!
-V ={a, b, S}
— 2 ={a, b}
- R={S—>SS5,S — abS,S — Sha, S — €}
e Solution:
— S =>5abS =>; abSbha =>; abba
— S =>4 SS =>;abSS =>; abSSba =>; abSba =>; abba
— S =>4 Sha =>5 abSbha =>; abba
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CFG: Example 7

* Give context-free grammar G such that L(G) = L!
— L={w e {a, b }*| |w]| is divisible with 3}

e Solution 1.
- S —> AAAS | e
—A—>alb

e Solution 2:

— S — aaaS | aabS | abbS | bbbS | bbaS | baaS | babS
| abaS | e
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CFG: Example 8

 Give CFG G such that L(G) = L!
— 2 ={a}
—L={a"e 2* | n=0}
e Solution:
-V ={S}
- R={(S, aS), (S, e)}
S —>aS|e

—e.g.:.S=>aS=>aaS=>aa
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CFG: Example 9

 Give CFG G such that L(G) = L!
— 2 ={a, b}
—L={@b" e 2*| nz0}
e Solution:
-V ={S}
— R ={(S, aSh), (S, e)}
S —>aSh|e

— e.g.. S => aSb => aaSbb => aabb
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CFG: Example 10

 Give CFG G such that L(G) = L!
—2={a, b, c}
— L={a"ch" € 2* | n= 0}
e Solution:
-V ={S}
— R ={(S, aSh), (S, c)}
S —>aSbh|c

— e.g.. S => aSb => aaSbb => aacbb
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CFG: Example 11

 Give CFG G such that L(G) = L!

_¥={a,b,c} a"b"c
_L={a"bc € Z* | n = 0} | }

e Solution:

|
S
_V:{S1Q} Q

- R={(S, Qc), (Q, aQb), (Q,e)}
e S —> Qc
e Q—aQb|e

— e.g.: S => Qc => aQbc => aaQbbc => aabbc
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CFG: Example 12

e Give CFG G such that L(G) = L!

— 2 ={a, b}

— L={@"b"a™bm e 2* | n, m 2 0} \ anbnambn;
e Solution: \

-S—PQ \ AS 1

~—Q—aQb|e PY Q

— P — aPb | e

— e.g..: S =>PQ =>aQbP => abP => abaPb =>
abaaPbb => abaabb
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CFG: Example 13

e Give CFG G such that L(G) = L!

—2={a, b, c}

— L = {anbncambm c Z* | n, m > O} \anbncambm |
e Solution: \

- S = PcQ S

~Q—aQbje PY Q

— P — aPb | e

— e.g.: S =>PcQ => aPbcQ => aaPbbcQ => aabbcQ =>
aabbc
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CFG: Example 14

 Give CFG G such that L(G) = L!
—2={a, b, c}
— L ={a"b"am™ch™ € 2* | n, m = 0}
e Solution:
- S — PQ
- Q—alb|c
- P—>aPb|e

— e.g.. S =>PQ =>PQ =>PaQb => Pacb => aPbacb
=> abachb
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CFG: Example 15

e Give CFG G such that L(G) = L!
— 2 ={a, b}
— L={@""b" € £* | n 2 0}
e Solution:
— L={@"ab" € 2* | n 20}
- S —aSb|a

— e.g.: S => aSb => aaSbb => aaabb
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CFG: Example 16

e Give CFG G such that L(G) = L!
— 2 ={a, b}
—L={@b3" e 2*|nz0}

o Solution:
— S — aSbbb | e

— e.g.: S => aSbbb => aaSbbbbbb => aabbbbbb
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CFG: Example 17

e Give CFG G such that L(G) = L! qéhp3ngm+1lp2m+2
— 2 ={a, b} \ Y }
— L = {@?"b3ram*ip2m+2 ¢ 3* | n, m = 0} g

e Solution: | Y Y '
- S —>PQ P Q
— P — aaPbbb | e
— Q — aQbb | abb

—

— e.g.: S =>PQ => aaPbbbQ => aabbbQ => aabbbabb
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CFG: Example 18

e Give CFG G such that L(G) = L!

— 2 ={a, b}

—L={@amme2*|n,m=20andn>m}
e Solution:

—L={@*a"h" e 2* | n=0}

- S — AB

—A—aA|a

—B—aBb|e

— e.g.: S=> AB => aAB => aaAB => aaaAB => aaaB =>

aaaaBb => aaaab
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CFG: Example 19

e Give CFG G such that L(G) = L!

— 2 ={a, b}

—L={@ammme2*|n,m=20andn<m}
e Solution:

— L={a"b"b* € 2* | n=0}

- S — BA

—A—DbA|Db

—B—aBb|e

— e.g.: S => BA => aBbA = >abA => abbA => abbb
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CFG: Example 20

e Give CFG G such that L(G) = L!

— 2 ={a, b}

—L={abme 2*|n,m=0and n#mj}
e Solution:

—L={@amme2*|n<morn>m}

- S— CD|DE

- C—aCla

—D—abDb|e

—E—>DE|Db

—e.g..S=>CD=>aCD =>aaD =>aaaDb =>aaab



CFG: Example 21

* Give CFG G such that L(G) = L! ancmdmpn
—2={a, b, c, d} &_Y_)
— L={a"c™d™b" € 2* | n, m =2 0} A

e Solution: | Y |
—S—aSh|A S
— A—cCcAd|e

— e.g.: S => aSb => aaSbb => aaAbb => aacAdbb =>
aacdbb
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CFG: Example 22

e Give CFG G such that L(G) = L!
— 2 ={a, b}
— L ={(ab)*"*tbmam*3p" € 2* | n, m = 0}
o Solution:
— L = {((ab)?)"ab[b™maMaaalb" € £* | n, m = 0}
— S — (ab)?Sh | abA
— A — bAa | aaa

— e.g.. S => abA => abbAa => abbaaaa
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CFG: Example 23

e Give CFG G such that L(G) = L!
— 2 ={a, b}
— L ={(ab)*"*bmam*+3arbP*ib" € 3* | n, m, p = 0}
o Solution:
— L = {(ab)?"ab[bMaaaa™][aPbbF]b" € Z* | n, m, p = 0}
— S — ababSb | abAP
— A — bAa | aaa
—P—>aPb|b

— e.g.: S => ababSb => abababAPb => abababaaaPb

=> abababaaabb 181



CFG: Example 24

e Give CFG G such that L(G) = L!

—2={a, b, h,i}

— L = {a"hkb2maha™*1b"P € 2* | n, m, k, p = 0}
e Solution:

-S—JP

—J—alb | KM

- K—>hK]|e

— M — bbMa | aha

-P—>IiP|e

— e.g.: S =>JP => KMP => hKMP => hMP => hbbMaP
=> hbbahaaP => hbbahaaiP => hbbahaai
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CFG: Example 25

e Give CFG G such that L(G) = L!
—2={a, b, c}
— L={(ac)"(bc)™d" € 2* | n, m =0}
e Solution:
- S—N
— N the non-terminal corresponds to superscript n
— N — acNb | M
—M—>DbcM | e

— e.g.: S => N =>acNb => acMb => acbcMb => acbcb
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CFG: Example 26

e Give CFG G such that L(G) = L!

- 2={a, b, c, k}

— L ={ak(ac)"b™cMb"kk € £* | n, m, k =0}
« Solution:

- S—-K

— K—aKk|N

— N — acNb | M

—M—DbMc|e

— e.g.: S => K => aKk => aNk => aacNbk => aacMbk
=> aacbMcbk => aacbcbk

184



CFG: Example 27

e Give CFG G such that L(G) = L!

— 2 ={a, b}
— L={a"h"3 € 2* | n 20}
e Solution:
— L ={a"abbbb" € 2* | n =2 0}
— S — aShb | abbb

— e.g.. S => aSb => aabbbb
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CFG: Example 28

e Give CFG G such that L(G) = L!
— 2 ={a, b}
—L={a"bma"e 2* | n,m= 0}
e Solution:
- S—>N
— N—-aNa|M
- M—>DbM]|e

— e.g.: S => N => aNa => aaNaa => aaMaa => aabMaa
=> aabbMaa => aabbaa
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CFG: Example 29

e Give CFG G such that L(G) = L!
—2={a, b, c}
— L={a"ch"c € 2* | n = 0}
o Solution:
— S —> Nc
e ending c derived
— N—aNb|e
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CFG: Example 30

e Give CFG G such that L(G) = L!

— 2 ={a, b}

—L={pb"a" e 2*|n=20}u{a’"b"e *| n =0}
e Solution:

— S —> N1 | N2

— N1 —-DbN1a|e

— N2 — aaaN2b | e
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CFG: Example 31

e Give CFG G such that L(G) = L!
—2={a, b, c, d}
— L={a™b"cPd" € 2* | m+n = p+r, m, n, p, r 2 0}
o Solution:
-S> A
—~-A—-aAd|B|C
« always one symbol is created from {a, b} and {c, d}
—B—aBc|D
—C—>DbCd|D
—D—>DbDc|e

— e.g.. S=>A=>B =>aBc =>aaBcc => aaDcc =>
aabDccc => aabccc
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CFG: Example 32

e Give CFG G such that L(G) = L!

—2={a, b, c, d}

— L = {@a"?bc?mdrant3c2d(ad)™ € £* | n, m, p, q = 0}
o Solution:

— L is not context free because it iIs a modification of
{a"b™c"d™ € 2* | n, m = 0} which is not context free

» the superscripts can be regarded as different kinds
of opening and closing parenthesis

* here the are parenthesis neither nested ([]) nor
next to each other ()[] but across ([)]
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CFG: Example 32

e Give CFG G such that L(G) = L!

—2={a, b, c, d}

— L = {@mb™d"*2bc*d?rPa"+3c2d(ad)"3 € 2* | n, m, p, q = 0}
o Solution:

— L is not context free because it iIs a modification of
{a"b"c" € 2* | n 2 0} which is not context free
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CFG: Example 33

e Give CFG G such that L(G) = L!
— 2 ={a, b}
— L={w e 2* | #a # #b}
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CFG: Example 33

e Solution:

-S—->U|V

- U—->Tau | TaT

—V —>TbV | TbT

— T —aTbT|bTaT|e
 T: strings with the same number of a's as b's
« U: strings with more a's than b's
e V: strings with more b's than a's

—e.g..S=>U=>TaU =>bTaTaU => baaU => baaTaT

=> paaa
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CFG: Example 34

e Give CFG G such that L(G) = L!
— L ={b"am™b?": n =0, m > 0}
— beware: > and not 2
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CFG: Example 34

e Solution:
— L ={b"aa™b?": n =20, m = 0}
— S — bSbb | aA
—A—aAle

— e.g.. S => bSbb => bAbb => baAbb => baaAbb =>
baabb
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RG — CFG: Example 1

 Give CFG G suchthat L(G) = L(R)!

_ R =((auU b)a)*
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RG — CFG: Example 1

e Solution 1:
- S —>SXale
- X—alb

e Solution 2:
— S — e | YS (Kleen star)
— Y — XA (concatenation)
— X — a| b (union)
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RG — CFG: Example 2

 Give CFG G suchthat L(G) = L(R)!
— R=(ab)*u a

e Solution:
-S—A]|a
— A—abA|e

—eg.S=>a
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RG — CFG: Example 3

 Give CFG G suchthat L(G) = L(R)!

— R =(ba u b)*a
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RG — CFG: Example 3

— R =(ba u b)*a
e Solution: RE — CFG
— S — XY (concatenation)
- Y —>a
— X — ZX | e (Kleen start)
— Z — E | F (union)
— E — ba
—F—-b

— e.g.. S =>XY => ZXY => EXY => baXY => baY =>

baa
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RG — CFG: Example 4

 Give CFG G suchthat L(G) = L(R)!
— R=a*(ba ub)

e Solution:
— S — Aba | Ab
—A—aAle

— e.g.. S => Ab => aAb => aaAb => aab
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RG — NFA: Example 1

e Construct NFA M such that L(M) = L(G)!
-V={a, b AB,S}
— 2 ={a, b}
—S=S
-~ R={S—-aA|bB|e, A— abS, B — baS}
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RG — NFA: Example 1

e Step al: introduce a state for non-terminal S (this will be
the initial state because S is the starting non-terminal)

-V={a, b A B, S}

— 2 ={a, b}

- S=S

-~ R={S—>aA|bB|e, A— abS, B — baS}

O
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RG — NFA: Example 1

o Step a2: introduce a state for non-terminal A
- V={a, b, A B, S}
— 2 ={a, b}
- S=S
-~ R={S—>aA|bB|e, A— abS, B — baS}

O
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RG — NFA: Example 1

o Step a3: introduce a state for non-terminal B
- V={a, b, A B, S}
— 2 ={a, b}
- S=S
-~ R={S—>aA|bB|e, A— abS, B — baS}

B
O



RG — NFA: Example 1

o Step b: introduce a state for non-terminal f (this will be
the final state)

-V={a, b AB,S}

— 2 ={a, b}

- S=S

-~ R={S—>aA|bB|e, A— abS, B — baS}

®
O O
or
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RG — NFA: Example 1

o Step c1:introduce a new arc for S — aA
—-V={a, b A B,S}
— 2 ={a, b}
-S=S
-~ R={S —>aA|bB|e, A— abS, B — baS}

O



RG — NFA: Example 1

o Step c2: introduce a new arc for S — bB
—-V={a, b A B,S}
— 2 ={a, b}
-S=S
-~ R={S —>aA|bB|e, A— abS, B — baS}
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RG — NFA: Example 1

o Step c3: introduce a new arc for A — abS
—-V={a, b A B,S}
— 2 ={a, b}
-S=S
- R={S—>aA|bB|e, A— abS, B — baS}

B 209




RG — NFA: Example 1

o Step c4: introduce a new arc for B — baS
—-V={a, b A B,S}
— 2 ={a, b}
-S=S
- R={S—>aA|bB|e, A— abS, B — baS}

B 210




RG — NFA: Example 1

o Step d1:introduce a new arc forS — e
-V={a, b AB,S} ‘
— 2 ={a, b}
-S=S
—~-R={S —>aA|bB]|e,
A — abS, B — baS}
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RG — NFA: Example 1

« R={S > aA|bB|e A— abS, B — baS}

« Operation for aab:
_ (81 aab) |_ (A1 ab) |_ (81 e) |_ (f1 e)
— S =>aA =>aabS =>aab
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RG — NFA: Example 1

+ R={S—aA|bB|e A— abS,B— baS}

* Operation for aabbbaaab:

— (S, aabbbaaab) |- (A, abbbaaab) |- (S, bbaaab) |-
(B, baaab) |- (S, aab) |- (A, ab) |- (S, e) |- (f, e)
— S => aA => aabS => aabbB => aabbbaS =>

aabbbaaA => aabbbaaabS => aabbbaaab
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RG — NFA: Example 1

+ R={S—aA|bB|e, A— abS, B — baS},

e Operation for aabbba:
— (S, aabbba) |- (A, abbba) |- (S, bba) |- (B, ba) |- (S, e)

- (f, )
— S => aA => aabS => aabbB => aabbbaS => aabbba
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RG — NFA: Example 2

e Construct NFA M such that L(M) = L(RG)! Describe M
with sets!

-V={a, b, AB,C,S}

— 2 ={a, b}

- S=S

- R={S—aA|bB,A—aA|aC|bb,B—e, C— a}

215



RG — NFA: Example 2

e Step al: introduce a state for non-terminal S (this will be
the initial state because S is the starting non-terminal)

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e, C—a},S)

— M({S})
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RG — NFA: Example 2

o Step a2: introduce a state for non-terminal A

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e, C—a},S)

— M({S, A})
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RG — NFA: Example 2

o Step a3: introduce a state for non-terminal B

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e, C—a},S)

- M({S, A, B})
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RG — NFA: Example 2

o Step a4: introduce a state for non-terminal C

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e, C—a},S)

- M({S, A, B, C})
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RG — NFA: Example 2

o Step bl: introduce the elements of 2

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e C—a},S)

- M({S, A, B, C}, {a})
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RG — NFA: Example 2

o Step b2: introduce the elements of 2

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e, C—a},S)

- M({S, A, B, C}, {a, b})
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RG — NFA: Example 2

o Step c1: introduce a new transition for S — aA

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e, C—a},S)

— M{{S, A, B, C}, {a, b}, A)
e A={(S, a, A)}
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RG — NFA: Example 2

e Step cl: introduce a new transition for S — bB

- G({a, b, A, B, C, S}, {a, b}, {S —aA | bB,
A—aA|aC|bb,B—e, C—a},S)

- M({S, A, B, C}, {a, b}, A)
« A={(S, a, A), (S, b, B)}
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RG — NFA: Example 2

o Step cl: introduce a new transition for A — aA

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e, C—a}, S)

- M({S, A, B, C}, {a, b}, A)
« A={(S, a, A), (S, b, B), (A, a, A)}
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RG — NFA: Example 2

o Step cl: introduce a new transition for A — aC

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aAl|aC|bb,B—e C—a},S)

- M({S, A, B, C}, {a, b}, A)
« A={(S, a, A), (S,b,B), (A, a, A), (A a C)}
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RG — NFA: Example 2

o Step d1: introduce a new transition for A — bb

_ G({a, b, A B, C, S}, {a, b}, {S — aA | bB,
A —aA|aC|bb,B—e, C—a},S)

- M({S, A, B, C}, {a, b}, A)

« A={(S, a, A), (S, b, B), (A, a, A), (A, a, C),
(A, bb, )}
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RG — NFA: Example 2

o Step d2: introduce a new transition for B — e

_ G({a, b, A B, C, S}, {a, b}, {S — aA | bB,
A — aA|aC|bb,B —e, C— a)},S)

- M({S, A, B, C}, {a, b}, A)

« A={(S, a, A), (S, b, B), (A, a, A), (A, a, C),

(A, bb, f), (B, e, f)}
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RG — NFA: Example 2

o Step d3: introduce a new transition for C — a

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aAl|aC|bb,B—e, C—a},S)

- M({S, A, B, C}, {a, b}, A)

« A={(S, a, A), (S, b, B), (A, a, A), (A, a, C),

(A, bb, ), (B, e, 1), (C, a, f)}
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RG — NFA: Example 2

o Step: introduce the initial state
- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,

A—aAl|aC|bb,B—e, C—a},S)

- M({S, A, B, C}, {a, b}, A, S)

« A={(S, a, A), (S, b, B), (A, a, A), (A, a, C), (A, bb,

f), (B, e, f), (C, a, )}
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RG — NFA: Example 2

o Step: introduce the final state

- G({a, b, A, B, C, S}, {a, b}, {S — aA | bB,
A—aA|aC|bb,B—e C—a},S)

- M({S, A, B, C}, {a, b}, A, S, {f})

« A={(S, a, A), (S, b, B), (A, a, A), (A, a, C), (A, bb,
f), (B, e, f), (C, a, )}
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RG — NFA: Example 2

e R={S—aA|bB,A—aA|aC|bb,B—e, C— a}

e Operation for aabb:
_ (81 aabb) |_ (A1 abb) |_ (A1 bb) |_ (f1 e)
— S =>aA =>aaA =>aabb
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RG — NFA: Example 2

e R={S—aA|bB,A—aA|aC|bb,B—e, C— a}

o Operation for aaaa:
— (S, aaaa) |- (A, aaa) |- (A, aa) |- (C, a) |- (f, e)
— S => aA => aaA => aaaC => aaaa
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RG — NFA: Example 3

e Construct NFA M such that L(M) = L(G)!
-V={ab,A BC,DE,S}
— 2 ={a, b}
—S=S
- R={S—aA,S—aB,S—aC,S — bD, S — bA,

S—>bB,A—aA,A—-DbA A— aC, A— bb,C— aE,
B—-aB,B—-bB,B—-bD,D—DbE,D— ab,E— e}
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RG — NFA: Example 3

o Steps a: introduce states

~V={a b A B,C,D,E,S} A c
_ 3 ={a, b} O O
- S =S

~-R={S —aA, S — aB, )CSD Q

S —-aC,S — bD,

S —>bA, S — bB, A— aA,

A — bA, A— aC, A — bb, OB O
C —- aE,B —- aB, B — bB, °
B—bD,D—DbE,D— ab, E— e}
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RG — NFA: Example 3

o Step b: introduce final state
-V={ab,ABC,D,E,S}

— 2 ={a, b} c
- S =S QA Q
- R={S — aA, S — aB, S E
S —-aC,S — bD, @ Q @f

S —>bA, S — bB, A— aA,

A—bA A—aC A—bb, g [
C —» aE,B — aB, B — bB,
B—bD,D—DbE,D— ab, E— e}
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RG — NFA: Example 3

e Step c: introduce arcs

-V={ab,ABC,D,E,S}

— 2 ={a, b}

-S=95

- R={S§S —» aA, S — aB,
S —->aC,S —bhD,
S >DbA, S - DbB, A— aA,
A_)bA,A_)aC,A_)bb!
C - aE, B — aB, B — bB,
B—bD,D—>DbE,D—ab,E— e}
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RG — NFA: Example 3

o Step d: introduce arcs
~-V={a,bAB,C,D,E,S}
— 2 ={a, b}

—S=S

- R={S — aA, S — aB,
S —-aC,S — bD,
S —>bA, S — bB, A— aA,
A — bA, A — aC, A — bb,
C —» aE,B — aB, B — bB,
B—bD,D—DbE,D— ab,E— e}
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RG — NFA: Example 3

e R={S§—aA, S—aB,S—aC,S — bD, S — bA,
S—>bB,A—aA,A—-DbA A— aC, A— bb,C— aE,
B—-aB,B—-bB,B—>bD,D—DbE,D— ab,E— e}

e Operation for bb:
_ (81 bb) |_ (D1 b) |_ (E1 e) |_ (f1 e) ab
— S =>DbD => bbE => bb
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RG — NFA: Example 3

e« R={S§—aA, S—aB,S—aC,S — bD, S — bA,
S—>bB,A—aA,A—-DbA A— aC, A— bb,C— aE,
B—-aB,B—-bB,B—->bD,D—DbE,D— ab,E— e}

» Operation for abaa: ab
— (S, abaa) |- (A, baa) |- (A, aa) |- (C, a) |- (E, e) |- (f, e)

— S => aA => abA => abaC => abaaE => abaa
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RG — NFA: Example 4

e Construct NFA M such that L(M) = L(G)!
- V={a,b,c A B,C}
—2={a, b, c}
- S=A
- R={A—-aB|aC,B—bcA|bB|b,C—c|cc]|e}
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RG — NFA: Example 4

« R={A—aB|aC,B—-bcA|bB|b,C—c]|cc|e}

bc
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RG — NFA: Example 4

« R={A—aB|aC,B—-bcA|bB|b,C—c|cc|e}

e Operation for abaa: c
— (A, abcabb) |- (B, bcabb) |- (A, abb) |- (B, bb) |- (B, b)
- (f, )

— A => aB => abcA => abcaB => abcabB => abcabb
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NFA — RG: Example 1

e Construct RG G such that L(G) = L(M)!

ba bb
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NFA — RG: Example 1

o Step al: introduce non-terminals
— V= {A}

ba bb
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NFA — RG: Example 1

o Step a2: introduce non-terminals
- V={A, B}

ba bb
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NFA — RG: Example 1

o Step a3: introduce non-terminals
- V={A, B, C}

ba bb
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NFA — RG: Example 1

e Step: introduce 2

—_V={A, B, C}
— 5 ={a, b}

ba bb
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NFA — RG: Example 1

e Step: introduce the starting non-terminal
- V={A, B, C}
— 2 ={a, b}
—S=A A B

ba bb

248



NFA — RG: Example 1

o Step bl: introduce rules for arcs

-V ={A, B, C}

— 2 ={a, b}

-S=A A B
— R={A — baC} b ®

ba bb
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NFA — RG: Example 1

o Step b2: introduce rules for arcs

- V={A, B, C}

— 2 ={a, b}

- S=A A B
— R={A — baC, C — bbB} : ®

ba bb
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NFA — RG: Example 1

« Step b3: introduce rules for arcs
- V={A, B, C}
— 2 ={a, b} A :
- S=A
— R={A — baC, C — bbB, B — bA}

ba bb
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NFA — RG: Example 1

o Step cl: introduce rules for final states
- V={A, B, C}
— 2 ={a, b}
- S=A
— R={A — baC, C — bbB, B — bA,
A — e} A B

%

ba bb
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NFA — RG: Example 1

o Step c2: introduce rules for final states
- V={A, B, C}
— 2 ={a, b}
- S=A
— R={A — baC, C — bbB, B — bA,
A—e B—e} A B

ba bb
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NFA — RG: Example 1

e R={A—DbaC,C —>DbbB,B—>bA, A—¢e,B— e}

e QOperation for babb: R .
— (A, babb) |- (C, bb) |- (B, e) b
— A => baC => babbB => babb

ba bb
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NFA — RG: Example 1

e R={A—baC,C —>DbbB,B—>bA, A—¢e,B— e}
* Operation for babbb:

— (A, babbb) |- (C, bbb) |- (B, b) |- (A, e)

— A => baC => babbB => babbbA => babbb ,

B

ba bb
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NFA — RG: Example 1

e R={A—baC,C —>DbbB,B—>bA, A—¢e,B— e}
e Operation for babbbbabb:

_ (A, babbbbabb) |- (C, bbbbabb) |- (B, bbabb) |-
(A, babb) |- (C, bb) |- (B, €)

_ A => baC => babbB => babbbA => babbbbaC =>
babbbbabbB => babbbbabb

A

ba

bb
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NFA — RG: Example 2

e Construct RG G such that L(G) = L(M)!
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NFA — RG: Example 2

o Step al: introduce non-terminals
— V= {S}
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NFA — RG: Example 2

o Step a2: introduce non-terminals
-V ={S, A}

259



NFA — RG: Example 2

o Step a3: introduce non-terminals
-V ={S, A B}
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NFA — RG: Example 2

o Step a4: introduce non-terminals
-V={S,A B,C}
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NFA — RG: Example 2

o Step: introduce 2

-V={S,AB,C}
—2={a, b, c}

S a b o
:( : a b c
A B C
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NFA — RG: Example 2

e Step: introduce the starting non-terminal

- V={S, A B, C}
S a b C
A B C

—2={a, b, c}
- S=S
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NFA — RG: Example 2

« Step bl: introduce rules for arcs
-V={S,A B,C}
—2={a, b, c}
- S=S
— R={(S, aA)} S a b c
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NFA — RG: Example 2

« Step b2: introduce rules for arcs
-V={S,A B,C}
—2={a, b, c}
- S=S

~R={(S, aA), (A, aA)} . ? bé é

A B C
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NFA — RG: Example 2

« Step b3: introduce rules for arcs
-V={S,A B,C}
—2={a, b, c}
- S=S
- R={(S, aA), (A aA), (A, bB)}
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NFA — RG: Example 2

« Step b4: introduce rules for arcs

-V={S,A B,C}

—2={a, b, c}

- S=S

— R ={(S, aA), (A, aA), (A, bB), (B, bB)}
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NFA — RG: Example 2

« Step b5: introduce rules for arcs

-V={S,A B,C}

—2={a, b, c}

- S=S

— R ={(S, aA), (A, aA), (A, bB), (B, bB), (B, cC)}
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NFA — RG: Example 2

« Step b6: introduce rules for arcs

-V={S,A B,C}

—2={a, b, c}

- S=S

— R ={(S, aA), (A, aA), (A, bB), (B, bB), (B, cC),
(C, cC)}
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NFA — RG: Example 2

o Step d1: introduce rules for final states

-V={S,A B,C}
—2={a, b, c}
- S=S

- R={(S, aA), (A, aA), (A, bB), (B, bB), (B, cC),

(C, cC), (C, e)}



NFA — RG: Example 2

e Operation for abc:
— (S, abc) |- (A, be) |- (B, ¢) |- (C, e)
— S=>aA =>abB =>abcC =>abc
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NFA — RG: Example 2

e Operation for aabbcc:
— (S, aabbcc) |- (A, abbcc) |- (A, bbcce) |- (B, bcc) |-
(B, cc) |- (C, ) |- (C, e)
— S => aA => aaA => aabB => aabbB => aabbcC =>
aabbccC => aabbcc
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NFA — RG: Example 3

e Construct RG G such that L(G) = L(M)!
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NFA — RG: Example 3

o Steps a: introduce non-terminals
-V={S,A B,C,D,E}
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NFA — RG: Example 3

e Step: introduce 2

~V={S,A,B,C,D,E}
— ¥ ={a, b}
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NFA — RG: Example 3

e Step: introduce starting non-terminal
-V={S,AB,C,D,E}
— 2 ={a, b}
- S=S
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NFA — RG: Example 3

o Steps b: introduce rules for arcs A
-V={S,AB,C,D,E}
— 2 ={a, b}
- S=S
- R={S§ —>aA,S - bB, A— bC,
B—aC,B—aD,C— bE,D — aE} 5
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NFA — RG: Example 3

-V={AB,C,D,E} s

— 2 ={a, b}

- S=S5

- R={S —aA,S — bB, A— bC,
B—aC,B—aD,C—>bE,D—aE,E—e} °
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NFA — RG: Example 3

e R={S—aA,S—DbB,A—DbC,B—aC, B — aD,
C—->DbE,D—aE, E— e}

* Operation for abb:
— (81 abb) |_ (A1 bb) |_ (C1 b) |_(E1 e)
— S =>aA =>abC => abbE => abb
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NFA — RG: Example 4

e Construct RG G such that L(G) = L(M)!
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NFA — RG: Example 4

e Solution:
- V={A, B, C, D}
—2={a, b, c}
- S=A
-~ R={A—->DbB|cbB,B—-DbB|C|aD|e,
C—>aA|bD]|e}
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NFA — RG: Example 4

« R={A—>DbB|cbB,B—-bB|C|aD]|e,
C—aA|bD]|e}

e Operation for cbb:
— (A, cbb) |- (B, b) |- (B, e)
— A => cbB => cbbB => cbb
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L — RG: Example 1

e Give RG GsuchthatL(G)={a" < 2*, n=0}
« G=({a N} {a} R, S)

— R={S —>aS|e}

— derivation: S =>aS =>aaS => aa
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L — RG: Example 2

 Give RG G suchthat L(G) ={ba" € 2*, n =2 0}
e« G=(N, a, b},{a, b}, R, S)
— R={S —>DbN,N—aN|e}
— derivation: S => bN => baN => baaN => baa
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L — RG: Example 3

 Give RG G such that L(G) = {cba"b? € £*, n = O}/
e G=({N,a,b,c},{a,b,c},R,S)

— L(G) ={cb(a")b? € £*, n 2 0}

— R={S — cbNbb, N - aN | e}

— derivation: S => cbNbb => cbaNbb => cbaaNbb =>
chaabb
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L — RG: Example 4

 Give RG G such that L(G) = {ac™*3a"*1¢c? € 2*, n, m = 0}/
e G=({N,M,a,b,c},{a,b,c},R,S)

— L(G) ={accc(c™a(a")c? € Z*, n, m = 0}

— R={S — aMcccNacc, M —->cM | e, N —> aN | e}

— derivation: S => aMcccNacc => acMcccNacc =>
accccNacc => accccaNacc => acccccaacc

286



Element of the Theory of the Computation

Lecture 8

287



PDA computation

e Give the sate diagram for M!
— L(M) ={wwR : w € {a, b}*}

- K={s, f}
— 2 ={a, b}
-F={f}

— A:

* (s, a, e), (s, a)
* (s, b, e), (s, b))
* (s, e, e) (1 e))
* ((f, a, @), (T, e))
* ((f, b, b), (1, €))

bib
ala

btb
ata
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PDA computation

e Give the computation of M for string "abaaba"!

b.b btb
e

e Result:

— (s, abaaba, e) |- (s, baaba, a) |- (s, aaba, ba) |-
(s, aba, aba) |- (f, aba, aba) |- (f, ba, ba) |- (f, a, a) |-
(f, e, e)
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blb
ala

btb
ata

PDA computation @ Q
=)

S

f

* Give the computation of M for string "bbbb" using the
same M as before!

Unread input

Stack

290



PDA computation

State Unread input Stack

bib btb
e Does the above table aja a‘ta

represent a computation of M? Q
- yes )

* Is bbbb accepted or rejected? ° 291
— accepted




PDA: Example 1

* Give PDA M such that L(M) = L!

— L={w e {a, by*||a] = [b}

292



PDA: Example 1

* Give PDA M such that L(M) = L!
—L={w e {a, b}*||a] = |bl}
g, — 'a' reader state
e Solution: g, — 'b' reader state
'+' — 'a' excess, 'b' lack

'-' — 'b' excess, 'a' lack

>

of
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PDA: Example 1

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | |a] = |bl}
g, — 'a' reader state
e Solution: 0, — 'b' reader state
'+' — 1 'a' excess, 1 'b' lack

'' — 1 'b' excess, 1'a' lack

O @

Q1 a2

294



PDA: Example 1

* Give PDA M such that L(M) = L!
—L={w e {a, b}*| |a| = [b]}

g, — 'a' reader state

e Solution: g, — 'b' reader state
'+' — 1 'a' excess, 1 'b' lack
al+ ' — 1'b" excess, 1'a’ lack

at-

O

d+ o p) 295



PDA: Example 1

* Give PDA M such that L(M) = L!
—L={w e {a, b}*| |a| = [b]}

g, — 'a' reader state

e Solution: g, — 'b' reader state
'+' — 1 'a' excess, 1 'b' lack
al+ by- '-'—1'b" excess, 1'a' lack

at- b1+

oF op) 296



PDA: Example 1

* Give PDA M such that L(M) = L!
—L={w e {a, b}*| |a| = [b]}

g, — 'a' reader state

e Solution: g, — 'b' reader state
'+' — 1 'a' excess, 1 'b' lack
al+ bl- '-'—1'b" excess, 1'a' lack
at- b1+
e

oF o p) 297



PDA: Example 1

* Give PDA M such that L(M) = L!
—L={w e {a, b}*| |a| = [b]}

g, — 'a' reader state

e Solution: g, — 'b' reader state
'+' — 1 'a' excess, 1 'b' lack
al+ bl- '-'—1'b" excess, 1'a' lack
at- b1+
e

g1 o p) 208



PDA: Example 1

* Give PDA M such that L(M) = L!
—L={w e {a, b}*| |a| = [b]}

g, — 'a' reader state

e Solution: g, — 'b' reader state
'+' — 1 'a' excess, 1 'b' lack
al+ bl- -'— 1'b" excess, 1 'a' lack
at- b1+
e

g1 o p) 299



PDA: Example 1

Unread input Stack

300




PDA: Example 2

* Give PDA M such that L(M) = L!

— L={w e {a, b}* | |a] = 3|bl}

301



PDA: Example 2

g, — 'a' reader state

* Give PDA M such that L(M) = L! g, — 'b' reader state
— L={w e {a, b}* | |a| = 3|b[} '+' — 1'a’ excess, 1/3 'b' lack
e Remark: ' —1/3'b' excess, 1 'a' lack

— '+'In the stack means 1/3 'b' lack

— 1/3 'b' cannot be read, but you can read two
additional 'a’; then "+++" means 3/3 'b' lack

e Solution:

>

of
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PDA: Example 2

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | |a] = 3|bl}

g, — 'a' reader state
Solut g, — 'b' reader state
° olution.

'+' — 1 'a' excess, 1/3 'b' lack

' — 1/3 'b' excess, 1 'a' lack

O @

d Q2 303



PDA: Example 2

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | |a] = 3|bl}

g, — 'a' reader state
Solut g, — 'b' reader state
° olution.

'+' — 1 'a' excess, 1/3 'b' lack

' — 1/3 'b' excess, 1 'a' lack

O

1 g2 304

al+

a’t-



PDA: Example 2

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | |a] = 3|bl}

g, — 'a' reader state
Solut g, — 'b' reader state
° olution.

'+' — 1 'a' excess, 1/3 'b' lack

' — 1/3 'b' excess, 1 'a' lack

ar b-- h3*1/3 b

ar- bi+++ pus excess
b1+|-- pop 3*1/3 'b' lack
b4+ |- pop 1*1/3 'b' lack and push

2*1/3 'b' excess

pop 2*1/3 'b' lack and push
1*1/3 'b' excess
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PDA: Example 2

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | |a] = 3|bl}

g, — 'a' reader state
Solut g, — 'b' reader state
° olution.

'+' — 1 'a' excess, 1/3 'b' lack

' — 1/3 'b' excess, 1 'a' lack
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PDA: Example 2

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | |a] = 3|bl}

g, — 'a' reader state
Solut g, — 'b' reader state
° olution.

'+' — 1 'a' excess, 1/3 'b' lack

' — 1/3 'b' excess, 1 'a' lack
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PDA: Example 2

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | |a] = 3|bl}

g, — 'a' reader state
Solut g, — 'b' reader state
° olution.

'+' — 1 'a' excess, 1/3 'b' lack

' — 1/3 'b' excess, 1 'a' lack

of

308



g4

St
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}*| 2|a] = 3|b|}
e Let'+' =1/2'a excess
— If '+'Is In the stack then the 2|a| = 3|b| equation does
not hold
— Instead 2(|a| - 1/2) = 3|b| is true
— 2|al - 1 = 3|b|
— 2|lal=3|b| + 1
— 2|a] = 3(|b| + 1/3)
— '+' also means 1/3 'b' lack
e Let'-'=1/3'b' excess
— - also means 1/2 'a' lack
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | 2|a] = 3|bl}

g, — 'a' reader state
| g, — 'b' reader state
e Solution: '+' — 1/2 'a' excess, 1/3 'b' lack

' — 1/3'b' excess, 1/2 'a' lack

>

oF
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | 2|a] = 3|bl}

g, — 'a' reader state
| g, — 'b' reader state
e Solution: '+' — 1/2 'a’ excess, 1/3 'b' lack

' — 1/3'b' excess, 1/2 'a' lack

O @

d1 d2
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | 2|a] = 3|bl}

g, — 'a' reader state

| g, — 'b' reader state

e Solution: '+' — 1/2 'a’ excess, 1/3 'b' lack
' — 1/3 'b' excess, 1/2 'a' lack

al++
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | 2|a] = 3|bl}

g, — 'a' reader state
| g, — 'b' reader state
e Solution: '+' — 1/2 'a’ excess, 1/3 'b' lack

' — 1/3'b' excess, 1/2 'a' lack

al++ b|---
ar-- b1+++

ar-l+ b1+ --
b++| -
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | 2|a] = 3|bl}

g, — 'a' reader state
| g, — 'b' reader state
e Solution: '+' — 1/2 'a’ excess, 1/3 'b' lack

' — 1/3'b' excess, 1/2 'a' lack

al++ b|---
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | 2|a] = 3|bl}

g, — 'a' reader state
| g, — 'b' reader state
e Solution: '+' — 1/2 'a' excess, 1/3 'b' lack

' — 1/3'b' excess, 1/2 'a' lack

ai++ bl“'
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PDA: Example 3

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | 2|a] = 3|bl}

g, — 'a' reader state
| g, — 'b' reader state
e Solution: '+' — 1/2 'a’ excess, 1/3 'b' lack

' — 1/3'b' excess, 1/2 'a' lack

ai++ bl'“
at-- b +++
b1+ --
. bt++ |-

o F o p) 317



al++ b|---

PDA: Example 3

State Unread

318



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

319



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a] - 2|b| = 4}
— L={w € {a, b}*| 3|a| = 2|b| + 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

'+'and '-' Is interpreted without the +4

O

d1
320



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

OO

oF q2
321



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

O ®

oF 92 s
322



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

=

of G2 9
323



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

at---
ar--|
a']*-l++
al+++

o4 @

of G2 9
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PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

ar--- bt--
ar--|+ b1-|+
ar-|++ b|++
al+++

oF Q2 %
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PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

afr--- b1--
ar--|+ bt-|+
ar-|++ b|++
al+++

oF Q2 %
326



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

at--- b1--
ar--l+ b1-1+
ar-/++ bl++
al+++

e

oF Q2 %
327



PDA: Example 4

* Give PDA M such that L(M) = L!
— L={w e {a, b}*| 3|a| - 2|b| = 4}

e Solution: '+' — 1/3'a’ excess, 1/2 'b' lack

'' — 1/2 'b' excess, 1/3 'a' lack

at--—

b?--
e DL
aj+++ o ++

@ l---- e 4’
<
e

oF Q2 RE
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PDA: Example 4

Unread input

. 6 e & e

] .
s e e ar-—-i+ bTTl+

af-++ b|++

al+++

g1 Jz
329



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

330



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state

g; — 'C' reader state g, — 'd' reader state
'+' — 1/2 "a" excess, 1 "b" excess, 1/3 "c" lack and 1 "d" lack

'-' 1S not used because the order of the characters is fixed here

331
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PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state

g; — 'C' reader state g, — 'd' reader state

'+' — 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack and 1 "d" lack

OO

g1 (o P} 332



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state

g; — 'C' reader state g, — 'd' reader state

'+' — 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack and 1 "d" lack

O O 0O

ar a % 333



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state

g; — 'C' reader state g, — 'd' reader state

'+' — 1/2 "a" excess, 1 "b" excess, 1/3 "c" lack, 1 "d" lack

L0 L@



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state
+'— 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack, 1 "d" lack
al++

5 o o @



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state
+'— 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack, 1 "d" lack
al++

C @ SENO}



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state
+'— 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack, 1 "d" lack
al++ b|+ CT+++

o 8 @

g1 d2



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state
+'— 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack, 1 "d" lack
al++ b|+ CT+++

5 o B

g1 d2



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state
+'— 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack, 1 "d" lack
al++ bl+ CT+++

5 0 A

g1 d2



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:
g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state
+'— 1/2 "a" excess, 1 "b" excess, 1/3 "c¢" lack, 1 "d" lack
al++ bl"‘ CT+++

91 CI2



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:

aj++

Q1

g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state

'+' — 1/2 "a" excess, 1 "b" excess, 1/3 "c" lack, 1 "d" lack

bi+ CT+++

o

CI2 d4 341



PDA: Example 5

* Give PDA M such that L(M) = L!
— L={w e a™cPd4| 2n + m = 3p + g}

e Solution:

aj++

Q1

g, — 'a' reader state g, — 'b' reader state
g; — 'C' reader state g, — 'd' reader state

'+' — 1/2 "a" excess, 1 "b" excess, 1/3 "c" lack, 1 "d" lack

bi+ CT+++

0@

Q2 Qs 342



Stack

42

al++ bl+ CT+++ dt+

343




PDA: Example 6

* Give PDA M such that L(M) = L!
— L={w e a™™cPd4| 2n + 5m =4p + 3q + 2}
 Solution:
g, — 'a' reader state g, — 'b' reader state g; — 'c’' reader state

q, — 'd' reader state gs; —  state for +2

'+' — 1/2 "a" excess, 1/5 "b" excess, 1/4 "c¢" lack, 1/3 "d" lack

'+' is interpreted without the +2 constant

al++ bl+++++ CT++++ dr+++

344



PDA: Example 6

 Computation for "aaaabccd":

(g,, aaaabccd, e) |- (q,, aaabccd, +?) |-

(g4, aabccd, +4) |- (q,, abcced, +°) |- (q,, bced, +8) |-
(9,, beed, +°) |- (gp, ced, +9) |- (g3, ced, +°) |-

(93, cd, +°) |- (d3, d, +°) |- (04, d, +°) |- (94, €, +°) |-
(05, €, €)

al++ b|+++++ CT++++ dr+++
e /\ e

d1 d2 ds J4 ds
345
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PDA: Example 7

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"}

346



PDA: Example 7

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"}

. lution:
Solutio g, — 'a' reader state q, — ‘b’ reader state

'+'— 1 "a" excess and 1 "b" lack

al+ bT+

q1 q2 347



PDA: Example 7

« Computation for "aaaabbbb":

(q,, aaaabbbb, e) |- (q,, aaabbbb, +1) |-

(g,, aabbbb, +?) |- (g, abbbb, +3) |- (q,, bbbb, +%) |-
(G2, bbbb, +%) |- (0, bbb, +°) |- (g,, bb, +°) |-

(02, b, +) |- (0, €, €)

al+ b1+

g1 Q2

348



PDA: Example 8

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w = a"b?"}

349



PDA: Example 8

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"}
— L={w e aXby|2x =y}

g, — 'a' reader state g, — 'b' reader state

'+' — 1/2 "a" excess and 1 "b" lack

e Solution: A+ b1+

Q- dQz 350



PDA: Example 8

e Computation for "aabbbb":

(g,, aabbbb, €) |- (g, abbbb, +2) |- (q,, bbbb, +%) |-
(d,, bbbb, +4) |- (q,, bbb, +3) |- (q,, bb, +2) |-
(0., b, +) |- (d», €, €)

al++ b1+

RO

q1 q2 351




PDA: Example 9

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w = a3"b2"}

352



PDA: Example 9

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w = a3"b?"}
— L ={w e a*b¥Y | 2x = 3y}
g, — 'a' reader state g, — 'b' reader state
'+' — 1/2 "a" excess, 1/3 "b" lack

e Solution:
al++ bT+++

RO

g1 Q2

353



PDA: Example 9

« Computation for "aaabb":
(0;, aaabb, e) |- (q;, aabb, +%) |- (q,, abb, +%) |-
(G, bb, +°) |- (0, bb, +°) |- (g, b, +°) |- (a2, €, €)

al++ bT+++

RO

g1 Q2

354



PDA: Example 10

 Give PDA M such that L(M) = L!
— L={w e {a, b}* | w = a3"*2p?"}
— L={w e aby| 2(x — 2) = 3y}
« 2 'a' will not change the stack
— L={w e {a, b}* | w = a®"aab?"}
* nested problem:
—inner problem: generate aa
— outer problem: generate a3"b?"
— L={w e aXby | 2x = 3y + 4}
e it would require the removal of +* at the end

355



PDA: Example 10

* Give PDA M such that L(M) = L!
— L={w € {a, b}* | w = a3n*2p2n}

 Solution: - -
g, — 'a' reader state g, — 'b' reader state
'+'— 1/2 "a" excess, 1/3 "b" lack
al++ bT+++

da

Q1 g2 356



PDA: Example 10

 Computation for "aaaaabb":

(q,, aaaaabb, e) |- (q,, aaaabb, +°) |- (q,, aaabb, +%) |-
(d1, aabb, +°) |- (g, bb, +°) |- (g, b, +3) |- (9>, €, €)

al++ bT+++

A

d1 o), 357




PDA: Example 11

* Give PDA M such that L(M) = L!

— L={w e {a, b}* | w=a"b"?}

358



PDA: Example 11

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"*?}
— L={w € {a, b}* | w = a"bbb"}

g, — 'a' reader state g, — 'b' reader state

, '+' — 1 "a" excess, 1 "b" lack
e Solution:

>

ar 359



PDA: Example 11

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"?}

e Solution:
g, — 'a' reader state g, — 'b' reader state

'+' — 1 "a" excess, 1 "b" lack

O @

a1 92 360



PDA: Example 11

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"?}

e Solution:
g, — 'a' reader state g, — 'b' reader state

'+' — 1 "a" excess, 1 "b" lack

O

A1 2 361



PDA: Example 11

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"?}

e Solution:
g, — 'a' reader state g, — 'b' reader state

'+' — 1 "a" excess, 1 "b" lack

bb

A1 2 362



PDA: Example 11

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"?}

e Solution:
g, — 'a' reader state g, — 'b' reader state

'+' — 1 "a" excess, 1 "b" lack

al+ b1+

bb

Q1 g2 363



PDA: Example 11

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a"b"?}

e Solution:
g, — 'a' reader state g, — 'b' reader state

'+' — 1 "a" excess, 1 "b" lack

al+ b1+

bb

Q1 g2 364



PDA: Example 11

al+ b1+

bb

g1 d2

365



PDA: Example 12

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w = a"?pn*s}
— L ={w € {a, b}* | w = a"aabbbb"}

g, — 'a' reader state g, — 'b' reader state

, '+' — 1 "a" excess, 1 "b" lack
e Solution:

al+ b1+

aabbb @
366
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PDA: Example 12

 Computation for "aaaabbbbb":

(q,, aaaabbbbb, e) |- (q,, aaabbbbb, +) |-
(01, aabbbbb, +2) |- (g, bb, +2) |- (a2, b, +) |- (g2, €, €)

al+ b1+

aabbb @
367

g1 Q2




PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

368



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}
—-L=L,ulL,={w e b™am m=0}u {a*"b™, m = 0}
 using the construction theorem

g, — initial state
, O g, — 'b' reader state for L,
 Solution:

q2 g; — 'a' reader state for L,
g, — 'a' reader state for L,

gs — 'b' reader state for L,

369



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

e Solution:

Q @ % q, — initial state

Az d, — 'b' reader state for L,
g; — 'a' reader state for L,
g, — 'a’ reader state for L,

gs — 'b' reader state for L,

370



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

e Solution:

Q @ s g, — initial state

92 g, — 'b' reader state for L,
g; — 'a' reader state for L,

g, — 'a’ reader state for L,

gs — 'b' reader state for L,
OI4C> 371



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

e Solution:

Q @ s g, — initial state

92 g, — 'b' reader state for L,
g; — 'a' reader state for L,

g, — 'a’ reader state for L,

gs — 'b' reader state for L,
Q4 Q a 372



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

e Solution:
ds
6 @ g, — initial state

b' reader state for L,
g; — 'a' reader state for L,

— 'a' reader state for L,

b' reader state for L,



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

e Solution:
6 @ — initial state

b' reader state for L,
g; — 'a' reader state for L,

— 'a' reader state for L,

b' reader state for L,



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

e Solution:
( > @ — initial state

b' reader state for L,

g; — 'a' reader state for L,

— 'a' reader state for L,

b' reader state for L,



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

e Solution:
( > ’@ — initial state

b' reader state for L,

g; — 'a' reader state for L,

— 'a' reader state for L,
b' reader state for L,
376



PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

] bl+ ar+
 Solution:
e
ds oy
g, — initial state
Q2 d, — 'b' reader state for L,
al+ bT++ g, — 'a' reader state for L,

g, — 'a’ reader state for L,

gs — 'b' reader state for L,

s 377
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PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

: bl+ at+
e Solution:
e
Sk —

g, — initial state
4z g, — 'b' reader state for L,
alt bT++ g, —'a' reader state for L,
g, — 'a’ reader state for L,
e gs — 'b' reader state for L,

s 378
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PDA: Example 13

* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

. bl+ aT'l'
 Solution:
e
Sk —
g, — initial state
4z g, — 'b' reader state for L,
>O alt bT++ g, —'a' reader state for L,
g, — 'a’ reader state for L,
i e gs — 'b' reader state for L,

ds

Jd4 379



PDA: Example 13
* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

. bl+ at+
 Solution: !

e

Qs —
g, — initial state
d, — 'b' reader state for L,
> bt++ g, — 'a' reader state for L,
g, — 'a’ reader state for L,

Q1

e gs — 'b' reader state for L,

04 as 380



PDA: Example 13
* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

. bl+ at+
 Solution: !

e
Qs —
g, — initial state
d, — 'b' reader state for L,
> bt++ g, — 'a' reader state for L,
g, — 'a’ reader state for L,
e gs — 'b' reader state for L,

% 381



PDA: Example 13
* Give PDA M such that L(M) = L!
— L={w e bmamu a?"b™, m = 0}

: b|+ at+
e Solution: !

e

Sk —
g, — initial state
g, — 'b' reader state for L,
> of++ g, — 'a' reader state for L,
g, — 'a’ reader state for L,
e gs — 'b' reader state for L,

Qs

382



Unr

bl+

ar+

383



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}
* nested problem

384



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

 Solution: q, — 'a' reader state d, — reading u

q, — 'b' reader state q; — reading uR
'+' — 1/3 'a’ excess, 1/2 'b' lack

'a'—"'"a'isreadinu,'b'—"'b'iIsread in u

O

385
a1



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

 Solution: q, — 'a' reader state d, — reading u

q, — 'b' reader state q; — reading uR
'+' — 1/3 'a’ excess, 1/2 'b' lack

'a'—"'"a'isreadinu,'b'—"'b'iIsread in u

OO

386
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PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

 Solution: q, — 'a' reader state d, — reading u

q, — 'b' reader state q; — reading uR
'+' — 1/3 'a’ excess, 1/2 'b' lack

'a'—"'"a'isreadinu,'b'—"'b'iIsread in u

O O O

387
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PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

 Solution: q, — 'a' reader state d, — reading u

q, — 'b' reader state q; — reading uR
'+' — 1/3 'a’ excess, 1/2 'b' lack

'a'—"'"a'isreadinu,'b'—"'b'iIsread in u

Q Q0 Q @



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+' — 1/3 'a' excess, 1/2 'b' lack
'‘a'—'a'isread inu,'b'—"'b"isread in u
a|+++

8 o o @



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+'— 1/3 'a' excess, 1/2 'b' lack
'‘a'—'a'isreadinu,'b'—"'b'isread inu
blb
aj+++ ala
: % 5 % 390



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+'— 1/3 'a' excess, 1/2 'b' lack
'‘a'—'a'isreadinu,'b'—"'b'isread inu
blb btb
aj+++ ala ata
: % 5 % 391



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+'— 1/3 'a' excess, 1/2 'b' lack
'‘a'—'a'isreadinu,'b'—"'b'isread inu
blb b1b
al+++ ala ata b1++
: % 5 r:; 392



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+'— 1/3 'a' excess, 1/2 'b' lack
'‘a'—'a'isreadinu,'b'—"'b'isread inu
blb b1b
a|+++ ala ata bT++
e
: % 5 % 393



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+' — 1/3'a' excess, 1/2 'b' lack
'a' —'a'isreadinu,'b'—'b'isread inu
blb b1b
al+++ ala ata bt++
e e

394
o] d2 ds ol



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+'— 1/3 'a' excess, 1/2 'b' lack
'‘a'—'a'isreadinu,'b'—"'b'isread inu
blb b1b
al+++ ala ata b1++
e e e

395
q1 d2 ds ol



PDA: Example 14

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = a?"uuRb3"}

* Solution: g, — 'a' reader state g, — reading u
g, — 'b' reader state g; — reading uR
'+' — 1/3'a' excess, 1/2 'b' lack
'a' —'a'isreadinu,'b'—'b'isread inu
blb b1b
al+++ ala ata bf++
e e e

396
d1 d2 ds J4



Unread input Stack

aabbabbb +3

bib b1b
al+++ ala ata b1++

>\\_// >\\_// " 397

g1 o) Qs da4



PDA: Example 15

* Give PDA M such that L(M) = L!

— L={w e {a, b}* | w = (a2"b"*2)*}

398



PDA: Example 15

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w = (a®"b"*?)*}
— L ={w e a?"b"*?}*
 using the construction theorem
e '+' has new interpretation now 23 exCess
e Solution: 1'b' lack

O

q:z

g, — start state
g, — 'a' reader state

g; — 'b' reader state

399



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state
Solut g, — 'a' reader state

° olution.
g; — 'b' reader state

'+' — 2 'a' excess

SEENO

q> ds

400



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state
Solut g, — 'a' reader state

° olution.
g; — 'b' reader state

'+' — 2 'a' excess
aal+ 1 'b' lack

e

401



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state

g, — 'a' reader state

e Solution:
g; — 'b' reader state

'+' — 2 'a' excess
aal+ 1 'b' lack

d2 RE

402



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state

g, — 'a' reader state

Y ' )
Solution: 0, — 'b' reader state

'+' — 2 'a' excess
aal+ 1 'b' lack

o b

403



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state

g, — 'a' reader state

e Solution:
g; — 'b' reader state

'+' — 2 'a' excess
aal+ 1 'b' lack

© -

404



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state

g, — 'a' reader state

e Solution:
g; — 'b' reader state
'+' — 2 'a' excess
aal+ b1+ 1'b' lack
e bb
(o)
1 d2 RE

405



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state

g, — 'a' reader state

e Solution:
g; — 'b' reader state

'+' — 2 'a' excess
aal+ b1+ 1'b' lack

>@ 6

o F

406



PDA: Example 15

* Give PDA M such that L(M) = L!
- L={w e {a, b}* | w = (a®"b"2)*}

g, — initial state

g, — 'a' reader state

e Solution:
g; — 'b' reader state

'+' — 2 'a' excess
1 'b'lack

aal+ b1+

>® 6

o F

407



PDA: Example 15

State Unread input

aabbbaabbb e

,__,”baabbb__”_._”__._.w”‘_‘__”_

9 aapb e

:':'E'E';,;_;;;;_é;,:_:_:.:.:.:.:.:.:.:.:.:.:.:.:.i:i';.;:.:.:.:.:.:.:.:.:.:. aa|+ b1+




PDA: Example 16

* Give PDA M such that L(M) = L!
— L={w e {a, b}* | w=a*"b>"}

g, — 'a' reader state g, — 'b' reader state
'+' — 4 "3" excess, 5 "b" lack

e Solution: . ;
a’ |+ b1+

XS

Qs Q2

409



PDA: Example 16

e Computation for "a8p10":
(g5, @°b®, e) |- (ay, a*h®, +) |- (ay, b*°, ++) |-
(dz, b0, +4) |- (gp, b°, +) |- (02, €, €)

a*|+ b°1+

xS

g1 Q2

410



PDA: Example 17

* Give PDA M such that L(M) = L!
— L ={w e {a, b}* | w = aba3"*1bab*"*2ab}
— L ={w e {a, b}* | w = aba3"ababbb*"ab}
g, — initial state g, — 'a' reader state

0, — 'b' reader state g, — final state

'+' — 3 "a" excess, 4 "b" lack

e Solution:
a’|+ b*1+

ab ababb ab @

oF g2 ds Qs 411




PDA: Example 17

 Computation for "abaaaababbbbbbab":

(g, abaaaababbbbbbab, e)

(g,, aaaababbbbbbab, e) |- (q,, ababbbbbbab, +) |-
(Q3, bbbbab, +) |- (g3, ab, +) |- (a4, €, €)

ab ababb ab @

oF g2 ds Qs 412



Element of the Theory of the Computation

Lecture 9
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CFG — PDA: Example 1

e Construct PDA M such that L(M) = L(G)!

-V={a, b, S}

— 2 ={a, b}

- S=S

— R={S — aSb | bSa| e}

414



CFG — PDA: Example 1

o Step al: introduce an inital state
-V={a,b,S}
— 2 ={a, b}
- S=S
— R={S — aSb | bSa| e}

O

p

415



CFG — PDA: Example 1

o Step a2: introduce a final state
-V={a, b, S}
— 2 ={a, b}
- S=S
— R={S — aSb | bSa| e}

416



CFG — PDA: Example 1

o Step a3: initially push S into the stack
-V={a, b, S}
— 2 ={a, b}
- S=S
— R={S —> aSb | bSa| e}

:eis C

P q

417



CFG — PDA: Example 1

o Step b1:introduce a new arc for S — aSb
-V ={a, b, S}
— 2 ={a, b}
-S=S
— R={S — aSb | bSa | e}

elS
e1S|aSb

418



CFG — PDA: Example 1

o Step b2: introduce a new arc for S — bSa

- V={a, b, S}
— 2 ={a, b}
—-S=S
-~ R={S —>aSb|bSa| e}
elS e1S|aSh
e’S|bSa

419



CFG — PDA: Example 1

o Step b3: introduce a new arc forS — e

- V={a, b, S}
— 2 ={a, b}
—-S=S
— R={S —> aSb | bSa| e}
elS etS|aSh
etS|bSa
etS|e

420



CFG — PDA: Example 1

e Step cl: introduce a new arc fora € 2

-V ={a, b, S}
— 2 ={a, b}
—-S=S
— R={S — aSb | bSa| e}
etS|aSh
e]S e1S|bSa
etSle

421



CFG — PDA: Example 1

o Step c2: introduce a new arc forb € 2

-V ={a, b, S}

— 2 ={a, b}

—-S=S

— R={S — aSb | bSa| e}
etS|aSh

elS etS|bSa
etSle
ata

422



CFG — PDA: Example 1

 Example: abab
— S => aSb => abSab => abab

— (p, abab, e) |- (g, abab, S) |- (q, abab, aSb) |-
(g, bab, Sb) |- (g, bab, bSab) |- (g, ab, Sab) |-

(q’ ab! ab) |' (q’ b’ b) |' (q! e, e)

etS|aSh
elS etS|bSa
etSle
ata
P q b1b

423



CFG — PDA: Example 2

e Construct PDA M such that L(M) = L(G)! Use the set
notations!

-V={a, b, S}

— 2 ={a, b}

- S=S

— R={S —>aSa|bSb|e}

424



CFG — PDA: Example 2

o Step al: introduce an initial state

-V ={a, b, S}

— 2 ={a, b}

- S=S

— R={S —>aSa|bSbh|e}

-M=({p,a}, 2, V, A p,{a})
* 2 ={a, b}
eV ={S, a, b}
« A={}

425



CFG — PDA: Example 2

o Step a2: introduce a final state

- V={a, b, S}

— 2 ={a, b}

- S=S

— R={S —>aSa|bSbh|e}

-M=({p,a}, 2, V, A p,{a})
* 2 ={a, b}
eV ={S, a, b}
« A={}

426



CFG — PDA: Example 2

o Step a3: initially push S into the stack

-V ={a, b, S}
— 2 ={a, b}
-S=S
— R={S — aSa | bShb | e}
-M=({p,a} 2, V, A, p,{a})
« 2 ={a, b}
eV ={S, a, b}
* A={((p, e, e),(Q,95))}

427



CFG — PDA: Example 2

o Step b1:introduce a new arc for S — aSa

-V ={a, b, S}
— 2 ={a, b}
- S=S
— R={S — aSa | bShb | e}
-M=(p,qa}. 2, V, A, p,{q})
e 2 ={a, b}
eV ={S, a, b}
* A={((p, e, e),(q, 3)), ((9, &, 5), (q, aSa))}

428



CFG — PDA: Example 2

o Step b2: introduce a new arc for S — bSb
-V ={a, b, S}

— 2 ={a, b}

-S=S

— R={S —aSa|bSb | e}

_ M = ({p’ q}’ z, V, A’ p’ {q})
e 2 ={a, b}
eV ={S, a, b}
* A={((p, &, €),(q,S)), (9, e, S), (q, aSa)),
((9. e, S), (g, bSb))}

429



CFG — PDA: Example 2

o Step b3: introduce a new arc forS — e
-V ={a, b, S}

— 2 ={a, b}

-S=S

— R={S —aSa|bSh|e}

_ M = ({p’ q}’ z, V, A’ p’ {q})
e 2 ={a, b}
eV ={S, a, b}
* A={((p, &, €),(q,S)), ((, e, S), (q, aSa)),
((9, e, S), (q, bSb)), ((a. e, S), (d, e))}

430



CFG — PDA: Example 2

o Step cl: introduce a new arc fora € 2

-V={a,b,S}

— 2 ={a, b}

- S=S

— R={S —>aSa|bSbh|e}

_ M = ({p’ q}’ z, V, A’ p’ {q})
e 2 ={a, b}
eV ={S, a, b}
* A={((p, &, €),(q,S)), ((, e, S), (q, aSa)),

((a, e, S), (q, bSb)), ((a, e, S), (q, e)),
((q, a, @), (9, e))} 431



CFG — PDA: Example 2

o Step c2: introduce a new arc forb € 2

-V ={a, b, S}
— > ={a, b} etS|aSa
_g=g elS e1S|bSb
_R={S —aSa|bsb| e} eI
p q btb

-M=({p,a}, 2, V, A p,{q})

« 2 ={a, b}

«V={S, a, b}

* A={((p, &, €),(a 3)) ((a, e 3), (q, asa)),
((@. e, S), (q, bSh)), ((a, e, S), (q, ),
((@. a, a), (. e)). ((q, b, b), (a, e))} 97



CFG — PDA: Example 2

 Example: abba
— S => aSa => abSba => abba
— (p, abba, e) |- (g, abba, S) |- (g, abba, aSa) |-
(g, bba, Sa) |- (q, bba, bSba) |- (g, ba, Sba) |-
(0, ba, ba) |- (q, a, a) |- (q, e, e)

etS|aSa
etS)e
ata
P q b1b

433



CFG — PDA: Example 3

e Construct PDA M such that L(M) = L(G)!
-V={a, b,cd S}
—2={a, b, c,d}
-S=95
-~ R={S —aSa|bSb|cSc|d}

434



CFG — PDA: Example 3

o Step a: perform the initial steps
-V={a, b,cd S}
—2={a, b, c,d}
- S=S
-~ R={S —aSa|bSb|cSc|d}

:eis :

p q

435



CFG — PDA: Example 3

o Step b: introduce new arcs forS — aSa | bSb|cSc|d
-V={a, b,cd S}
—2={a, b, c,d}
- S=S
— R={S —>aSa|bSb|cSc|d}

e1S|aSa
elS e1S|bSb
e1S|cSc

436



CFG — PDA: Example 3

e Step c: introduce a new arcs for elements of 2
-V={a, b,cd S}

—2={a, b, c,d}
-S=S5
-~ R={S —aSa|bSb|cSc|d} etS|aSa
etS|bSb
etS|cSc
e]S e1S|d
ata

437



CFG — PDA: Example 3

 Example: abcdcba
— S => aSa => abSha => abcScba => abcdcbha

— (p, abcdcba, e) |- (g, abcdcba, S) |-
(q, abcdcba, aSa) |- (g, bcdcba, Sa) |-
(q, bcdcba, bSba) |- (g, cdcba, Sba) |-
(g, cdcba, cSchba) |- (g, dcba, Scba) |-

(q, dcba, dcba) |- (g, cba, cba) |- etS|aSa
(q’ ba! ba) |' (q’ a, a) |' (q! e, e) GTSleb
etS|cSc
elS e1S|d
ata
p q b




CFG — PDA: Example 4

e Construct PDA M such that L(M) = L(G)! Use the set
notations!

-V={a, b,cd S}

—2={a, b, c,d}

- S=S

— R={S —>aSa|bSb|cSc|dSd | e}

439



CFG — PDA: Example 4

. R={S—aSa|bSh|cSc|dSd e}
i M - ({p, CI}, Z, V! A’ p’ {q})

—-2={a,b,c,d, S}

-V={S,a,b,c,d}

- A={((p, e, e),(a,5)) ((q, e, S), (9, aSa)),
((a, e, S), (g, bSDb)), ((q, e, S), (q, cSc)),
((, e, S), (g, dSd)), ((a, e, S), (a, e)),

((a, a, &), (a, e)), (9, b, b), (q, e)),
((a, ¢, ¢), (g, e)), ((, d, d), (q, e))}

440



CFG — PDA: Example 4

e Give the sate diagram for M!

—A={((p, e, e),(a, S)) ((a, e S) (q, aSa)),
(. e, S), (q, bSh)), ((a, e, S), (q, cSc)),
(. e, S), (g, dSd)), ((a, e, S), (q, ),

((@. a, a), (a. e)), ((a, b, b), (q, e)),
(@, ¢, ¢), (a. e)), ((a. d, d), (q, &)}

laSa
S | bSb

QoD
ONOHONONI)

> —>
&
®)
wn
@

elS 1dSd

D

e
!

R

00 oo

0p)
%
D
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CFG — PDA: Example 4

 Example: abcddcba

— S => aSa => abSha => abcScba => abcdSdcba =>
abcddcbha

— (p, abcddcba, e) |- (g, abcddcba, S) |-
(g, abcddcba, aSa) |- (g, bcddcba, Sa) |
(g, bcddcba, bSba) |- (g, cddcba, Sba) |
(g, cddcba, cScha) |- (g, ddcba, Scba) |-
(g, ddcba, dSdcba) |- (g, dcba, Sdcba) |
(g, dcba, dcba) |- (q, cba, cba) |-

(q’ ba1 ba) |' (q’ a, a) |' (q! e, e)

442



Element of the Theory of the Computation

Lecture 10
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Example 1: The Tygs machine

e Create TM M which negates a binary number!
- 2={>, U,0,1}
— e.g.:>u1001 —» =u0110u

444



Example 1: The Tygs machine

e States:
— (. Start
— (;: hegate
— (,: move forward
— hy: halt

445



Example 1: The Tygs machine

e Transitions:
— unused transitions are not displayed

q g (g, o) States:
dq L] (ql’ _)) — (o- start
o 0 (q, 1) — (;: hegate
; 1 (g, 0) — g,: move forward
1 2! — hy: halt

q2 O or 1 (ql’ _))
41 U (hy, U)

446



Example 1: The Tygs machine

o Computation for =0101011 without the yield in one step

signs:

— (gg, =L0101L)
— (g4, =u0101)
- (g,, =>u1101U)
- (g4, =>u1101U)
— (g, =>u1001u)
— (g4, =>11001)
- (g, =>u1011)
— (g4, =>u1011L)
— (g, =>u1010U)
— (q,, >U10100)
— (hy, >L1010L)

g

Yo
d,
d,
P
d,

o d(q, o)
L (ql’ _’)

0
1

(0, 1)
(92, 0)

Oorl (q,, —)

L

(hy, L)

447



Example 2: The L, machine

 Create TM M, which scans for the first U to the left!
-y ={>, U, a,b,c}
— e.g.: >Uaacbbu — =Laachbb
— this TM never stops if there is no U to the left

448



Example 2: The L, machine

o States:
— (- Start
— (4: read
— hy: halt

449



Example 2: The L, machine

e Transitions:

q

Jo
01
Q1
01
Q1

g

C O T 9 [C

(0, 0)
(d1, <)
(d1, <)
(d1, <)
(d1, <)
(ha, L)

States:
— (- Start
— (4: read
— hy: halt

450



Example 2: The L, machine

e Computation for =LabcL:
— (g, =UabcL)
— (9;, =UabcL)
- (9,, =Uabcu)
— (9,, =Uabcu)
— (g4, =LabcL)
— (hy, >uabcl)

Jo
01
01
01
01

N < X C Q

(0, 0)
(d1, —)
(dz, —)
(d1, —)
(dz, —)
(ha, 2)
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Example 3: The R, machine

e Create TM M, which scans for the first z to the right!

_Z={>1 |—|1X1y1z}
— €.0.: SLXYLIXLYZXX — ©LXyLXLYZXX
— this TM never stops if there is no z to the right

452



Example 3: The R, machine

e States:
— (- Start
— (4: read
— hy: halt

453



Example 3: The R, machine

e Transitions:

States:
9. o 240 — (o Start
o U (G=) — q,: read
G x (0 —) _ h,: halt
gy (du —)
g1 U (s, —)
iz (hy, 2)
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Example 3: The R, machine

e Computation for o LIXyzX:
— (Qo, =LIXyZzX)
— (qy, >LXyzX)
— (94, =LXyzX)

— (qy, >LXyzX)
— (hy, =LIXYyzX)

Jo
01
01
01
01

N C< X C Q

(0, 0)
(d1, —)
(dz, —)
(d1, —)
(d1, —)
(ha, 2)
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Example 4: The ¢ machine

 Create TM M, which writes c to the actual position!
_Z={>1 |—|1a1 b1C}
— e.g.. >Uaaabb — >ulaacbb

456



Example 4: The ¢ machine

e States:
— (- Start

457



Example 4: The ¢ machine

e Transitions:

5(q, o) States:

g 0)

do a (hy, €) — (. Start
do b (hl, C) — h1: halt
do C (s, c)
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Example 4: The ¢ machine

« Computation for aabbcc:

— (9o, =aabbcc) g o 3@ao
— (h,, =aachcc) Jo 3 (hy, )
do b (hy, C)
Jo C (h1, C)

459



Example 5: Create the RR machine

 Create TM M, which steps two positions to the right!
_Z={l>! LI, a, b}
— e.g.: olaaabb — =uLaaabb

460



Example 5: Create the RR machine

e States:
— (o two more right
— (4: one more right
— hy: halt

461



e Transitions:

q

Jo
Jo
Jo
Jo
01
01

d;

Example 5: Create the RR machine

g

C O 9 T 9 C V

(g, 0)
(d1, —)
(dz, —)
(d1, —)
(dz, —)
(h1, —)
(h1, —)
(hy, —)

States:
— (o two more right
— (4: one more right
— hy: halt
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Example 5: Create the RR machine

e Computation for =Laba:

— (9o, =Uaba)

- (9,, =Uaba)

— (hy, >Uaba)
 Computation =Liaba:

— (9o, =Uaba)

- (9,, =Uaba)

— (hy, >uabaL)

Jo
Jo
Jo
Jo
J1
01

d;

C o o C ¢ Q

(0, 0)
(d1, —)
(dz, —)
(d1, —)
(d1, —)
(h1, —)
(h1, —)
(hy, —)
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Example 6: Create the La machine

 Create TM M, which steps to the left and writes a!
- Y ={e, U, a, b}
— e.g.: >Uababb — =Lababb — =Uaaabb

e What should we do on =7
— step to right and halt

464



Example 6: Create the La machine

e States:
— (o: go left
— (q: Write 'a’
— hy: halt
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e Transitions:

q

Jo
Jo
Jo
Jo
01
01
01

d;

Example 6: Create the La machine

QqQ

C T 9 Yy T 9 C V

(0, 0)
(h1, —)
(d1, <)
(d1, <)
(d1, <)
(h1, —)
(h, @)

(h1, @)

(hy, @)

States:
— (o: go left
— Qq: Write 'a’
— h,: halt
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Example 6: Create the La machine

e Computation for =Liabb:

— (g, =LIabb)
— (9,, =Uabb)

e Computation for =Liabb:

— (g, =>Uabb)
- (q,, =Uabb)
— (hy, =Labb)

Jo
Jo
Jo
Jo
01

J1
41

C © 9 VvV O 9 C ¥V Q

(0, 0)
(h1, —)
(d1, <)
(d1, <)
(d1, <)
(h1, —)
(h1, @)

(h1, @)

(hy, @)
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Example 7: Create the RbR machine

 Create TM M, which steps to the right, writes b, and
steps to right again!

_Z={l>! L, a, b}
— e.g.. >Uabaab — >uabaab — =uLabbab
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Example 7: Create the RbR machine

e States:
— (o: go right
— gy write 'b’
— 0, go right
— hy: halt
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Example 7: Create the RbR machine

e Transitions:

q
Jo
Q1
02

o
X
y
y

(0, 0)
(d1, —)
(92, b)
(h1, —)

X € {a, b, =, U}
y € {a, b, u}

e States:

— o
— 0,
— 0,
— h,

. go right
. write 'b'
. go right
. halt
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Example 7: Create the RbR machine

e Computation for =Liaba:

— (go, =Llaba) q o} 5(q, )
— (g,, =Uaba) Jo X (91, —)
~ (G2, >Uabb) .y (G b)
— (h,, =uaabLl) qs y (hy, —)
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Example 8: Sort machine

 Create a TM M, which arranges all 'b' in a word to the
beginning of the word!

_Z:{D! LI, a, b}
— e.g.. >labaab — >ulbbaaalL
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Example 8: Sort machine

e Logic of the operation:
— find b to the right

— move this b to the beginning part of the string by
consecutively swapping b and the preceding a

— find the next b
— e.g..
e bbaaabaab, we are in the middle of the algorithm
e pbbaaabaab, b is found
* bbaabaaab, first swap
e bbbaaaaab, last swap, b is at the final position

473
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Example 8: Sort machine

move to the right
while not blank
iIf b 1s found
move to the left
while a 1s found
swap a and b, head on b
move to the left
move to the right
move to the right
move to the right

e The transition function is not implemented exactly
according to the algorithm
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Example 8: Sort machine

o States:
— ;. Initial state, we has to move to the right
— Jo: go to the right until b or U
— (,: b is found
— (,: a — b change is performed
— (3: right move is done
— 04 b — a change is performed
— (s: the character before b was not 'a’
— hy: halt
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Example 8: Sort machine

States:
e Transitions: — @ initial state, we has to move
to the right

q Y 5(q, o) — g, go to the right until b or L
Qi L (do, —) — qy: bis found
do a (do, —) — (,: a — b change is performed
do LI (hy, L) — q5: right move is done
do b (q1, <) — (4: b — a change is performed
01 a (g2, b) — (s: the character before b was
02 b (ds, —) not ‘a
d3 b (ds, @) ~— hy:halt

It is not easy to represent and
G4 a (o, ) understand &
1 b (s, —) — if the algorithm was followed
J1 L (95, —) then more states would be
Qs b (0o, —) required
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Example 8: Sort machine

e Computation:
— (qg;, =Uababaal!), search for b
— (g, =Lababaali)
— (qy, =Uababaall), b is found
— (9,, =Uababaal!), character before b is checked
- (g,, >Ubbabaal),a — b
— (g3, =Ubbabaall)
— (g4, >Ubaabaall), b — a
— (9o, =Ubaabaall), b is found
— (9, =Lbaabaal!), character before b is checked

ar7



Example 8: Sort machine

— (g5, >Ubaabaall), swap was not needed
— (9o, =Ubaabaall), first b is in position

— (g, =Ubaabaall)
- (q,, >Ubaabaall)
- (g,, =Ubabbaali)
— (g3, =Ubabbaall)
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Example 8: Sort machine

(0., =UbabaaaLl)
(0o, >Ubabaaall)
(q,, >Ubabaaall)

(0o, >Ubbaaaall)
(q,, >Ubbaaaall)
(g5, >Ubbaaaall)
(go, >Ubbaaaall), second b is in position

(go, =Libbaaaall), searching for b
(h,, >Ubbaaaall)
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Turing Machines with 2 tape

e A Turing Machine can have 2 or more tapes
— such a machine can be simulated with a regular TM

A TM with two tapes has transition function like
0(q, a3, ay) = (P, by, by)

— If TM M is Iin state q and reads a, from the first tape,
a, from the second tape, then it goes to state p and
writes b, to the first tape, b, to the second tape
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Example 9: Copy machine

« Create TM M with two tapes, which copies a word from
the first tape to the second tape!

-y ={>, U, a,b,c}

— e.g.. Ty: =Uabaab, T,: =1 — T,: =Llabaab,
T,: >UabaabL
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Example 9: Copy machine

e States:
— @;: we have to move to the right
— (o: We moved to the right
— gy: character Is copied
— hy: halt
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Example 9: Copy machine

e Transitions:

q

Qi

Jo
Jo
Jo
Jo
Q1
Q1
Q1
Jo

C©Oo®Oo0ooyLCa

Q
N

C O T 9 CCLC V C

States:

— g:: we have to
5(0, 01, 02) ?rllove to the right
(o, =, =) — go: We moved to
(Go, —, —) the right
(Qu, &, &) — Q,: character is
(g1, b, b) copied
(qa1, C, C) — h;: halt
(do, —, —)
(do, —, —)
(do, —, —)
(h, U, L)
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Example 9: Copy machine

e Computation:
— (g, =Uabcl, sULLILIL)
— (g, >Uabcl, s=uuLLUL)
— (q,, =Uabcl, =UauLL)
— (0o, =Llabel, sUalLiL)

— (q;, >uUabcll, =Labcl)
— (9o, =Uabcl, =LabcL)
— (hy, =uabcu, =UabcL)

q

Qi

Jo
Jo
Jo
Jo
Q1
Qi1
Q1
Jo

EOUQJOD'QJVES

Q
N

C OocoCCC VELC

o(q, g1, 02)
(qo, —, —>)
(qo, —>, —>)
(g1, &, a)
(d1, b, b)
(d1, ¢, C)
(qo, —>, —>)
(qo, —, —>)
(qo, —>, —>)
(hg, U, L)
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Example 10: Simulate PDA with TM

e Create such a TM that simulates PDA M!
— PDA M accepts L(M) = {w € a"b"}
— e.g.: =>Uaabb — h, (accepting halting state)

« PDA:
— '+' symbols indicates the number of 'a’

O
W W

al+
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Example 10: Simulate PDA with TM

« The TM requires two tapes

— tape 1: input tape, we move only to the right on this
tape
— tape 2: stack, '+' symbols indicates the number of 'a’

486



Example 10: Simulate PDA with TM

e States:

— (;: we have to move to the right
— (,: Input has to be read, '+' is pushed

— (. 'a' Is read
— (,: pop is finished

— (5. 'D'is read, '+' is deleted

— h,: string accepted
— hy. |bl>|al

— hy: [af>[b]

— h,:'a' is read after 'b’

A state can be reached after
different actions, different
actions can be performed after
a state, thus a state can have
different names
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e Transitions:

Qi
Jo
Jo
Qi1
Qi1
g2
Ok
Js

Example 10: Simulate PDA with TM

@]
=

C OO0 O ® 9 O [

Q
N

States:

— 0;: we have to move to the
6(01, 02) right
(4o, —, —) — (o: Input has to be read, '+
(qQz, —, L) is pushed
(91, —, —) — (. 'a'Is read
(9o, @, +) — g, pop is finished
(Qo, b, +) — g4 'b'is read, '+ is deleted
(g3, —, L) — h,: string accepted
(02, b, <) — hyt [b|>[al
(g2, U, <) — hs: |al>|bj

— h,:'a" is read after 'b’ -



Example 10: Simulate PDA with TM

* Transitions: States:
— g;: we have to move to the

Q2 u U (hyu,0) right

Qo U U (hyu,0) — qp: input has to be read, '+

do b u (hy b, ) is pushed

d2 b LI (hz, b, |_|) — ql: a |S.r6?,d-

d2 U + (hs, U, +) — 0, pop Is finished

qz a + (hg, a, +) — g5 'b'is read, '+' is deleted
— h,: string accepted
— Ny |bl>[al
— N3 |al>[b]

— h,:'a’ is read after 'b’ -



Example 10: Simulate PDA with TM

e Computation:
— (g;, =Uaabbu, >L)
— (g, =Uaabbu, =uL)
— (g4, >Uaabbu, =>LL)
— (9o, >Uaabbu, =U+), push 0
- (q,, =Uaabbu, =U+L)
— (qo, =UaabbLl, =L1++), push 2

q

o]

do
Jo
Q1
Q1
g2
ds
ds
Jo

gz
Jo
Jo
0P
0P
0P
g2

O1

C

(@ 2 I © R © RN @ R O R O R o)

Q O - T O LC C

C + + CCC C

02

C

+ CC +CC +C

(hy, U,
(h, b,
(h, b,
(hs, U,
(hs, &,
(hs, &,

6(01, 02)
(qo, —, —))
(q1, —, U)
(ql, —, —))
(do, &, +)
(do, b, +)
(g3, —, L)
(Clz, b’ (_)
(Clz, U, (_)
(Clz, b’ +)



Example 10: Simulate PDA with TM

e Computation:
— (q,, >Uaabbu, sL++L1)
— (g3, =UaabbLi, sLI+LLI)
— (0, =Uaabbll, =U+LL), pop 1
— (ds, >UaabbL, =ULILIL)

q

o]

do
Jo
Q1
Q1
g2
ds

ds

— (g, =Uaabby, suLUL), pop 2 P

— (hy, =Uaabby, sLLLL)

gz
Jo
Jo
0P
0P
0P
g2

O1

C

(@ 2 I © R © RN @ R O R O R o)

QO OO C T T C C

C + + CCC C

02

C

+ CC +CC + C

(hy, U,
(h, b,
(h, b,
(hs, U,
(hs, &,
(hs, &,

6(01, 02)
(qo, —, —))
(q1, —, U)
(ql, —, —))
(qO’ a, +)
(Clo, b’ +)
(q3’ -, U)
(Clz, b’ (_)
(Clz, U, (_)
(Clz, b’ +)



Example 11: The T,55 machine

 Create TM M with two tapes, which adds 2 binary
numbers!

-y ={e, u,0, 1}
— the binary numbers are written in reverse
— the numbers should have the same length
* use extra zeros if needed
— the result should be on the first tape
—e.g..T1: 0111, T2: 1010 —- T1: 11001
e 14,,+5,,=19,, — 1110, + 0101, = 10011,
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Example 11: The T,55 machine

e States:
— (. start
— (- add, no carry
— (4 move right, no carry
— @,: add, carry
— Q5. move right, carry
— hy: halt
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e Transitions:

q

Qi
Jo
Jo
Jo
Jo
g2
g2
g2
g2

Example 11: The T,55 machine

QqQ
=

R P, O O Fr Fkr O O LC

Q
N

R Ok O Fr OF OILC

o(q, o1, 02)
(do, —, —)
(91, 0, 0)
(01, 1, 1)
(91, 1, 0)
(g3, 0, 1)
(91, 1, 0)
(g3, 0, 1)
(g3, 0, 0)
(03, 1, 1)

States:

— q;: start

Jo-
-
d>-
Qs
hy:

add, no carry

move right, no carry
add, carry

move right, carry
halt

494



e Transitions:

Q1
O3
g2
Jo

Example 11: The T,55 machine

Oorl Oorl (qo, —,—)
Oorl Oorl (g2, —,—)

L
L

L
L

(hl, 1, Ll)
(hg, U, L)

States:

q;: start

Qo-
;-
d>-
Qs
hy:

add, no carry

move right, no carry
add, carry

move right, carry
halt
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Example 11: The T,55 machine

q
— (q;, >0L0111, =11010) o
— (go, >U0111, >11010) /O +1  qo
- (q, 01111, >01010) 33
— (Q, 01111, >11010) /1 +0 g
— (g, >u1111, =111010) a

— (0o, >U1111, >U1010) /1 +1

— (g3, >U1101, =111010)

— (9,, >U1101, =u1010) // 1 + 0 + carry
— (g3, >U1100, >111010) a
— (g, >U11004, =>11010u) // carry as

- (hy, >U11001, >L1010L) / halt %
0

R OOREFROOLC Q

=

02

C

P ORFRPLPOPRFROPRFrO

o(d, g1, 02)
(qO’ -, _))

(ql,
(ql,
(ql,
(ds,
(ql,
(g,
(g,
(ds,

O,

1= A gl = el —

0)
1)
0)
1)
0)
1)
0)
1)

Oorl Oor1(do, —,—)
Oorl Oorl(gz, —,—)

L
L

L
L

(hy, 1, L)
(hq, U, )
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Example 12: The R, machine

e Create a machine schema, which scans for the first U to
the right!

>R X # U
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Example 12: The R, machine

Computation for Labc:

— Labc

— Uabc

— uabc >R X # U
— Uabc

— Uabcu
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Example 13: The L, machine

e Create a machine schema, which scans for the first U to
the left!

— this TM never stops if there is no U to the left

> L X # L
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Example 13: The L, machine

e Computation for Labcu:
— Uabcu
— Uabc
— babc > L X # L
— Uabc
— Labc
e Computation for cabc:
— cabc
— cabc
— cabc
— cabc
— cabc //loop again
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Example 14: The L_ machine

« Create a machine, which goes to the beginning of the
tape!
— this machine never stops

>L X%

501



Example 14: The L_ machine

e Computation for =01012:
— 1012
— U012
— 1012
— =>u012
— 1012
— =u012 // loop again

>|_ X%

502



Example 15: The Tygg Mmachine

e Create a machine schema, which negates a binary
number!

_Z={l>! LI!O! 1}
—e.g.. u0l11i1y — u1000u

\/\
—R %51

L
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Example 15: The Tygg Mmachine

e Computation for u0101L:
— u0101u

— 10101

— 11101 >R 1
~ 11101 l

— 11001

— 11001

_ u1011

_ u1011

_ u1010

— u1010U
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Example 16: Sort machine

e Create a machine schema, which arranges all 'b' in a
word to the beginning of the word!

_Z={l>! L, a, b}
— e.g.: Uabaabu — uUbbaaall
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Example 16: Sort machine

e Logic of the operation:
— find b to the right

— move this b to the beginning part of the string by
consecutively swapping b and the preceding a

— find the next b to the right
— e.g..
e bbaaabaab, we are in the middle of the algorithm
e pbbaaabaab, b is found
* bbaabaaab, first swap
e bbbaaaaab, last swap, b is at the final position
e bbbaaaaab, start again, find b to the right
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Example 16: Sort machine

move to the right f’\
while not blank s Re——L <
iT b 1s found ‘ - lb
move to the left RR < L <
while a 1s found \F
swap a and b, head on b bRal

move to the left
move to the right
move to the right
move to the right
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Example 16: Sort machine

Computation for Lababaall: m

— Uababaall s Re—1L«
— Llababaa ‘ - lb

— Uababaa RR «<— L "

— uababaa // |b |2

— Uababaa// |a bRal

— Ubbabaa

— Ubbabaa

— Ubaabaa

— Ubaabaa

— Libaabaa // <b, U; the schema goes to the left, the o8
head goes to the right



Example 16: Sort machine

Libaabaa
Libaabaa
Libaabaa
Libaabaa// |b
Libaabaa// |a
Libabbaa
Libabbaa
Libabaaa
Libabaaa
Libabaaa// |a
Libbbaaa
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Example 16: Sort machine

Libbbaaa )

Libbaaaa s R—1L ¢
Libbaaaa ‘ - lb
Libbaaaa // <b, U RR «— L <
Libbaaaa \p
Libbaaaa bRalL.
Libbaaaa

Libbaaaa

Libbaaaa

Libbaaaall

510



Example 17: Copy machine (C1—?)

 Create a machine schema, which copies a word from the
first tape to the second tape!

_Z={>1 |—|1a1 b1C}
— e.g.: Ubabu, 1 — ubabu, Ubabu
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Example 17: Copy machine (C1—?)

 Create a machine schema, which copies a word from the
first tape to the second tape!

— use superscript to denote that an elementary machine
works on the first or the second tape

e e.0.. Rt — move to the right on tape 1
e e.g.: L1? — move to the left on both tapes
— also use superscript on the labels of the arcs

e e.g.: blc? — follow this arc if the head of the first
tape reads b, and the head of the second tape
reads c
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Example 17: Copy machine (C1—?)

 Create a machine schema, which copies a word from the
first tape to the second tape!

513



Example 17: Copy machine (C1—?)

Computation for uabcLl, L:
— Uabcu, U

— Uabc, L a
— Uabc, Ul Lg
— Uabc, ua 1
— Uabc, uaL

— Uabc, uaL <
— Uabc, uab

— Uabc, uabu

— Uabc, uabc

— UabcU, UabcLl 514



Example 18: Reverse string

« Create a machine schema, which reverses a string!
-y ={e, U, a, b}
— you can use two tapes
— e.g.: Uababu, U — UbabaL, uababu
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Example 18: Reverse string

Computation for Lababu, Li:

— Uababl, U
— Uababu, uababpu R
— Labab, uababu >
a
— Uabab, uabab SO L, PRI, R 2

— —
— Ubbab, uabab -
— Ubbab, uabab 51

— Ubaab, Labab

516



Example 18: Reverse string

Libaab, Labab

Libabb, Liabab

Liabab, Liabab a

Libaba, Liabab 2 ;)1

LibabaL, Liabab >C2— L LRI RA
15

Libaball, Llababu
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Example 19: Search substring

« Create a machine schema, which searches a substring
In a string!
- Y ={e, U, a, b}
— tape 1 contains the string, tape 2 contains the
substring

— the string and the substring cannot be empty

— position the head on tape 1 to the beginning of the
located substring

— e.g.: UaabaabL, uabau — uaabaabu, Labau
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Example 19: Search substring

loop 1 Ioop 2
a'b? b1a2 a'a’ b'b?
I—u1 2
al, bu
2 1 12 1.1
R — R R ’ > L] X

T a'b?, b'a’
L2 X \ — loop 3

« Remark: X Is a single character
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1b2 b1 2 IOOp 1 142 b1b2 Ioop 2
ab, ba aa,
L\/12 / /

u

| a'a’=x, au, b,
b'b’=x 1

R —R!' u—R"?

(W] H]
Ru1x1

* Logic of the operation: T LU2LU1X1J3Q|OOF, 3
— loop 1 finds the first character of the substring (tape 2)
In the string (tape 1)
— this position is marked by space

— loop 2 cycles while the string and the substring
matches

— If the end of the substring is reached then the marked
position on tape 1 is restored and the machine halts

— If there i1s a mismatch then loop 3 restores the marked
position and the search is started after this position
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Computation:
— Uaaaabbu, ubbu

— Uaaaabbu, LibbL
— LaaaabbL, LibbLU
— UaaaabbL, LibbLU
— UaaaabbL, LibbLU
— UaaaabbL, LibbLU
— UaaaabbLl, LibbLU
— Uaaaabbu, ubbu // —aa, bb
— Uaaaallbu, ubbL
— Uaaaalbu, ubbL

— Uaaaaubu, ubbu // —al, bu, uu

— Uaaaabbl, Libbu



Lo 1o’ e
LUaabaabu, UabaLll T
a'b? b'a?
LiaabaabL, uabau LA X 000 3

Liaabaabu, uabau // —aa, bb
LiLlabaabLl, uaball

LiLlabaabu, uabau // |ab, ba
Liaabaabl, Liaball

Liaabaabl, LUaball

Llaabaabu, uabau // —aa, bb
LlaLibaabLl, uaball

Llalbaabl, uaball

Llalbaabu, uaball

Llalbaabl, uabawu // —al, bu, UL

Llaabaabl, Labau
522



Example 19: Search substring

« Homework:
— give the computation for:
* bbaababa, bab
* bbaababa, abba

—how does the machine stop if the substring is
not in the string?

— give a similar machine with ) ={c, U, a, b, ¢}
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Example 20: Split string

e Create a machine schema, which can split a string into 2
tapes based on the head position!

_Z={l>! LI, a, b}
— the input must be at least 2 character long
— after the machine finished

« the first tape should contain the input from the first
character until the head (including the head
position)

» the second tape should contain the rest

— e.g.. Uaabab, LU — uaal, Lbabu
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Example 20: Split string

e Create a machine schema, which can cut a string to 2
tapes!

525



Example 20: Split string

Lia
« Computation: <Ta1
— Uaabab, LI 19 pt
_ N R™ —— ub
Laabab, UL // —b > =
— Uaalab, ub lul
— Uaauab, ubu // tat
1, 1,2
_ uaauub, Liba Laorb)y Liy

— Uaauub, ubau // —bl

— Uaauuu, ubab

— Uaauuuu, ubabu // [ut
— Uaa, Ubabu

— Laa, LibabLUl
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Example 21: Huffman decoding

 Create a machine schema, which can decode a Huffman
encoded string!

— tape 1 contains the coded string, tape 2 will contain
the decoded string

— decoding: change the code to string

e ] — aa
e 00 — ab
e 01 — cba ab cba

— the creation of the tree is not detailed here
— e.g.:u101001u, Uy — 11010014, uaacbhaabaau
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Example 21: Huffman decoding

 Create a machine schema, which can decode a Huffman
encoded string!

a’R’b’R?*  c’R%b°R%a’R?

528



Example 21: Huffman decoding

Computation: -
— 1101001, ULl L, R

— 11101001U, LiLy J
— 1101001u, uaau R )
1
R |

— 1101001u, uaaul
a’R’b°R?*  ¢’R%b°R%a’R’

— 1101001u, uaau
— 1101001u, uaacbaL
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Example 21: Huffman decoding

1101001u, Uaacbau
1101001u, Uaacbau
1101001u, Uaacbaabu
1101001u, Uaacbaabu
11101001u, Uaacbhaabaall
11101001, Uaacbhaabaall

a’R*b°R?  c’R%b°R%a’R?
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Example 22: Shifting machine (Sh_,1?)

e Construct a machine schema, which can shift to the right
the last n character of a string in tape 1!

— 2, €{a, b}
— n is determined by the length of an other string in tape 2
— the newly inserted character is the blank
— e.g.: Uaaabal, U**L — Uaaaubal, L**1
enN=2
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Example 22: Shifting machine (Sh_,1?)

e Construct a machine schema, which can shift to the right
the last n character of a string in tape 1!
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Example 22: Shifting machine (Sh_,1?)

Computation:
— Uabau, U**u al,xz/:tu Rlg1 1

— Uaba, U**U // —al 5| 12

o - 11y 1
— Uabaa, U**U Py @b L
— Uabaa, U**u // —b?
— Uabba, LI**L R'U'R, M

— Uabba, u**u // |U?
— Uaubau, u**u
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Example 23: Compare machine (Typ)

« Create a machine schema, which can compare 2 strings!
— 2, €{a, b}
— If the two strings match then position the heads after

the strings on the spaces, otherwise the head should
be somewhere on the strings

 a machine schema can check if the heads are on
spaces (—LL)

— e.g.: Uabal, Labau — uabaL, uabau
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Example 23: Compare machine (Typ)

« Create a machine schema, which can compare 2 strings!

— the arc "—uu" is there to sign that, if we go through
this arc then the two string equal

a'a’, b'b?

1,2
R’ LI L 1,2

>LU1L > L
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Example 23: Compare machine (Typ)

Computation:

— UabaL, uabau

— Uabal, Laball

— Uabal, UabaLl

— Uaball, Liaball oL, R12uu, 12
— Uabau, uabau

— Uabau, Uabau // —uu

— UabaL, uabau

3132, b1b2
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Example 23: Compare machine (Typ)

e Computation: a'a® b'b?
— UabLl, UaaLl
— UabUu, Laall 1.2
L4 = >LIJ _’R1’2 L u1,2

— Uabu, uaall
— Uabu, uaau // string rejected
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Example 24: Accept string zzz

 Create a machine schema, which can accept

L(M) ={w € {a, b}* | w = zzz} !

— if the input is in the zzz form then position the head
after the input on the space
 a machine schema can check if the head is on

space (—Ll)

— you can modify the input and you can use a second
tape

— e.g.: uabababu, U — uabuabuabu, u++uUabu
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Example 24: Accept string zzz

— beside the usual machines, the following machines
can be also used

e Toyp: COMpare two strings on two tapes
— UabaLl, uabau — uabau, uabau

e C1—2: copy a string from tape 1 to tape 2
— Ubabu, U — ubabu, ubabu

e Sh_ 12 shifts a string on tape 1 based on the
length of another string on tape 2

— LUaaaball, LU**L — UaaalUbal, L**L
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Example 24: Accept string zzz

 Create a machine schema, which can accept
L(M) ={w € {a, b}* | w = zzz} !

a' b’

0 I@
(I 1 1 a' b
L, /R1ZEY RIS RITE 212 11 gy t2gy 2 L'sh."?

|% I—u1

152~ 1 ! 12 12 WU 1,2
—C"* R —Towp "Ry — Towp ? — U™

® i@
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Example 24: Accept string zzz

* Logic of the operation:

— block 1 write a '+' on tape 2 after 3 right steps on tape
1

e computation halts if the input's length cannot be
divided by 3
— block 2 splits the string to LizUzLzLU using Sh_1?
— block 3 copies the first substring to the second tape

— block 4 compares the second and the third substring
with the first

a' b’ |
O] :@
1]

1 1 1 R\ a', b
>LU1R1’23H’b R1 a,b R1 +2R1,2A9 Sh_)1’28h_)1’2Lu1L1Sh_>1’2
|
12 UU 1,2

I
B L, 152 1_ | 125 1
i —C" "Ry —»Tewe "Ry — Tewp = — U
® @
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a' b’ |
@ :@
1]

>LU1R1,2 a1’ b1R1 31’ b R1 a1’ b1+2R1,2A:9 Sh_)1’28h_)1’2Lu1L1Sh_>1’2
|

B |_u1 %C1_)2Ru1—i>TCMP1’2Ru1HTCMPLZ$U1’2
Computation: i@
— UabababL, L
— Uababab, uL
— Uababab, uu
— Uababab, uL

Liababab, L+L

Liababab, u+uU

Liababab, u+uU
LiabababLl, L++Ll // block 1 ends
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a', b |
@ :@
1]

>LU1R1,2 a1’ b1R1 31’ b R1 a1’ b1+2R1’2A:9 Sh_)1’28h_)1’2Lu1L1Sh_)1’2
|
R

1
12 1 1,2 1 1,2 _UU 1,2
Lu" —C™2R, —bTewp 2Ry — Towp'? =5 U

uababuabg,@i)_lﬁg
Llababuuabu, u++u
Llababuuabu, u++u
Llababuuabu, u++u
Labuabuabu, u++U // block 2 ends
LlabLiabuabu, U++0U

LabLabuabu, LU++Uabu
Liabuabuabu, u++uabu // block 3 ends
Labuabuabu, LU++Uabu
LabuabuabL, LU++Uabu

LUabuabuabu, u++uabl // block 4 ends £a3



Example 25

e Create a machine schema, which erases all "0"-s from
the left side of a binary number!

— e.g.: u0001110104 — uuUBU111010U

>L,— R
\
0

1Ry
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Example 25

Computation:

— 10001011100u

— 1000101110 sL— R

— 1000101110 \

— 1up00101110

— LU00101110 0 1R,
— uup0101110

— Uuwu0101110 1

— Uuuy101110
— Uuuu101110u
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Example 26

« Create a machine schema, which switches all "a" with
"b" and vice versa in a string!

— 2, €{a, b}
— e.g.. uababL — Ubabal

—

a b
>LL,—>R/
a

>
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Example 26

Computation:
— Uabbbu

— Labbb
— Uabbb (//:;\\\;
— Ubbbb 7

a

_ Libbbb >Li—R

~.
_ ubabb \/
— Ubabb
— Ubaab
— Ubaab

— Ubaaa
— Ubaaall
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Example 27

» Create a machine schema, which erases all 'a' from the
beginning and the end of the input string!

— 2, €{a, b}
— e.g.. uabbau — uubbu

>|_|J_> R _>L_>R
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Computation:

Liabball
Liabba
Liabba
LiLibba
LiLlbba
LiUbbal
LiLibba
LiUbbu
LILbb
LiUbbu

Example 27
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Example 28

« Create a machine schema, which changes all 'b' to 'd" in
the input string, except the first and the last ones!

— 2, €{a, b, c, d}
— e.g.. uabcbbbcu — uabcddbcu

a, c,d a, c,d

(y O3

>L,—R L R—»d

o\

d
L — bR,

O

a,c 550



Example 28

Computation:

— Uabcbbbcu a, ¢, d a,cd

— Labcbbbc O 0

_ uabchbbc LR 2+ R —» d
— Uabcbbbc L U
— Uabcbbbc AL
— Uabcbbbc U

— Uabcdbbc a, c

— Uabcdbbc

— Uabcddbc
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Example 28

Liabcddbc

Liabcdddc a,cd  acd
Liabcdddc O 0
Labcdddcu >Ly—=R s R —»
Liabcdddc L U
Liabcdddc AL
Liabcddbc )

LiabcddbcLu a,c
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Example 28

* Is this machine correct always?
— not if the input contains d a,cd  acd

— e.g.. adda — adba O O

>L,—R —> R —> d

o\

d
L — bR,

O

a, C
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Example 29

 Create a machine schema, which decides
L={w e 2*|w=wR}
— 2, €{a, b}
— If the decision is yes then perform the y machine
— If the decision is no then perform the n machine
— the input can be modified
— e.g.. uabbbbau —vy
Yy is the halting machine
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Example 29

» Create a machine schema, which decides
L={w e 2* | w=wR}

br D
UR,L U
a &
UL,
4—’—/ L
UL,
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Example 29

Computation: g
LUR,L T
— Uabbau a &
— Llabba LiL,
_ uabba -
>L—~R —— -y
— uLbba I
— Uubbau ) UL,
— Lubba b >4
LR,L
— uubbu ~ "
— uubb

— uubb
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Example 29

Lib b1
LURLL L
Luuby a e
Luub ULy
Lo ¢_————~”’///u
>L|J_>R P> — > y

yuuy //f — u ) L

L,
LUy b /%
LR,

~&
n
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Example 30

 Create a machine schema, which decides
L={w e {a, b}* | w=a"b"}!
— If the decision is yes then perform the y machine
— If the decision is no then perform the n machine
— the input can be modified
— e.g.. UaabbL — vy
Vs the halting machine
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Example 30

» Create a machine schema, which decides
L={w e {a, b}* | w=a"b"}!
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Example 30

Computation:

— Uaabbu

— Laabb g a. d

— Uaabb a O b

R
— udabb
N
— udabb

n

— Udadb y
— udadb
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Example 30

Lidadb

Lidadb

Lidddb . . g
Lidddb . O b

R
Lidddb
Lidddd ul\\\i\\ I&”
Ldddd

N

uddddu // | U
Liddddu
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Example 31

* Create a machine schema, which decides the language
of the DFA below!

— If the decision is yes then perform the y machine

— If the decision is no then perform the n machine

— the schema should start from the left side of the input
—L={we{a, b, c}|#a=2}

a, b c

(3(3(3
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a, b, c

Example 31 0 0 0
FOEOE-"N0

 Create a machine schema, which decides the language
of the DFA below!

—L={we{a, b, c}*|#a =2}

a,b,c

OOO

>L—>R—>R—> R—»
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Computation:

LlabacalLl

Labaca

Liabaca // —a
Liabaca
Liabaca // —a
Liabaca
Liabaca
Liabacau // —L
LiabacaLl

Example 31
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