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Levels of Abstraction

• Industrial problems because of their complexity are examined 
in multiple levels of abstraction:

– Macroscopic level: 
Elementary step: operating units

– Mesoscopic level:

Elementary step: equipments

(Multiple equipments forms an operating unit.)

– Microscopic level:

Elementary step: physical / chemical / biochemical 
transformation

(Inside one equipment.)

-

+

6



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Levels of Abstraction: Component 
Problems

• Macroscopic level: Conceptual design
– Reaction-Network Synthesis

– Total-Flowsheet Synthesis

• Mesoscopic level:
– Separation-Network Synthesis

– Heat-Exchanger-Network Synthesis 

– Scheduling

– Process Control

• Microscopic level:
– Azetropic Distillation

– Reaction Pathway Identification

-

+
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Macroscopic Level: 
Operating Units

• Component problem: Total-Flowsheet Synthesis
– Building blocks: operating units

Example:

direct 
chlorinating unit

separating unit

ethylene 

oxygen
ethylene dichloride + 
water

hydrocloric acid 

ethylene 
dichloride

waterethylene dichloride + 
water

-
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Macroscopic Level: Network of 
Operating Units

Example:
direct 

chlorinating unit

ethylene oxygen hydrocloric acid

vinyl chloride 

oxychlorinating
unit

separating
unit

pyrolyzing
unit

chlorine

separating
unit

water

-
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Mesoscopic level: Equipments

• Component problem: 
Separation-Network Syntehsis
– Building blocks: equipments

Example: distillation column

vinyl chloride +
hydrocloric acid +

ethylene dichloride 

hydrocloric acid

vinyl chloride +
ethylene dichloride
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Mesoscopic level: Network of 
Equipments

Example: implementing separating unit by 
two distillation columns

vinyl 
chloride +

hydrocloric 
acid +

ethylene dichloride

hydrocloric acid

ethylene dichloride

vinyl chloride

separating unit
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Microscopic Level: Physical 
Transformations

• Component problem: 
Heat-Exchanger-Network Synthesis 
– Building blocks: physical transformations

Example: 
heating

cooling 

+
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Microscopic Level: Network of 
Physical Transformations

Example: distillation column with three 
distillation steps

+

distillation column 
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I.2 Conventional Approach to 
Process Synthesis
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Why is Process Synthesis 
Crucial in PSE?

 “Process synthesis can typically reduce energy 

consumption by 50% and net-present cost 

by 35%” (Siirola, Eastman Kodak, 1996).

Note: 

The structure has the major effect on the

efficacy of the process to be designed

15
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Process Synthesis Problems
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Level of 
abstraction

Synthesis Problems

Macroscopic Conceptual Process Design

Mezoscopic

Re
ac

tio
n

 N
e

tw
o

rk
 

Sy
n

th
es

is

W
as

te
 T

re
at

m
en

t

Se
p

ar
ati

o
n

 N
et

w
o

rk
 

Sy
n

th
e

si
s

H
ea

t 
In

te
gr

ati
o

n

C
o

n
tr

o
l D

e
si

gn

Re
lia

b
ili

ty
 A

n
al

ys
is

Sc
h

e
d

u
lin

g

Microscopic

R
e

ac
tio

n
 P

at
h

w
ay

 
Id

en
tifi

ca
tio

n

A
ze

o
tr

o
p

ic
D

is
til

la
tio

n

St
ar

ta
b

ili
ty

A
n

al
ys

is

Ti
m

e 
C

o
n

st
ra

in
ts



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Process Synthesis Problems
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Conventional Approach 
to Solve Process Design and Operations Problems

• Formulation as a general mathematical 
programming problem 
(e.g., LP, MILP, MINLP, NLP)

• Application of a general-purpose solver 
(e.g., GAMS)

19
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Conventional Mathematical 
Programming

Mathematical programming problem
(objective function, constraints)

General purpose solver

Optimal solution

20
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Difficulty

Process synthesis problems are not specified 
as standard optimization problems

21
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Process Synthesis Problem

• Given:
– set of products,

– set of raw materials,

– mathematical models of the operating units

• Generate:
– optimal process or 

– n-best processes or 

– every feasible process

• Optimality criteria:
– cost, waste generation, controllability, risk, or

– combinations of them

22
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Algorithmic Process Synthesis

Cost function and constraints for the 
operating units, raw materials, and products

Mathematical programming model

Model generation: Synthesis
(Generating LP, MILP, MINLP, or NLP model)

Optimal solution

Solution: Analysis
(Mathematical programming method)

23
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Question

How to generate and how to solve the 
mathematical programming model?

24
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Algorithmic Process Synthesis

Cost function and constraints for the 
operating units, raw materials, and products

Mathematical programming model

Optimal solution

Solution of the model

Model generation

Generation of the Superstructure

Generation of the mathematical model 
based on the Superstructure

25
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Question

How to generate the superstructure?

26



I.3 Introduction to the 
P-graph Framework
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Rigorous Superstructure

• Suppose that systematic procedure is available so 
that a valid mathematical programming model can 
be generated for a network of the given operating 
units

• A network of operating units is defined to be a 
rigorous super-structure if the optimality of the 
resultant solution cannot be improved for any 
instance of the class of problems by any other 
procedure for network and model generation

28
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Graph Representation in 
Process Synthesis

29

Simple directed graph is not sufficient for representing 
process structures 

directed graph synthesis problem 1 synthesis problem 2
1 solution 3 solutions
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Graph Representation in 
Process Synthesis

30

P-graph* representation of the two synthesis problems

synthesis problem 1 synthesis problem 2

*F. Friedler, K. Tarjan, Y. W. Huang, L. T. Fan: Graph-Theoretic Approach to Process 
Synthesis: Axioms and Theorems, Chem. Engng Sci., 47, pp. 1973-1988 (1992)
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P-graph Framework 
(F. Friedler & L. T. Fan, 1990)

Three cornerstones of the P-graph Framework

•  Structural representation: P-graph

•  Axioms of the combinatorially feasible process 
networks

•  Algorithms for

– Generating the rigorous superstructure

– Generating the combinatorially feasible process 
structures

– Generating optimal or n-best networks

31
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P-graph Framework: 
Structural Representation

Unambiguous representation of structural properties

32

Process element P-graph representation

Resource or precursor

Final target 

Intermediate entity

Activity
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P-graph Framework: 
Structural Representation (Cont’d)

Bipartite graph

• Operating units / activities

• Inputs and outputs (materials / entities)

33

Input: Resources or preconditions m
j

Output: Product / Effect or target

Operating unit / Activity O
i
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P-graph Framework: 
Structural Representation (Cont’d)

Clear logical interpretation

• Each input material 
(E AND F) has to be available to 
operate a unit (O2)

• Any of the operating units
(O2 OR O3) having the same 

output material can potentially 
be sufficient to initiate the 
consecutive opreating unit (O1)

34
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AND
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Process Synthesis by the 
P-graph Framework

Building blocks
– materials

• raw materials:

• products:

• intermediates:

– operating units:

35

Process structureSynthesis
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Axioms of Combinatorialy Feasible 
Process Structures (Friedler et al., 1992)

(S1) Every final product is represented in the graph.

(S2) A vertex of the material type has no input if and only if it 
represents a raw material.

(S3) Every vertex of the operating unit type represents an 
operating unit defined in this synthesis problem.

(S4) Every vertex of the operating unit type has at least one path 
leading to a vertex of the material type representing a final 
product.

(S5) If a vertex of the material-type belongs to the graph, it must 
represent an input to or output from at least one operating 
unit represented in the graph.

36
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P-graph Framework: 
Reduction of the Search Space

37

Feasible structures

Search Space

Combinatorially feasible structures

Optimal structure

2nd best 
structure 3rd best 

structure
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P-graph Framework: Algorithms 
(Friedler et al., 1992, 1993, 1995)

• Algorithm MSG (Maximal Structure Generation)
generates the rigorous superstructure: the union of 
the combinatorially feasible structures.

• Algorithm SSG (Solution-Structure Generator)
generates each combinatorially feasible structure 
exactly once.

• Algorithm ABB (Accelerated Branch and Bound)
generates the n-best solutions of the problem while 
the search space is reduced to the set of 
combinatorially feasible structures. 

38
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Capacities of Operating Units 
as Design Variables

39

Definition of 
operating unit O1 

Two potential 
realizations of O1

Cost: 4 X_O1 + 20 $/h

X_O1 = 2

X_O1 = 10

Cost: 4x2 + 20 = 28

Cost: 4x10 + 20 = 60

X_O1: capacity multiplier 
(dimensionless variable)
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MINLP vs. P-graph framework

41

MINLP P-graph framework

Problem given by
Variables, 
Constraints

Raw materials, products, 
operating units

Generation of the math. 
model

Manual Automatic

Structural properties of 
process-networks

Hidden in the 
math. model

Exploited

Number of solutions Single Multiple

Handling special 
constraints

Can be 
incorporated to 
the math. model

May require modifications 
of the model generator 
and solver
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MILP Approach: 
Decision on Binary Variables

42

op #1

#2

#3

#4

#5

#6

#7

1

1 1

1 1 1

1 1 1 1 1 1

1

1 10 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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0 0 0 0 0 0

000

00

0

S1 S0

S11 S10 S01

S110 S101 S100 S011 S010

S00

S111

Note: Each node of the tree represents one LP (or NLP) problem.

infeasible structure

combinatorially feasible structure

combinatorially feasible but

redundant structure
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P-graph Approach: Decision on the 
Productions of Materials

43
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Comparison of P-graph Solver RCABB 
and Open Source MILP Solvers

• Computation times: Smaller is better

44

0

1000

2000

3000

4000

5000

6000

7000

8000

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49

C
o

m
p

u
ta

tio
n

 tim
e

(m
s)

# of structures
generated

Sum of computation times for 
150 test problems

RCABB

COIN-OR-CBC

GLPK



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Publications on the P-graph 
Framework

• Friedler, F., K. Tarjan, Y. W. Huang, and L. T. Fan, Process Synthesis by 
Exploiting the Combinatorial Properties of Feasible Process 
Structures, presented at the Fourth World Congress of Chemical 
Engineering, Karlsruhe, Germany, June 16-21, 1991; also published 
in the Proceedings of the Congress, paper 12.2-5.

• Friedler, F., K. Tarjan, Y. W. Huang, and L. T. Fan, Combinatorial 
Algorithms for Process Synthesis, Computers Chem. Engng, 16, 
S313-320 (1992).

• Friedler, F., K. Tarjan, Y. W. Huang, and L. T. Fan, Graph-Theoretic 
Approach to Process Synthesis: Polynomial Algorithm for Maximal 
Structure Generation, Computers Chem. Engng, 17, 929-942 (1993).

• Friedler, F., J. B. Varga, and L. T. Fan, Decision-Mapping: A Tool for 
Consistent and Complete Decisions in Process Synthesis, Chem. 
Engng Sci., 50, 1755-1768 (1995).
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I.4 Computer Aided Process-
Network Synthesis
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Computer Aided Process-
Network Synthesis: Overview
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I.5 History of Methods and 
Software for Network Synthesis
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Process Synthesis Problems
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Process Synthesis Problems
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Separation Network Synthesis 
(SNS)

51

A 1+A 2
0
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Network



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Unexpected: Loop

Optimal network 
Kovacs, Z., F. Friedler, and L. T. Fan, Recycling in a Separation Process 

Structure, AIChE J., 39, 1087-1089 (1993) 52
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Summary of Structural Properties of 
Optimal Separation Networks

*Maximal bypass is not necessarily optimal

Product streams Pure Multicomponent

Feed streams Single Multiple Single Multiple

recycling impossible possible possible possible

redundancy impossible possible possible possible

premixing impossible possible impossible possible

bypassing impossible impossible possible* possible*

54
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Alternative Flowsheets Generated by 
P-graph Software

1 104,27
2 104,71
3 105,70

…
100 116,02

…
1000 130,00

…
2000 135,53

…
2868 138,70

Solution # Comment Cost
Optimal flowsheet
2nd best structure
3rd best structure

Published in the literature as optimal
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Software for SNS
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SNS Formulated by P-graphs
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Publications on Separation 
Network Synthesis

• Kovacs, Z., F. Friedler, and L. T. Fan, Redundancy in Separation Networks 
for Waste Elimination, presented at the Conference on Hazardous Waste 
Research, Manhattan, KS, U.S.A., May 25-26, 1993.

• Kovacs, Z., Z. Ercsey, F. Friedler, and L. T. Fan, Separation-Network 
Synthesis: Global Optimum through Rigorous Super-Structure, Computers 
Chem. Engng, 24, 1881-1900 (2000).

• Heckl, I., F. Friedler, and L. T. Fan, Integrated Synthesis of Optimal 
Separation and Heat Exchanger Networks Involving Separations Based on 
Various Properties, Heat Transfer Engineering, 26(5), 25-41 (2005).

• Heckl, I., F. Friedler, and L. T. Fan, Solution of separation network synthesis 
problems by the P-graph methodology, Computers & Chemical 
Engineering, 34(5), 700-706 (2010).
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Waste Treatment

Maximal stucture with waste 
treatment

64

Maximal stucture without 
waste treatment
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Publications on 
Waste Treatment

• Friedler, F., J. B. Varga, and L. T. Fan, Algorithmic Approach to 
the Integration of Total Flowsheet Synthesis and Waste 
Minimization, presented at the AIChE Summer National 
Meeting, Denver, CO, U.S.A., August 14-17, 1994.

• József Varga, Extensions of the Process-Network Synthesis 
Poblem, PhD thesis, Univesity of Veszprem, 2000
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Structural Controlability: 
Representation

CP-graph

68

a1 a2

a3

A B

C D

E F

o1

o2

actuators: 
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Axioms of Structurally 
Controllable Process Structures

• S1 .. S5

• (SC1) For each material x, which is either a product or an 
intermediate produced and consumed, there exists an aA 
actuator and an [a, x]C control path in the CP-graph of the 
structure.

• Definition: If b1 is an actuator and b1, b2, ..., bm is a path in the 

control component of the CP-graph, then it is called control 
path and denoted by 
[b1, bm]C.
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Publications on 
Structural Controllability

• Hangos, K. M., J. B. Varga, F. Friedler, and L. T. 
Fan, Integrated Synthesis of a Process and Its 
Fault-Tolerant Control System, Computers 
Chem. Engng, 19, S465-470 (1995).

• József Varga, Extensions of the Process-
Network Synthesis Poblem, PhD thesis, 
Univesity of Veszprem, 2000
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

P-GRAPH REPRESENTATION OF 
REACTION PATHWAYS

Example:
• Elementary reactions:

(1) C4H10 + l  C4H8l  + H2

(2) C4H8l  C4H8 + l

• Overall reaction:
C4H10   C4H8 + H2

Reaction pathway represented by P-Graph:

C4H10 l

1

H2 C4H8l

2

C4H8
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Axioms of Combinatorially Feasible 
Reaction Pathways

(T1) Every final product of the overall reaction is represented in the 
network.

(T2) Every starting reactant of the overall reaction is represented in the 
network.

(T3) Each reaction step represented in the network is defined a priori.

(T4) Every species represented in the network has at least one path leading 
to a final product of the overall reaction.

(T5) Every chemical or active species represented in the network must be a 
reactant for or a product from at least one reaction step represented in 
the network.

(T6) The network includes at most either forward or reverse step of each 
elementary reaction represented in the network.

(T7) A reactant of any elementary reaction represented in the reaction 
network is a starting reactant of the overall reaction, if it is not 
produced by any reaction step represented in the network.
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P-graph Framework: Algorithms
(Cont’d)

Algorithm RPIPBT 

• takes into account 
combinatorial axioms as 
well as elementary 
balances

• is capable of generating 
directly all acyclic 
feasible pathways

• optionally generates 
direct pathways only

75

RPI problem

RPIMSG

maximal structure

RPIPBT

acyclic feasible 
pathways

direct
 pathways
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Comparison of the Methodologies
for Reaction Pathway Identification

Convex 
Analysis

P-graph 
Approach:
Algorithm 
RPIPBT

Generate direct pathways  
Generate each direct pathway 
systematically without 
redundancy

 

Generate each acyclic feasible 
pathway systematically without 
redundancy

 

Combinatorially accelerated  
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Application to Fischer-Tropsch 
Synthesis Reaction: Problem Definition

Elementary reactions:
s1[0,90.8]:CO + l=COl
s2[11.3,89.1]:H2 + 2 l=2 Hl

s3[157.1,23.7]:COl + Hl=Cl + OHl
s4[155.6,23.3]:Cl + Hl=CHl + l
s5[50.5,102.7]:CHl + Hl=CH2l + l

s6[20.7,109.1]:CH2l + Hl=CH3l + l

s7[30.8,63.9]:CH3l + Hl=CH4 + 2 l

s8[38.6,89.6]:OHl + Hl=H2Ol + l

s9[70,0]:H2Ol=H2O + l

s10[118.9,0]:COl + Hl=CHOl + l
s11[12,84.4]:CHOl + Hl=CH2Ol + l

s12[43.8,36.8]:CH2Ol + Hl=CH3Ol + l

s13[65,48.1]:CH3Ol + l=CH3l + Ol

77

s14[55.4,28.1]:Ol + Hl=OHl + l

s15[67.1,47.7]:COl + Ol=CO2l2

s16[27.7,0]:CO2l2=CO2 + 2 l

s17[0,157.2]:CH3l + CH2l=CH3CH2l + l

s18[1,64.6]:CH3l + CH2Ol=CH3CH2Ol + l

s19[38,18.3]:CH3l + COl=CH3COl + l

s20[38.5,58.2]:CH3COl + Hl=CH3CHOl + l

s21[18.9,26.1]:CH3CHOl + Hl=CH3CH2Ol + l

s22[63.7,45.9]:CH3CH2Ol + l=CH3CH2l + Ol

s23[29.1,65.9]:CH3CH2l + Hl=CH3CH3l2

s24[25.1,10.8]:CH3CH2l + 2 l=CH2CH2l2 + Hl

s25[32.6,0]:CH3CH3l2=C2H6 + 2 l

s26[41.8,0]:CH2CH2l2=C2H4 + 2 l

Overall reaction: 11 CO + 19 H2=CH4 + 7 H2O + 2 CO2 + 2 C2H6 + 2 C2H4
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Application to Fischer-Tropsch 
Synthesis Reaction: Computational 

Results

78

• Generating Direct pathways by algorithm RPIPBT

– Structures in the search space: 326-1 = 2.541.865.828.329

Reduction by the P -graph approach: 1:10 Billion

– Combinatorially feasible pathways: 661
by algorithm RPISSG in 14.3 s*

– Acyclic feasible pathways: 143
by algorithm RPIPBT in 2.3 s*

– Direct pathways: 24
by algorithm RPIPBT in                                   1.5 s*

– Most energetically favorable pathways: 5
by algorithm RPIPBT in                                   0.4 s*

*Intel Pentum-M 1.8 GHz notebook
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Application to Fischer-Tropsch Synthesis 
Reaction: Energetically favorble Pathway

Energetically favorable 
pathway represented 
by P-graph
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Publications on 
Reaction Pathway Identification

• Fan, L. T. and F. Friedler, Reaction Pathway Analysis by a 
Network Synthesis Technique, presented at the AIChE Annual 
Meeting, Los Angeles, CA, U.S.A., November 16-21, 1997.

• Fan, L. T., B. Bertok, and F. Friedler, Combinatorial Framework 
for the Systematic Generation of Reaction Pathways, 
presented at the AIChE Annual Meeting, Dallas, TX, U.S.A., 
October 31 - November 5, 1999.

• Fan, L. T., B. Bertok, and F. Friedler, A Graph-Theoretic Method 
to Identify Candidate Mechanisms for Deriving the Rate Law 
of a Catalytic Reaction, Computers and Chemistry, 26, 265-
292 (2002).
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Publications on Heat Integration

• Nagy, A. B., L. Halasz, F. Friedler, and L. T. Fan, Integrated Synthesis of 
Process and Heat Exchanger Networks: Algorithmic Approach, presented 
at the PRES’99, Budapest, Hungary, May 31-June 2, 1999.

• Nagy, A. B., R. Adonyi, L. Halasz, F. Friedler, and L. T. Fan, Integrated 
Synthesis of Process and Heat Exchanger Networks: Algorithmic Approach, 
Applied Thermal Engineering, 21 (2001), 1407-1427.

• Biros, G., F. Friedler, J. Romero, and L. Puigjaner, Multi-Objective 
Optimization in Batch Process Scheduling, presented at the 53rd Canadian 
Chemical Engineering (CSChE2003/PRES 2003) Conference in Hamilton, 
Ontario, Canada October 26-29, 2003.
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Azeotropic Distillation: Problem 
Formulation

• Model of inputs and 
outputs of the operations 

Feasible regions derived 
form the analysis of RCM
(Feng et al., 2000)

90

• Models of operations

Defined by the regions 
representing their feasible 
inputs and outputs   (I1)  (O1  O2)



I1

O2O1
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Azeotropic Distillation: 
Connecting Operations

91

Two operations 
1 and 2 can be 
connected, if

there exists a 
feasible output 
from operation 
1, which is a 
feasible input to 
operation 2.

1

1

2

2
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Publications on 
Azeotropic Distillation

• Feng, G., L. T. Fan, B. Bertok, L. Kalotai, and F. 
Friedler, A Graph-Theoretic Approach to the 
Algorithmic Synthesis of Azeotropic-Distillation 
Systems, presented at the AIChE Spring National 
Meeting, Atlanta, GA, U.S.A., March 5-9, 2000.

• Feng, G., L. T. Fan, P. A. Seib, B. Bertok, L. Kalotai, and 
F. Friedler, A Graph-Theoretic Method for the 
Algorithmic Synthesis of Azeotropic-Distillation 
Systems, Ind. Eng. Chem. Res., 42, 3602-3611 (2003).

94



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Process Synthesis Problems

95

Level of 
abstraction Synthesis Problems

Macroscopic Conceptual Process Design 1990-

Mezoscopic

R
e

a
ct

io
n

 N
e

tw
o

rk
 

S
yn

th
e

si
s

W
a

st
e

 T
re

a
tm

e
n

t
1

9
9

4
-

S
e

p
a

ra
tio

n
 

N
e

tw
o

rk
 S

yn
th

e
si

s
1

9
9

3
-

H
e

a
t I

n
te

g
ra

tio
n

1
9

9
9

-

C
o

n
tr

o
l D

e
si

g
n

1
9

9
5

-

R
e

lia
b

ili
ty

 A
n

a
ly

si
s

S
ch

e
d

u
lin

g

Microscopic

R
e

a
ct

io
n

 
P

a
th

w
a

y 
Id

e
n

tif
ic

a
tio

n
1

9
9

7
-

A
ze

o
tr

o
p

ic
D

is
til

la
tio

n
2

0
0

0
-

S
ta

rt
a

b
ili

ty
A

n
a

ly
si

s

Ti
m

e
 C

o
n

st
ra

in
ts



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Process Synthesis Problems

96

Level of 
abstraction Synthesis Problems

Macroscopic Conceptual Process Design 1990-

Mezoscopic

R
e

a
ct

io
n

 N
e

tw
o

rk
 

S
yn

th
e

si
s

W
a

st
e

 T
re

a
tm

e
n

t
1

9
9

4
-

S
e

p
a

ra
tio

n
 

N
e

tw
o

rk
 S

yn
th

e
si

s
1

9
9

3
-

H
e

a
t I

n
te

g
ra

tio
n

1
9

9
9

-

C
o

n
tr

o
l D

e
si

g
n

1
9

9
5

-

R
e

lia
b

ili
ty

 A
n

a
ly

si
s

S
ch

e
d

u
lin

g

Microscopic

R
e

a
ct

io
n

 
P

a
th

w
a

y 
Id

e
n

tif
ic

a
tio

n
1

9
9

7
-

A
ze

o
tr

o
p

ic
D

is
til

la
tio

n
2

0
0

0
-

S
ta

rt
ab

ili
ty

A
n

al
ys

is
20

03
-

Ti
m

e
 C

o
n

st
ra

in
ts





EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Algorithm Checking the 
Structural Startability

begin
repeat

1. step e = o \ +( m  \ a ); 

2. step  ap = +(e) \ a; 

3. step a = a  ap;

until ap = 0

if (e   o)
return false;  

//not capable of starting

else
return true; //capable of 

starting

end.

98

Input: 

an (m, o) P-Graph and the set 
of a  M chemical species 
defined to be available in the 
beginning 

Output:  

logical answer, weather 

(m, o) is capable of starting

e - set of elementary reaction 
steps which are capable of 
starting

ap – set of chemical species 
recently produced
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• Structural representation: bipartite directed graphs

• Natural correspondences between the specific terms:

P-graphs and Petri nets:
Similarities

99

Petri net figures are created by software Snoopy, Charlie

P-graph Petri net

operating units transitions

materials places

raw materials places without input transitions (source places)

products places without output transitions (sink places)

intermediates places with both input and output transitions
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P-graphs and Petri nets:
Differences

• P-graph framework
– Effective algorithms to synthesize optimal process systems constructed 

from potential building blocks 

– Computes both the optimal structure and the optimal parameter 
values of a process system

– No information on the dynamics of the system

• Petri nets 
– Tools for simulation and analysis of complex systems' dynamic 

behavior 

– Model the operation of preliminarily defined process network 

– Inappropriate for synthesizing the optimal process structure

100
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Publications on Startability

• S. Gyapay and A. Pataricza, “A combination of Petri nets and 
Process Network Synthesis,” 
in Proc of the 2003 IEEE International Conference on Systems, 
Man & Cybernetics, pp. 1167–1174, IEEE Press, Washington, 
D.C., USA, October 5-8 2003.  

• Nagy, Z., B. Bertok, F. Friedler, D.-Y. Lee, L. T. Fan, and S. Shafie, 
Exploring Mechanisms Leading to Robust Biochemical 
Systems, presented at the PRES 2006, Praha, Czech Republic, 
August 27-31, 2006.

• Lakner, R., B. Bertók, F. Friedler. Synthesis of startable reaction 
pathways. Chemical Engineering Transactions, 70, 1129-1134, 
2018.
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Computation of 
Structural Reliability

P1*P3+P1*P4-P1*P3*P4+P2*P4*P6-P1*P2*P4*P6+P2*P5*P7-
P1*P2*P3*P5*P7-P1*P2*P4*P5*P7+P1*P2*P3*P4*P5*P7-

P2*P4*P5*P6*P7+P1*P2*P4*P5*P6*P7
104
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Publications on Process Reliability

• Kovács, Z., L.T. Fan, F. Friedler, Folyamathálózatok megbízhatósága, XXX. 
Magyar Operációkutatási Konferencia, Balatonöszöd, 2013.

• Bertok, B., K. Kalauz, Z. Sule, and F. Friedler, Combinatorial Algorithm for 
Synthesizing Redundant Structures to Increase Reliability of Supply Chains: 
Application to Biodisel Suplly, Industrial & Engineering Chemistry 
Research, 52(1), 181-186 (2013).

• Kovacs, Z., A. Orosz, F. Friedler, Synthesis algorithms for the reliability 
analysis of processing systems, Central European Journal of Operations 
Research, 27(2), 573-95

• Konig, E. and Bertok, B., 2019. Process graph approach for two-stage 
decision making: Transportation contracts. Computers & Chemical 
Engineering, 121, 1-11 (2019)

107



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Process Synthesis Problems

108

Level of 
abstraction Synthesis Problems

Macroscopic Conceptual Process Design 1990-

Mezoscopic

R
e

a
ct

io
n

 N
e

tw
o

rk
 

S
yn

th
e

si
s

W
a

st
e

 T
re

a
tm

e
n

t
1

9
9

4
-

S
e

p
a

ra
tio

n
 

N
e

tw
o

rk
 S

yn
th

e
si

s
1

9
9

3
-

H
e

a
t I

n
te

g
ra

tio
n

1
9

9
9

-

C
o

n
tr

o
l D

e
si

g
n

1
9

9
5

-

R
e

lia
b

ili
ty

 A
n

a
ly

si
s

2
0

0
8

-

S
ch

e
d

u
lin

g

Microscopic

R
e

a
ct

io
n

 
P

a
th

w
a

y 
Id

e
n

tif
ic

a
tio

n
1

9
9

7
-

A
ze

o
tr

o
p

ic
D

is
til

la
tio

n
2

0
0

0
-

S
ta

rt
a

b
ili

ty
A

n
a

ly
si

s
2

0
0

3
-

T
im

e 
C

on
st

ra
in

ts



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Process Synthesis Problems

109

Level of 
abstraction Synthesis Problems

Macroscopic Conceptual Process Design 1990-

Mezoscopic

R
e

a
ct

io
n

 N
e

tw
o

rk
 

S
yn

th
e

si
s

W
a

st
e

 T
re

a
tm

e
n

t
1

9
9

4
-

S
e

p
a

ra
tio

n
 

N
e

tw
o

rk
 S

yn
th

e
si

s
1

9
9

3
-

H
e

a
t I

n
te

g
ra

tio
n

1
9

9
9

-

C
o

n
tr

o
l D

e
si

g
n

1
9

9
5

-

R
e

lia
b

ili
ty

 A
n

a
ly

si
s

2
0

0
8

-

S
ch

e
d

u
lin

g

Microscopic

R
e

a
ct

io
n

 
P

a
th

w
a

y 
Id

e
n

tif
ic

a
tio

n
1

9
9

7
-

A
ze

o
tr

o
p

ic
D

is
til

la
tio

n
2

0
0

0
-

S
ta

rt
a

b
ili

ty
A

n
a

ly
si

s
2

0
0

3
-

T
im

e 
C

o
n

st
ra

in
ts

20
10

-



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Extension of the Maximal Structure

Include operating units to clarify precedence
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Solving Scheduling Problem by 
TCPNS

• Automatic model generation for 

– Unlimited Intermediate Storage (UIS), 

– No Intermediate Storage (NIS) and 

– Zero Wait (ZW)

scheduling problems.

• Resources: Equipments

• Operating units:

– Execution of tasks

– Changeovers

114
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Publications on 
Scheduling by P-graphs

• Bertok, B., K. Kalauz, Z. Süle, L. T. Fan, and F. Friedler, Algorithmic Synthesis 
of Process Networks wit Time Constraints by the P-garph Framework, 
presented at the VOCAL 2010, Veszprém, Hungary, December 13-15, 2010.

• Kalauz, K., Z. Sule Z., B. Bertok, F. Friedler, and L. T. Fan, Extending process-
network synthesis algorithms with time bounds for supply network design, 
Chemical Engineering Transactions, 29, 259-264 (2012).

• Frits, M., B. Bertok, Process scheduling by synthesizing time constrained 
process-networks, Computer Aided Chemical Engineering. 33, p. 1345-
1350, 2014.
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Thanks you for your attention!

P-graph

Additional information and free software is available at 
p-graph.org



II. P-graph in the Optimization of 
Industrial Processes
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Outline

Smart City
• St. Margareten – Energy supply 

planning
• Graz - RegiOpt Energy 

Management
• Freistadt – Brewery
• Margaret bridge – Resource 

Allocation
• Barion – Micro payment
• Békéscsaba - EMAX tailored 

tourist program planner
• Veszprém - ORENBI Electronic 

workflow management
• IBM - MMM Mobile workforce 

management

121

Intelligent Logistic Systems

• PLT – Route Planning
• M4 – Underground scheduling
• Bakonyi Erőmű – Fuel supply 

scheduling
• 5 Stras – Vehicle scheduling
• MOL – ProdSim
• 5 stars – Vehicle Assigment
• BKV – Bus maintenance scheduling
• Flextronics – Production Scheduling
• Foxconn – Production line balancing
• Sagemcom – Energy Distribution 

Planning and Control 



II.1 Smart City Projects
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PE-TU Graz: St. Margarethen: 
Design of regional energy supply system

2005

St. Margarethen, Burgenland, Austria

– Raw materials: wet corn, corn cobs, electricity, 
fast grown wood, forest wood, heat

– Demands: electricity, heating

– Operating units: biogas site, existing and new 
dryer for wood and corn, pelletizer, heater, 
organic Rankine cycle plant, synthetic natural 
gas production, burner

– Demand: 

• 7.2 TJ/year of electricity and 

• 18 TJ/year of heat
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124
124

PE-TU Graz: Web application for
regional energy supply system design

2005
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PE- TU Graz: Freistadt brewery 
providing heat (as well)

2010

125

Brewery

3,300 MWh/yr

Historic
city center
13,800 MWh/yr
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Resource-task assignment
2010

• Given

– Scheduling and resource needs of 
tasks

– Availability of resources

• Result

– Optimal resource scheduling

• Application

– Construction subcontractor 
scheduing (Reconstruction of 
Margaret bridge)
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PE - SenseNet:  Minimoney (Barion)
2011

                                    

Server based (online) e-money system
• Simple
• 0.5% transaction fee or less
• Multiple platforms (card, internet, mobile) 
• Anonim

128
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EMAX: Tailored tourist program planner
2012

130
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ORENBI: Process and document template based 
workflow and resource distribution 

optimization 2015-
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ORENBI application: Veszprém 
compliant management system v2
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PE – IBM: Mobil workforce 
management

2016

134

Smart city operation pilot application



II.2 Development of Intelligent 
Logistic Systems
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PLT Group: Route planning
2007

136

 Part of original route  Part of optimized route

• 7.7% reduction in the total cost 

• 6.7% reduction in the CO2 emission
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M4: Metro construction
2008
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PE – M4: Train scheduling software

138
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PE-BKV: Bus maintenance scheduling 
2009

• Defined
– Time table, state of vehicle and 

risk of failure

• Result
– Optimla maintenance scheduling

• Application
– Scheduling of daytime 

maintenance of local buses

141
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Warehouse preparation

↓

Assembly

↓

Testing

↓

Packaging

↓

Product delivery

PE – Flextronics: 
Computer assembly scheduling

2011

142142
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Production time (h) Average M3 time (h)M3 shorter than 6 hours (%)
0
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Production 
Scheduling 

(Shorter is better) (Shorter is better) (Taller is better)

Case study: Each parameter improved
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Optimized
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PE – Foxconn: Line balancing
2016
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Economic Evaluation

• Satisfying all the demands of the secondary 
consumers: 14% more energy is sold

• Due to the price for higher service level: the 
total income is increased by 14.5%

• As a result: 
The payback period is shortened from 7 to 6 
years
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Outline

Smart City
• St. Margareten – Energy supply 

planning
• Graz - RegiOpt Energy 

Management
• Freistadt – Brewery
• Margaret bridge – Resource 

Allocation
• Barion – Micro payment
• Békéscsaba - EMAX tailored 

tourist program planner
• Veszprém - ORENBI Electronic 

workflow management
• IBM - MMM Mobile workforce 

management

149

Intelligent Logistic Systems

• PLT – Route Planning
• M4 – Underground scheduling
• Bakonyi Erőmű – Fuel supply 

scheduling
• 5 Stras – Vehicle scheduling
• MOL – ProdSim
• 5 stars – Vehicle Assigment
• BKV – Bus maintenance scheduling
• Flextronics – Production Scheduling
• Foxconn – Production line balancing
• Sagemcom – Energy Distribution 

Planning and Control 



III. Combinatorial Techniques in 
Process Network Synthesis



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Outline

III.1 Source of complexity:
Combinatorial nature of the problem

III.2 Combinatorial tools

III.3 Algorithmic Generation of the Maximal Structure

III.4 Algorithmic Generation of the Solution Structures

III.5 Accelerated branch & bound algorithm for solving 
PNS problems

III.6 Process Network Synthesis: Branch & Bound



III.1 Source of complexity:
Combinatorial nature of the 

problem
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Introduction

MINLP

min g(x,y)

s.t.

f(x, y)£0

xÂn
 , y{0, 1}m

• Most MINLP model can not represent a practical problem.

• Additional information is embedded implicitly in the model of 
a practical problem.

• Idea: this information can effectively control the procedure.
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Illustrative example 
PNS 1

Operating units:

Product: A

Raw materials: E, G, J, K, L

1C
F

A
1C

F

A
2D

A

B
2D

A

B
3 C

E

F
3 C

E

F

6J F6J F

Feasible flowsheet

7
K

L
H7

K

L
H5

G

H
D4

C

D

F

G
4

C

D

F

G

3

4 D

E

F

G

C 1

F

A
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Example PNS 1

• Product: A

• Raw materials: E, G, J, K, L

• Plausible operating units
Type Inputs Outputs

1 C A, F

2 D A, B

3 E, F C

4 F, G C, D

5 G, H D

6 J F

7 K, L H

155
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Example PNS 1

Number of 
• operating units: 7

• binary variables: 7

• combinations: 127 (=27-1)
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Synthesis of an Industrial Process 
(Example PNS 2)

• Product: A61

• Raw materials: A1, A2, A3, A4, A6, A7, A8, A11, A15, 
A17, A18, A19, A20, A23, A27, A28, A29, A30, A34, 
A43, A47, A49, A52, A54
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Plausible Operating Units 

No. Type Inputs Outputs

1 Feeder A1 A5

2 Reactor A2, A3, A4 A9

3 Reactor A3, A4, A6, A11 A10

4 Reactor A3, A4, A5 A12

5 Reactor A3, A4, A5 A13

6 Reactor A7, A8, A14 A16

7 Reactor A8, A14, A18 A16

8 Separator A9, A11 A21, A22, A24

9 Separator A10, A11 A22, A24, A37

10 Separator A12 A25, A26

11 Separator A13 A25, A31

12 Dissolver A15, A16 A32
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Plausible Operating Units (Cont’d)

No. Type Inputs Outputs

13 Reactor A14, A17, A18, A19, A20 A33

14 Reactor A6, A21 A35

15 Washer A22, A23 A48

16 Washer A5, A24 A36

17 Separator A5, A11, A25 A37, A38, A39

18 Separator A11, A26 A40, A42

19 Reactor A14, A27, A28, A29, A30 A41

20 Separator A11, A31 A40, A42

21 Centrifuge A32 A44, A45

22 Washer A33, A34 A46

23 Separator A36 A14, A48

24 Separator A38 A14, A48
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Plausible Operating Units (Cont’d)

No. Type Inputs Outputs

25 Filter A41 A50, A51

26 Washer A43, A44 A53

27 Filter A46 A55, A56

28 Separator A47, A48 A5, A57

29 Separator A48, A49 A5, A58

30 Separator A50 A59, A60

31 Dryer A51, A54 A61

32 Dryer A52, A53 A61

33 Dryer A54, A55 A61

34 Distillation A59 A62, A63

35 Separator A60 A64, A65
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Example PNS 2

Number of

• operating unit: 35

• binary variables: 35

• combinations: 34
billion

• subproblems at a B&B (worst case): 130 million

161



III.2 Combinatorial tools
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P-graph framework

Rigorous technique is based on combinatorics, especially on 
the following items:

– P-graph

New structure representation.

– Axioms

The fundamental properties of combinatorially feasible 
process structures

– Algorithms

Effective and rigorous combinatorial algorithms for 
process synthesis

163
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P-Graph Representation of a 
Synthesis Problem  PNS 2

Notations

raw materials:

product:

intermediates:

operating units:
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Axioms of Combinatorialy 
Feasible Process Structures 

For given process synthesis problem, a P-graph satisfying the 
following five axioms is a combinatorially feasible structure.
(S1) Every final product is represented in the structure.

(S2) A material represented in the structure is a raw material if and 
only if it is not an output of any operating unit represented in 
the structure.

(S3) Every operating unit represented in the structure is defined in 
the synthesis problem.

(S4) Any operating unit represented in the structure has at least one 
path leading to a product.

(S5) If a material belongs to the structure, it must be an input to or 
output from at least one operating unit represented in the 
structure.
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Combinatorially Feasible 
Structures: Example PNS 1

Operating units given:

166
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Combinatorially Feasible Structures Of 
Example PNS 1

167

Structure #1 Structure #2 Structure #3

Structure #9

Structure #5

Structure #6 Structure #7 Structure #8

Structure #4
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Combinatorially Feasible Structures Of 
Example PNS 1 (Cont’d)

168

Structure #10 Structure #12Structure #11

Structure #13 Structure #15Structure #14 Structure #16
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Combinatorially Feasible Structures Of 
Example PNS 1 (Cont’d)
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Structure #17 Structure #19Structure #18
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Industrial Process 
(Example PNS 2)

• The five axioms reduce the 

34 billion combinations of the operating units to

3,465 combinatorially feasible structures.

The optimal solution is included in the set of 3465 
feasible structures.

170
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Maximal Structure

• The union of all combinatorially feasible structures is 
called the maximal structure.

• The maximal structure is a rigorous super-structure.
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Maximal Structure Of The Illustrative 
Example PNS 1 

173



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Algorithm MSG: Generation Of 
The Maximal Structure

• Input:

Synthesis problem given by

– set of raw materials

– set of products

– set of candidate operating units

• Output:

maximal structure
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Formal Description Of The 
Combinatorial Component Of PNS

• Let a finite set of materials M be given.

• The combinatorial components of a PNS problem is 
given by triplet (P,R,O)

where

- PM is the set of products to be produced

- RM is the set of raw materials

- O(M)x(M) is the set of operating units.

• It is assumed that PR=.
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Formal Definition: P-graph

• A P-graph can be considered as a directed bipartite graph.
M is the set of materials
O is the set of operating units, where
O(M)(M), OM=

• If (,)O, then,  is the input set, and  is the output set of 
this operating unit.

• Pair (M,O) is defined to be a P-graph with the set of vertices 
MO and the set of arcs

{(x,y):y=(,)O & x}  {(y,x):y=(,)O & x}.
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P-graph: Example

• m={A, B, C, D, F, G, J}

• o={O2=({D}, {A, B}), O4=({F, G}, 
{C, D}), O6=({J}, {F})}

177

• P-graph (m, o)
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Structural Mappings

For a P-graph (m,o) let
• +(o) =  : (, )  o the set of materials, each of which is an 

output from at least one operating unit in set o

• (o) =  ( ) : (, )  o yields the set of materials, each of 
which is either an input to or an output from at least one 
operating unit in set o

• +(m) = {(, ):   m  } the set of operating units, each of 
which consumes at least one material in set m

• m1 o m2 if and only if m2 = +(+(m1)  o)

•  o
*  be the reflexive, transitive closure of o
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Axioms of Combinatorially 
Feasible Process Structures

P-graph (m,o) is a combinatorially feasible structure of PNS problem (P, R, O) if 

it satisfies axioms given below:

(S1) Every final product is represented in the structure, i.e., 

(S2) A vertex of the M-type has no input if and only if it represents a raw 
material, i.e.  

(S3) Every vertex of the O-type represents an operating unit defined in the 
synthesis problem, i.e. 

(S4) Every vertex of the O-type has at least one path leading to a vertex of the 
M-type representing a final product, i.e. there is such an m’ that            

               and 

(S5) If a vertex of the M-type belongs to the graph, it must be an input to or 
output from at least one vertex of the O-type in the graph, i.e. 
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Algorithm MSG: 
The Maximal Structure Generator

inputs:  sets M, P,R, O;
comment:  PM, RM, Op(M)p(M), OM=, PR=;
output: maximal structure (m,o) of synthesis problem (P, R, O);

begin
reduction part of the algorithm;
composition part of the algorithm;

end

• Note: The complexity of algorithm MSG is  polynomial.
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st1: O:=O\-(R);
st2: M:= (O);
st3: r:= -(O)\( +(O)R);
lp4: while r is not empty do

begin
let x be an element of r;
M:=M\{x};
o:= +({x});
O:=O\o;
r:=(r( +(o)\ +(O)))\{x};

end;
co5:if PMP then stop; 

comment: there is no maximal structure;

MSG: Reduction part
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st6: p:=P; m:= ; o:= ;
lp7: while p is not empty do

begin
let x be an element of p;
m:=m{x};
ox:= -({x});

o:=o ox;

p:=(p -(ox))\(Rm);

end;
st8: m:= (o);

MSG: Composition part
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MSG: Example

• Materials: M={A, B, C, D, E, F, G, H, I, J, K, L, M,N, Q, T, 
U, V}

• Product: P={B}

• Raw materials: R={F, H, M, T}

• Operating units: O={O1=({C}, {A}), O2= 
({D}, {B,G}), O3=({E}, {B, U}), O4=({F, G}, {C, D}), 
O5=({G, H}, {D, E}), O6=({H, I}, {E}), O7=({J, K}, {E}), 
O8=({M}, {G}), O9=({N, Q}, {H}), O10=({T, U}, {I}), 
O11=({V}, {J})}.
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Input structure for algorithm MSG
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Structure generated by 
statements st1 (-(R)={O9})
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Structure generated by 
statements st2
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Structure generated by 
first iteration of lp4 (x=K)
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Structure generated by 
second iteration of lp4  (x=V)
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Structure after the 
first iteration of loop lp7 (x=B)
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Structure after the 
second iteration of loop lp7 (x=D)
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Structure after the 
third iteration of loop lp7 (x=G)
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Structure after the 
fourth iteration of loop lp7 (x=E)
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Structure after the 
fifth iteration of loop lp7 (x=I)
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Output of algorithm MSG: The 
Maximal Structure
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Decision-mapping

• The axioms are not in procedural form to 
generate process structures: additional tool is 
required

• Decision-mapping is a novel mathematical 
notion to render the complex decisions in 
process synthesis consistent and complete.
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Formal Definition: Decision Mapping

• Mapping or function is a subset of a Cartesian product of 
domain D and range R.

• Function f is a set of pairs (x, y) where xD and y=f(x)R; this 
set of pairs is denoted by f[D].

• Let  be a mapping from M to the set of subsets of O, i.e., 
[M]M(O). This mapping determines the set of 
operating units producing material X for any XM.

• (X)={(, ):(, )O and X} where
m is a subset of M X is an element of m.

• [m]={(X, (X)):Xm} is a decision mapping on m if (X) is a 
subset of (X) for each Xm. 
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Decision Mapping: Example

(A) ={ ({B, C}, {A}), ({F}, {A, C}) }

(B) ={ ({D, E}, {B, C}) }

(C) ={ ({D, E}, {B, C}), ({F}, {A, C}) }

Maximal decision mapping  represents the whole structure 
where [{A, B, C, D, E,}]={(A, (A)), (B, (B)), (C, (C)),

(D, (D)), (E, (E)), (F, (F))}
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Decision Mapping: Example Cont’d

(A) ={ ({B, C}, {A}) }

(B) ={ ({D, E}, {B, C}) }

Decision mapping 1 represents a substructure where

1[{A, B}] = {(A, 1(A)), (B, 1(B))}
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Algorithm SSG for Generating All 
Solution-structures of a Synthesis 

Problem

• Input:
Maximal structure

• Output:
All solution-structures of the synthesis 
problem
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Algorithm SSG for Generating All 
Solution-structures of a Synthesis 

Problem

input: M, P, R, [M];
comment: P, R, [M] belong to synthesis problem (P, R, O), where

PM, RM, PR = , (x) = {(, )(, )O  x}, (x) =   
xR,
[M] = {(x, (x))xM}, [m] is a decision-mapping on (M, O);

output: all solution-structures of synthesis problem (P, R, O);
global variables: R, [M];

begin
if P =  then stop;

SSG(P, , )
end
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Algorithm SSG for Generating All 
Solution-structures of a Synthesis 

Problem

procedure SSG( p, m, [m] ) begin
if p =  then begin 

write [m]; comment: [m] defines a solution-structure; 
return;

end
let xp;
C:= ((x))\{};
for all cC do begin

if ym, c((x) \ (y)) =  and ((x)\c)(y) =  then begin
    [m{x}]:= [m]{(x, c)};
    SSG( (p-(c))\(Rm{x}), m{x}, [m{x}]);
end

end
return;

end
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Steps of Algorithm SSG for 
Synthesis Problem PNS1

procedure SSG( p, m, [m] ) begin
if p =  then begin 

write [m];return; 
end
let xp;
C:= ((x))\{};
for all cC do begin

if ym, c((x) \ (y)) =  
and ((x)\c)(y) =  then begin
    [m{x}]:= [m]{(x, c)};
    SSG( (p-(c))\(Rm{x}), m{x}, [m{x}]);
end

end
return;

end
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procedure SSG( p, m, [m] )  m] )  p={A}, m=
begin
if p =  then begin write [m] )  m];  p={A}

return end
let xp;  p={A}, x=A;
C:= ((x))\{};  (A)={2 ,1}
for all cC do  C={ {1}, {2}, {1, 2} }, c={1}

begin 
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m=, c={1}, (A)={2 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m= , x=A, c={1}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={A}, matin ({1}) ={C}, R={E, J, G, K,  L}
    m=, x=A
    end
end

return
end

Depth of recursion: 0

{1}*, {2}, {1, 2} 



 [m] )  ] =  

204



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

procedure SSG( p,  m, [m] )  m] )  p={C}, m={A}
begin
if p =  then begin write [m] )  m];  p={C}

return end
let xp;  p={C}, x=C;
C:= ((x))\{};  (C)={4 ,3}
for all cC do  C={ {3}, {4}, {3, 4} }, c={3}

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A}, c={3}, (C)={4 ,3}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A} , x=C, c={3}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={C}, matin ({3}) ={E, F}, R={E, J, G, K,  L}
    m={A}, x=C
    end
end

return
end

[m] )  {A}] 

Depth of recursion: 1

{1}*, {2}, {1, 2} 

{3}*, {4}, {3, 4}
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={1}

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A, C}, c={1}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A, C} , x=F, c={1}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={F}, matin ({1}) ={C}, R={E, J, G, K,  L}
    m={A, C}, x=F
    end
end

return
end

[m] )  {A, C}] 

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}*, {4}, {3, 4}

{1}*, {6}, {1, 6}





E

C

F

A

1

3
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procedure SSG( p,  m, [m] )  m] )  p=, m={A, C, F}
begin
if p =  then begin write [m] )  m];  p= 

return end
let xp; 
C:= ((x))\{}; 
for all cC do

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)}; 
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C, F}] 

Depth of recursion: 3

{1}*, {2}, {1, 2} 

{3}*, {4}, {3, 4}

{1}*, {6}, {1, 6}





E

C

F

A

1

3

Solution 1
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={6}

begin         
if ym, c((x)\(y)) =   ((x)\c)(y) =   false
m={A, C}, c={6}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C}]

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}*, {4}, {3, 4}

{1}, {6}*, {1, 6}
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={1, 6}

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A, C}, c={1, 6}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A, C} , x=F, c={1, 6}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={F}, matin ({1, 6}) ={C, J}, R={E, J, G, K,  L}
    m={A, C}, x=F
    end
end

return
end

[m] )  {A, C}] 

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}*, {4}, {3, 4}

{1}, {6}, {1, 6}*
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procedure SSG( p,  m, [m] )  m] )  p=, m={A, C, F}
begin
if p =  then begin write [m] )  m];  p= 

return end
let xp; 
C:= ((x))\{}; 
for all cC do

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)}; 
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C, F}]

Depth of recursion: 3

{1}*, {2}, {1, 2} 

{3}*, {4}, {3, 4}

{1}, {6}, {1, 6}*
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} } 

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C}]

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}*, {4}, {3, 4}

{1}, {6}, {1, 6}*
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procedure SSG( p,  m, [m] )  m] )  p={C}, m={A}
begin
if p =  then begin write [m] )  m];  p={C}

return end
let xp;  p={C}, x=C;
C:= ((x))\{};  (C)={4 ,3}
for all cC do  C={ {3}, {4}, {3, 4} }, c={4}

begin           
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A}, c={4}, (C)={4 ,3}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A} , x=C, c={4}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={C}, matin ({4}) ={F, G}, R={E, J, G, K,  L}
    m={A}, x=C
    end
end

return
end

[m] )  {A}]

Depth of recursion: 1

{1}*, {2}, {1, 2} 

{3}, {4}*, {3, 4}





C

A

1

F
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={1}

begin           
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A, C}, c={1}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A, C} , x=F, c={1}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={F}, matin ({1}) ={C}, R={E, J, G, K,  L}
    m={A, C}, x=F
    end
end

return
end

[m] )  {A, C}]

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}*, {3, 4}

{1}*, {6}, {1, 6}
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procedure SSG( p,  m, [m] )  m] )  p=, m={A, C, F}
begin
if p =  then begin write [m] )  m];  p= 

return end
let xp; 
C:= ((x))\{}; 
for all cC do

begin            _ 
if ym, c(y) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)}; 
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C, F}]

Depth of recursion: 3

{1}*, {2}, {1, 2} 

{3}, {4}*, {3, 4}

{1}*, {6}, {1, 6}
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={6}

begin          
if ym, c((x)\(y)) =   ((x)\c)(y) =   false
m={A, C}, c={6}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C}]

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}*, {3, 4}

{1}, {6}*, {1, 6}
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={1, 6}

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A, C}, c={1, 6}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A, C} , x=F, c={1, 6}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={F}, matin ({1, 6}) ={C, J}, R={E, J, G, K,  L}
    m={A, C}, x=F
    end
end

return
end

[m] )  {A, C}]

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}*, {3, 4}

{1}, {6}, {1, 6}*
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procedure SSG( p,  m, [m] )  m] )  p=, m={A, C, F}
begin
if p =  then begin write [m] )  m];  p= 

return end
let xp; 
C:= ((x))\{}; 
for all cC do

begin      
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)}; 
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C, F}]

Depth of recursion: 3

{1}*, {2}, {1, 2} 

{3}, {4}*, {3, 4}

{1}, {6}, {1, 6}*





4

C

J

F G

D

A

1

6
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} } 

begin           
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C}]

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}*, {3, 4}

{1}, {6}, {1, 6}*
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procedure SSG( p,  m, [m] )  m] )  p={C}, m={A}
begin
if p =  then begin write [m] )  m];  p={C}

return end
let xp;  p={C}, x=C;
C:= ((x))\{};  (C)={4 ,3}
for all cC do  C={ {3}, {4}, {3, 4} }, c={3, 4}

begin             
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A}, c={3, 4}, (C)={4 ,3}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A} , x=C, c={3, 4}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={C}, matin ({3, 4}) ={E, F, G}, R={E, J, G, K,  L}
    m={A}, x=C
    end
end

return
end

[m] )  {A}]

Depth of recursion: 1

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*





C

A

1

F
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={1}

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) =    true
m={A, C}, c={1}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A, C} , x=F, c={1}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={F}, matin ({1}) ={C}, R={E, J, G, K,  L}
    m={A, C}, x=F
    end
end

return
end

[m] )  {A, C}] 

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*

{1}*, {6}, {1, 6}
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procedure SSG( p,  m, [m] )  m] )  p=, m={A, C, F}
begin
if p =  then begin write [m] )  m];  p= 

return end
let xp; 
C:= ((x))\{}; 
for all cC do

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)}; 
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C, F}] 

Depth of recursion: 3

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*

{1}*, {6}, {1, 6}
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={6}

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) =   false
m={A, C}, c={6}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C}] 

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*

{1}, {6}*, {1, 6}
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procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} }, c={1, 6}

begin             
if ym, c((x)\(y)) =   ((x)\c)(y) =   true
m={A, C}, c={1, 6}, (F)={6 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m={A, C} , x=F, c={1, 6}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={F}, matin ({1, 6}) ={C, J}, R={E, J, G, K,  L}
    m={A, C}, x=F
    end
end

return
end

[m] )  {A, C}] 

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*

{1}, {6}, {1, 6}*
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procedure SSG( p,  m, [m] )  m] )  p=, m={A, C, F}
begin
if p =  then begin write [m] )  m];  p= 

return end
let xp; 
C:= ((x))\{}; 
for all cC do

begin             
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)}; 
    SSG(p- c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C, F}]

Depth of recursion: 3

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*

{1}, {6}, {1, 6}*





4

E

C

J

F G

D

A

1

3

6

Solution 6

224



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

procedure SSG( p,  m, [m] )  m] )  p={F}, m={A, C}
begin
if p =  then begin write [m] )  m];  p={F}

return end
let xp;  p={F}, x=F;
C:= ((x))\{};  (F)={6 ,1}
for all cC do  C={ {1}, {6}, {1, 6} } 

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A, C}] 

Depth of recursion: 2

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*

{1}, {6}, {1, 6}*
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procedure SSG( p,  m, [m] )  m] )  p={C}, m={A}
begin
if p =  then begin write [m] )  m];  p={C}

return end
let xp;  p={C}, x=C;
C:= ((x))\{};  (C)={4 ,3}
for all cC do  C={ {3}, {4}, {3, 4} }

begin            
if ym, c((x)\(y)) =   ((x)\c)(y) = 
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    end
end

return
end

[m] )  {A}]

Depth of recursion: 1

{1}*, {2}, {1, 2} 

{3}, {4}, {3, 4}*





C

A

1
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procedure SSG( p, m, [m] )  m] )  p={A}, m=
begin
if p =  then begin write [m] )  m];  p={A}

return end
let xp;  p={A}, x=A;
C:= ((x))\{};  (A)={2 ,1}
for all cC do  C={ {1}, {2}, {1, 2} }, c={2}

begin             
if ym, c((x)\(y)) =   ((x)\c)(y) =    true
m=, c={2}, (A)={2 ,1}
  then
    begin
    [m] )  m{x}]:= [m] )  m]{(x, c)};  m= , x=A, c={2}
    SSG(p-(c))\(Rm{x}), m{x}, [m] )  m{x}])
    p={A}, matin ({2}) ={D}, R={E, J, G, K,  L}
    m=, x=A
    end
end

return
end

Depth of recursion: 0

{1}, {2}*, {1, 2} 




[m] )  ] =  
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Recursive Steps of Algorithm SSG
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Number Depth of Parameter Parameter Parameter Remark
of call recursion p m [m]

1 0 {A}   Initial call
2 1 {C} {A} {(A,{1})}
3 2 {F} {A,C} {(A,{1}),(C,{3})}
4 3  {A,C,F} {(A,{1}),(C,{3}),(F,{1})} Solution #1
5 3  {A,C,F} {(A,{1}),(C,{3}),(F,{1,6})} Solution #2
6 2 {F} {A,C} {(A,{1}),(C,{4})}
7 3  {A,C,F} {(A,{1}),(C,{4}),(F,{1})} Solution #3
8 3  {A,C,F} {(A,{1}),(C,{4}),(F,{1,6})} Solution #4
9 2 {F} {A,C} {(A,{1}),(C,{3,4})}

10 3  {A,C,F} {(A,{1}),(C,{3,4}),(F,{1})} Solution #5
11 3  {A,C,F} {(A,{1}),(C,{3,4}),(F,{1,6})} Solution #6
12 1 {D} {A} {(A,{2})}
13 2 {F} {A,D} {(A,{2}),(D,{4})}
14 3  {A,D,F} {(A,{2}),(D,{4}),(F,{6})} Solution # 7
15 2 {H} {A,D} {(A,{2}),(D,{5})}
16 3  {A,D,H} {(A,{2}),(D,{5}),(H,{7})} Solution #8
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Recursive Steps of Algorithm SSG 
(Cont’d)

229

Number  Depth of     Parameter Parameter Parameter Remark
 of call     recursion   p        m     [m]
17 2 {F,H} {A,D} {(A,{2}),(D,{4,5})}

  18 3 {H} {A,D,F} {(A,{2}),(D,{4,5}),(F,{6})}
  19 4  {A,D,F,H} {(A,{2}),(D,{4,5}),(F,{6}),(H,{7})} Solution #9
  20 1 {C,D} {A} {(A,{1,2})}
  21 2 {D,F} {A,C} {(A,{1,2}),(C,{3})}
  22 3 {F,H} {A,C,D} {(A,{1,2}),(C,{3}),(D,{5})}
  23 4 {H} {A,C,D,F} {(A,{1,2}),(C,{3}),(D,{5}),(F,{1})}
  24 5  {A,C,D,F,H} {(A,{1,2}),(C,{3}),(D,{5}),(F,{1}),(H,{7})} Solution #10
  25 4 {H} {A,C,D,F} {(A,{1,2}),(C,{3}),(D,{5}),(F,{1,6})}
  26 5  {A,C,D,F,H} {(A,{1,2}),(C,{3}),(D,{5}),(F,{1,6}),(H,{7})} Solution #11
  27 2 {D,F} {A,C} {(A,{1,2}),(C,{4})}
  28 3 {F} {A,C,D} {(A,{1,2}),(C,{4}),(D,{4})}
  29 4  {A,C,D,F} {(A,{1,2}),(C,{4}),(D,{4}),(F,{1})} Solution #12
  30 4  {A,C,D,F} {(A,{1,2}),(C,{4}),(D,{4}),(F,{1,6})} Solution #13
  31 3 {F,H} {A,C,D} {(A,{1,2}),(C,{4}),(D,{4,5})}
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Recursive Steps of Algorithm SSG 
(Cont’d)

230

Number Depth of Parameter Parameter Parameter Remark
of call recursion p m [m]
32 4 {H} {A,C,D,F} {(A,{1,2}),(C,{4}),(D,{4,5}),(F,{1})}
33 5  {A,C,D,F,H} {(A,{1,2}),(C,{4}),(D,{4,5}),(F,{1}),(H,{7})} Solution #14
34 4 {H} {A,C,D,F} {(A,{1,2}),(C,{4}),(D,{4,5}),(F,{1,6})}
35 5  {A,C,D,F,H} {(A,{1,2}),(C,{4}),(D,{4,5}),(F,{1,6}),(H,{7})} Solution #15
36 2 {D,F} {A,C} {(A,{1,2}),(C,{3,4})}
37 3 {F} {A,C,D} {(A,{1,2}),(C,{3,4}),(D,{4})}
38 4  {A,C,D,F} {(A,{1,2}),(C,{3,4}),(D,{4}),(F,{1})} Solution #16
39 4  {A,C,D,F} {(A,{1,2}),(C,{3,4}),(D,{4}),(F,{1,6})}   Solution #17
40 3 {F,H} {A,C,D} {(A,{1,2}),(C,{3,4}),(D,{4,5})}
41 4 {H} {A,C,D,F} {(A,{1,2}),(C,{3,4}),(D,{4,5}),(F,{1})}
42 5  {A,C,D,F,H} {(A,{1,2}),(C,{3,4}),(D,{4,5}),(F,{1}),(H,{7})} Solution #18
43 4 {H}        {A,C,D,F} {(A,{1,2}),(C,{3,4}),(D,{4,5}),(F,{1,6})}
44 5  {A,C,D,F,H} {(A,{1,2}),(C,{3,4}),(D,{4,5}),(F,{1,6}),(H,{7})} Solution #19



III.5 Accelerated branch & bound 
algorithm for solving PNS problems
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On the Branch-and-bound Algorithm

• Branch-and-bound search is a possible way for solving 
the MILP or MINLP problems.

• Branch-and-bound generates the optimal solution by 
solving a system of simplified LP or NLP partial 
problems by successively partitioning the solution set.

• Suppose that a binary variable expresses the existence 
or absence of an operating unit (the value is 1 for the 
former and 0 for the latter).
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The Basic Branch-and-bound Search 
Illustrated on an Enumeration Tree

operating unit #3

operating unit #2

operating unit #11 0

1 0 1 0

1 1 1 100 0 0

Level 0

Level 1

Level 2

Level 3

Notation:

1 existence or inclusion of the corresponding operating unit

0 absence or exclusion of the corresponding operating unit
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Illustration of the inefficiency of the 
basic branch-and-bound algorithm

Worst case with a simple example: Example PNS 1 (7 operating units).

234

op #1

#2

#3

#4

#5

#6

#7

1

1 1

1 1 1

1 1 1 1 1 1

1

1 10 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

111111111 1111111111

0 0 0 0 0 0 00 0 0 0 00 0 0 0 0 0 00 0 00 00 0 0 0 0 0 0 0 00 0

0 0 0 0 0 0 00 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0111111111

0 0 0 0 0 0

000

00

0

S1 S0

S11 S10 S01

S110 S101 S100 S011 S010

S00

S111

Note: Each node of the tree represents one LP (or NLP) problem.

infeasible structure
combinatorially feasible structure
combinatorially feasible but
redundant structure
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Note: In the worst case, 157 partial problems 
are examined to determine the optimal solution 
which is always among the 19 combinatorially 
feasible structures.
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Example PNS 2

(Industrial synthesis problem with 35 operating units)

Number of partial problems generated by the basic 
branch-and-bound algorithm:

130 million

Number of combinatorially feasible structures:

3465

Note: The large ratio shows high inefficiency.
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General Properties of the Branch-and-
bound Framework in Solving PNS

The basic branch-and-bound algorithm is inefficient in 
solving a process synthesis problem because:

– it leads to a large number of partial problems,

– each partial problem has an unnecessarily, large 
number of free variables.
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Accelerated Branch and Bound 
Algorithm

• Reduce the size of an individual subproblem 
through exclusion of those operating units that 
should not be included in any feasible solution of 
the subproblem

• Speeds up the generation of the optimal solution 
by minimizing the number of subproblems to be 
solved
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Illustrative Example for Branching by 
ABB

Maximal structure

Product: A

Raw materials: C, G, H, I
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Partial Problems Generated on the 
Basis of the Production of a Material

Relation between the operating units and a partial problem

included in each structure (based on decision)

included in each structure (based on neutral extension)

excluded from each structure (based on decision)

not decided (based on decision)
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Enumeration Tree for the Accelerated 
Branch-and-bound (Worst Case)
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Illustrative Example for Branching 
by ABB

Maximal structure

Product: A

Raw materials: E, G, J, K, L
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excluded by decision

undecided
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Enumeration Tree (Worst Case)
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(Structure S17) 
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included by decision

included by neutral extension

excluded by decision

undecided
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Partial problem #27  #31 
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included by decision

included by neutral extension

excluded by decision

undecided



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Enumeration Tree (Worst Case)
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included by decision

included by neutral extension

excluded by decision

undecided
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Enumeration Tree (Worst Case)
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(Structure S18) 
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Enumeration Tree (Worst Case)
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

B&B vs. ABB

Computational effort required by the basic and 
accelerated branch-and-bound algorithms in the worst 
case for Example PNS 2.

Number of partial problems:

Branch-and-bound algorithm: 130 million

Accelerated branch-and-bound algorithm: 8008
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

P-graph Framework: Algorithms 
(Friedler et al., 1992, 1993, 1995)

• Algorithm MSG (Maximal Structure Generation)
generates the rigorous superstructure: the union of 
the combinatorially feasible structures.

• Algorithm SSG (Solution-Structure Generator)
generates each combinatorially feasible structure 
exactly once.

• Algorithm ABB (Accelerated Branch and Bound)
generates the n-best solutions of the problem while 
the search space is reduced to the set of 
combinatorially feasible structures. 
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hozzáférhetőségének együttes javítása 
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Model Parameters

Sets of materials:

• Set of product materials: P

• Set of raw materials: R

• Lower bound on gross production:

• Upper bound on gross production:

• Upper bound on gross consumption:

• Material price: cmj
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Model Parameters Cont’d

Set of opreating units:
• Set of operating units: O

• Capacity upper bound: ui

• Fix cost: cfi

• Proportional cost: cpi

Relations of materials and operating units:
• aji denotes the difference between the production and 

consumption rate of material mj by operating unit oi
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x
1

PNS: Mathematical Model
(Friedler et al., 1992, 1993, 1995)

• Mass balance constraints:
x

1
a

j,1
 + x
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 x

3
a

j,3

• Cost:
cp
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• In the relaxed model:
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Computer Aided Process Synthesis: 
 Estimate Fixed and Proportional Cost
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hozzáférhetőségének együttes javítása 
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Additional Notations Cont’d

• Set of materials involved in the optimal solution: m*

• Set of operating units involved in the optimal solution: o*

• Optimal solution of the problem: x*

• Objective value of the optimal solution: z*

• Lower bound on material balance:

• Upper bound on material balance:
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hozzáférhetőségének együttes javítása 
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Problem definition
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The aim is to determine the 
network (m*,o*,x*,z*) which 
satisfies the following 
conditions and z* is minimal:
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QSopt Linear Programming Solver

• Aviable : 
https://www.math.uwaterloo.ca/~bico/qsopt/
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Illustrative Example: 4 unit strcuture

Operating unit Input materials Output materials 

O1 C (5) A (4), G (1) 

O2 D (9) A (8), B (1) 

O3 E (4), G (1) C (5) 

O4 F (10) C (1), D (9) 
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
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Illustrative Example: 4 unit strcuture
(Cont’d)

322

Operating unit Fixed cost (a) Proportional cost (b) 
O1 4 1 
O2 3 1 
O3 2 1 
O4 2 0.5 

 
Raw material Price 

E 0.8 
F 1.6 

 
Product Constraint 

A  4 
Raw material Constraint 

E £ 10 
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Illustrative Example: Mathematical 
Programming Model

• Minimize the cost function:

S = x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

• Mass-balance constraints:

– For material C -5x1 + 5 x3 + x4   0

– For material D -9x2 + 9 x4  0

– For material G x1 - x3  0

• Constraints on the product and raw materials:

– For product A 4 x1 + 8 x2  4

– For raw material E 4 x3 £ 10

• Constraint between the continuous and binary variables:

x1 £ y1 M;  x2 £ y2 M; x3 £ y3 M;  x4 £ y4 M where M =10
323
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Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
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Illustrative Example: Initial 
subproblem
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

0<=y1<=1

0<=y2<=1

0<=y3<=1

0<=y4<=1

Objective value:

   5.80000

Variable values:

   x1 = 1.00000

   y1 = 0.10000

   x3 = 1.00000

   y3 = 0.10000
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

Branching
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Illustrative Example: Subproblem #1 
(y1=1)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

0<=y2<=1

0<=y3<=1

0<=y4<=1

Objective value:

   9.40000

Variable values:

   x1 = 1.00000

   y1 = 1.00000

   x3 = 1.00000

   y3 = 0.10000
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hozzáférhetőségének együttes javítása 
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Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4
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Illustrative Example: Subproblem #2 
(y1=0)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

0<=y1<=0

0<=y2<=1

0<=y3<=1

0<=y4<=1

Objective value:

   9.00000

Variable values:

   x2 = 0.50000

   y2 = 0.05000

   x4 = 0.50000

   y4 = 0.05000
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hozzáférhetőségének együttes javítása 
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Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Most promising open subproblem
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hozzáférhetőségének együttes javítása 
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Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Subproblem 4
y1 = 0

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Subproblem 3
y1 = 0

y2 = 1

0 ≤ {y3, y4 } ≤ 1

Branching
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Illustrative Example: Subproblem #3 
(y1=0, y2=1)

333

Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

0<=y1<=0

1<=y2<=1

0<=y3<=1

0<=y4<=1

Objective value:

   11.85000

Variable values:

   x2 = 0.50000

   y2 = 1.00000

   x4 = 0.50000

   y4 = 0.05000
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hozzáférhetőségének együttes javítása 
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Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Subproblem 4
y1 = 0

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Subproblem 3
y1 = 0

y2 = 1

0 ≤ {y3, y4 } ≤ 1

y* = (0, 1, 0, 0.5/M)
S* = 11.58
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Illustrative Example: Subproblem #4 
(y1=0, y2=0)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

0<=y1<=0

0<=y2<=0

0<=y3<=1

0<=y4<=1

Infeasible
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Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Subproblem 4
y1 = 0

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Infeasible

Subproblem 3
y1 = 0

y2 = 1

0 ≤ {y3, y4 } ≤ 1

y* = (0, 1, 0, 0.5/M)
S* = 11.58
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Subproblem 4
y1 = 0

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Infeasible

Subproblem 3
y1 = 0

y2 = 1

0 ≤ {y3, y4 } ≤ 1

y* = (0, 1, 0, 0.5/M)
S* = 11.58Most promising open subproblem
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Node 5
y1 = 1

0 ≤ y2 ≤ 1

y3 = 1

0 ≤ y4 ≤ 1

Subproblem 4
y1 = 0

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Infeasible

Subproblem 3
y1 = 0

y2 = 1

0 ≤ {y3, y4 } ≤ 1

y* = (0, 1, 0, 0.5/M)
S* = 11.58

Node 6
y1 = 1

0 ≤ y2 ≤ 1

y3 = 0

0 ≤ y4 ≤ 1

Branching
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Illustrative Example: Subproblem #5 
(y1=1, y3=1)

339

Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

0<=y2<=1

1<=y3<=1

0<=y4<=1

Objective value:

   11.20000

Variable values:

   x1 = 1.00000

   y1 = 1.00000

   x3 = 1.00000

   y3 = 1.00000

Comment: Feasible (integer values)

Optimal: Better than any open subproblem 
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Node 5
y1 = 1

0 ≤ y2 ≤ 1

y3 = 1

0 ≤ y4 ≤ 1

y* = (1, 0, 1, 0)
x* = (1, 0, 1, 0)

S* = 11.2

Subproblem 4
y1 = 0

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Infeasible

Subproblem 3
y1 = 0

y2 = 1

0 ≤ {y3, y4 } ≤ 1

y* = (0, 1, 0, 0.5/M)
S* = 11.58

Node 6
y1 = 1

0 ≤ y2 ≤ 1

y3 = 0

0 ≤ y4 ≤ 1

BoundingCurrent best
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Illustrative Example: Subproblem #6 
(y1=1, y3=0)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

0<=y2<=1

0<=y3<=0

0<=y4<=1

Objective value:

   12.27273

Variable values:

   x1 = 0.09091

   y1 = 1.00000

   x2 = 0.45455

   y2 = 0.04545

   x4 = 0.45455

   y4 = 0.04545
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hozzáférhetőségének együttes javítása 
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Search tree for the best and 2nd best 
solution of the hypothetical example by the 
conventional branch-and-bound algorithm

Initial subproblem
0 ≤ {y1, y2, y3, y4 } ≤ 1

y* = (1/M, 0, 1/M, 0)
S* = 5.2

Subproblem #2
y1 = 0

0 ≤ {y2 ,y3, y4 } ≤ 1

y* = (1, 0, 1/M, 0)
S* = 9

Subproblem #1
y1 = 1

0 ≤ {y2, y3, y4 } ≤ 1

y* = (0, 0.5/M, 0, 0.5/M)
S* = 9.4

Node 5
y1 = 1

0 ≤ y2 ≤ 1

y3 = 1

0 ≤ y4 ≤ 1

y* = (1, 0, 1, 0)
x* = (1, 0, 1, 0)

S* = 11.2

Subproblem 4
y1 = 0

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Infeasible

Subproblem 3
y1 = 0

y2 = 1

0 ≤ {y3, y4 } ≤ 1

y* = (0, 1, 0, 0.5/M)
S* = 11.58

Node 6
y1 = 1

0 ≤ y2 ≤ 1

y3 = 0

0 ≤ y4 ≤ 1

y* = (1, 0.09/M, 0, 0.45/M) 
S* = 12.27

Optimal 
solution
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Illustrative Example: ABB search tree
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• Subproblems generated according to 
algorithms SSG:
– #1: A produced by O1

• C produced by O3

• C produced by O4

• C produced by both O3 and O4

– #2: A produced by O2

• O4 is included by neutral extension for 
the production of D

– #3: A produced by O1 and O2

• O4 is included by neutral extension for 
the production of D

• C produced by O4

• C produced by both O3 and O4
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Illustrative Example: Initial 
subproblem
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

0<=y1<=1

0<=y2<=1

0<=y3<=1

0<=y4<=1

p={A}: further decision is 
needed

Objective value:

   5.80000

Variable values:

   x1 = 1.00000

   y1 = 0.10000

   x3 = 1.00000

   y3 = 0.10000
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.8

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Illustrative Example: Subproblem #1 
(y1=1, y2=0)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

0<=y2<=0

0<=y3<=1

0<=y4<=1

p={C}: further decision is 
needed

Objective value:

   9.40000

Variable values:

   x1 = 1.00000

   y1 = 1.00000

   x3 = 1.00000

   y3 = 0.10000
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1
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hozzáférhetőségének együttes javítása 
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Illustrative Example: Subproblem #2 
(y1=0, y2=1, y4=1)

348

Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

0<=y1<=0

1<=y2<=1

0<=y3<=1

1<=y4<=1

p={}: no decision is needed

Objective value:

   13.75000

Variable values:

   x2 = 0.50000

   y2 = 1.00000

   x4 = 0.50000

   y4 = 1.00000

Comment: Feasible solution

(Current best)
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a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

x* = (0, 0.5, 0, 0.5)
S* = 13.75

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

Current best



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
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Illustrative Example: Subproblem #3 
(y1=1, y2=1, y4=1)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

1<=y2<=1

0<=y3<=1

1<=y4<=1

p={C}: decision is needed

Objective value:

   14.40000
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

x* = (0, 0.5, 0, 0.5)
S* = 13.75

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

S* = 14.4

Most promising open subproblem
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

x* = (0, 0.5, 0, 0.5)
S* = 13.75

Subproblem #4
y1 = 1

y2 = 0

y3 = 1

y4 = 0

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

S* = 14.4

Subproblem #5
y1 = 1

y2 = 0

y3 = 0

y4 = 1

Subproblem #6
y1 = 1

y2 = 0

y3 = 1

y4 = 1
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hozzáférhetőségének együttes javítása 
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Illustrative Example: Subproblem #4 
(y1=1, y2=0, y3=1, y4=0)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

0<=y2<=0

1<=y3<=1

0<=y4<=0

p={}: no decision is needed

Objective value:

   11.20000

Variable values:

   x1 = 1.00000

   y1 = 1.00000

   x3 = 1.00000

   y3 = 1.00000

Comment: Current best 
feasible solution
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hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

x* = (0, 0.5, 0, 0.5)
S* = 13.75

Subproblem #4
y1 = 1

y2 = 0

y3 = 1

y4 = 0

x* = (1, 0, 1, 0)
S* = 11.2

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

S* = 14.4

Subproblem #5
y1 = 1

y2 = 0

y3 = 0

y4 = 1

Subproblem #6
y1 = 1

y2 = 0

y3 = 1

y4 = 1

Current best
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Illustrative Example: Subproblem #5 
(y1=1, y2=0, y3=0, y4=1)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

0<=y2<=0

0<=y3<=0

1<=y4<=1

p={}: no decision is needed

Objective value:

   89.50000

Variable values:

   x1 = 1.00000

   y1 = 1.00000

   x4 = 5.00000

   y4 = 1.00000

Comment: Feasible solution
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

x* = (0, 0.5, 0, 0.5)
S* = 13.75

Subproblem #4
y1 = 1

y2 = 0

y3 = 1

y4 = 0

x* = (1, 0, 1, 0)
S* = 11.2

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

S* = 14.4

Subproblem #5
y1 = 1

y2 = 0

y3 = 0

y4 = 1

x* = (1, 0, 0, 5)
S* = 89.5

Subproblem #6
y1 = 1

y2 = 0

y3 = 1

y4 = 1
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Illustrative Example: Subproblem #6 
(y1=1, y2=0, y3=1, y4=1)
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Minimize 

obj: x1 + 4 y1 + x2 + 3 y2 + 4.2 x3 + 2 y3 + 16.5 x4 + 2 y4

Subject 

C:  -5 x1 + 5 x3 + x4 >= 0

D: -9 x2 + 9 x4 >=0

G: x1 - x3  >= 0

A: 4 x1 + 8 x2 >= 4

E: 4 x3 <= 10

O1: 10 y1 - x1 >= 0 

O2: 10 y2 - x2 >= 0 

O3: 10 y3 - x3 >= 0 

O4: 10 y4 - x4 >= 0 

Bounds

1<=y1<=1

0<=y2<=0

1<=y3<=1

1<=y4<=1

p={}: no decision is needed
Objective value:

   13.20000

Variable values:

   x1 = 1.00000

   y1 = 1.00000

   x3 = 1.00000

   y3 = 1.00000

   y4 = 1.00000

Comment: Feasible solution
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A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

x* = (0, 0.5, 0, 0.5)
S* = 13.75

Subproblem #4
y1 = 1

y2 = 0

y3 = 1

y4 = 0

x* = (1, 0, 1, 0)
S* = 11.2

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

S* = 14.4

Subproblem #5
y1 = 1

y2 = 0

y3 = 0

y4 = 1

x* = (1, 0, 0, 5)
S* = 89.5

Subproblem #6
y1 = 1

y2 = 0

y3 = 1

y4 = 1

x* = (1, 0, 1, 0)
S* = 13.2
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Search tree for the best and 2nd best 
solution of the hypothetical example by 
algorithm ABB

Subproblem can be 
eliminated since 
better solution 

exists

Initial
0 ≤ {y1, y2, y3, y4 } ≤ 1

S* = 5.2

Subproblem #1
y1 = 1

y2 = 0

0 ≤ {y3, y4 } ≤ 1

S* = 9.4

Subproblem #2
y1 = 0

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

x* = (0, 0.5, 0, 0.5)
S* = 13.75

Subproblem #4
y1 = 1

y2 = 0

y3 = 1

y4 = 0

x* = (1, 0, 1, 0)
S* = 11.2

Subproblem #3
y1 = 1

y2 = 1

0 ≤ y3 ≤ 1

y4 = 1

S* = 14.4

Subproblem #5
y1 = 1

y2 = 0

y3 = 0

y4 = 1

x* = (1, 0, 0, 5)
S* = 89.5

Subproblem #6
y1 = 1

y2 = 0

y3 = 1

y4 = 1

x* = (1, 0, 1, 0)
S* = 13.2
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Optimal structure

Maximal structure Optimal structure: 11.2
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Outline

• Vinyl-Chloride Monomer (VCM) Production: 
Introduction

• P-graph Studio 4.0 Capabilities

• P-graph Studio 4.0 Installation

• Reaction-Network Synthesis for VCM Production
by P-graph Studio

• Computer Aided Process-Network Synthesis

• Process-Network Synthesis for VCM Production
by P-graph Studio
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Vinyl-Chloride Monomer (VCM) 

Production: Introduction

• Vinyl chloride is a major chemical, which essentially serves as the 
monomer for making polyvinyl chloride (PVC).

• There are several patented processes for the manufacture of vinyl 
chloride in the U.S. and other countries.  

• Some 23 million metric tons were produced worldwide in 1997, 
about 26 percent of which was produced in the U.S.  

• The average U.S. plant capacity is about 500,000 metric tons 
(5108 kg)  per year.

• Vinyl chloride monomer and nearly all of the materials used and 
coproduced in its production are flammable and toxic. This 
requires strict limitations on emissions from such plants and on 
the concentrations within the plant working areas.
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More Information on Flowsheet 
Synthesis for VCM Production

• Flowsheet Synthesis and 
Development of
Plant Design and Economics for 
Chemical Engineers
Fifth Edition
Peters, Timmerhaus, and West
Published by McGraw-Hill
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Potential Reaction Pathways to vinyl 
chloride from organic raw materials 

1. Acetylene hydrochlorination

2. Ethylene direct chlorination

3. Ethylene chlorination plus 1,2 dichloroethane pyrolysis

4. Oxychlorination plus 1,2 dichloroethane pyrolysis

5. Chlorination plus oxychlorination plus pyrolysis

365
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P-graph Studio 4 Installation:
Download from 

http://p-graph.org/downloads/
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P-graph Studio 4 Installation:
Execute setup.exe
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P-graph Studio 4 Installation:
Assign permissions to setup.exe
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P-graph Studio 4 Installation:
Update Microsoft .Net if needed
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P-graph Studio 4 Installation:
Allow reboot if needed
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P-graph Studio 4 Installation:
Restart setup.exe after reboot
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P-graph Studio 4 Installation:
 Assign permissions to setup.exe
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P-graph Studio 4 Installation:
Fill in the Registration Form
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P-graph Studio 4 Installation:
Enter Validation Code
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P-graph Studio 4 Installation:
Copy the Validation Code from e-mail
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P-graph Studio 4 Installation:
Paste the Validation Code
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P-graph Studio 4 Installation:
Press OK
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P-graph Studio 4 Installation:
Registration Complete
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P-graph Studio 4 Installation:
Login with your Name and Password
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Reaction-Network Synthesis for VCM:
Drag Material node to the canvas
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Reaction-Network Synthesis for VCM:
Drag Material node to the canvas
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Reaction-Network Synthesis for VCM:
Edit Material name
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Reaction-Network Synthesis for VCM:
Edit Material name
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Reaction-Network Synthesis for VCM:
Drag and Name Reaction node
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Reaction-Network Synthesis for VCM:
Select the Link tool
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Reaction-Network Synthesis for VCM:
Link materials to reactions by clicks
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Reaction-Network Synthesis for VCM:
Link materials to reactions by clicks
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Reaction-Network Synthesis for VCM:
Select Graph settings from the Menu
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Reaction-Network Synthesis for VCM:
Switch off Long Format 
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Reaction-Network Synthesis for VCM:
Model variables disappears 
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Reaction-Network Synthesis for VCM:
Select the Pointer tool
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Reaction-Network Synthesis for VCM:
Click on an Arc and change Rate
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Reaction-Network Synthesis for VCM:
Save the Initial Network

397



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Reaction-Network Synthesis for VCM:
Select Algorithm SSG
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Reaction-Network Synthesis for VCM:
Execute Algorithm SSG
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Reaction-Network Synthesis for VCM:
Combinatorially Feasible Structures

400





EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Reaction-Network Synthesis for VCM:
Feasible Empty Structure
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Reaction-Network Synthesis for VCM:
Switch back to Problem view
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Reaction-Network Synthesis for VCM:
Specify Required Product by Flow Rate
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Reaction-Network Synthesis for VCM:
Check Product Flow Rate
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Reaction-Network Synthesis for VCM:
Select Problem settings from the Menu
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Reaction-Network Synthesis for VCM:
Modify Measurement Units if needed
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Reaction-Network Synthesis for VCM:
Specify Required Product by Flow Rate
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Reaction-Network Synthesis for VCM:
Execute Algorithm SSG
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Reaction-Network Synthesis for VCM:
Select Algorithm ABB
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Reaction-Network Synthesis for VCM:
Start the Synthesis Algorithm
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Reaction-Network Synthesis for VCM:
Browse Feasible Structures 
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Reaction-Network Synthesis for VCM:
Select Export
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Reaction-Network Synthesis for VCM:
Save the Excel file
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Reaction-Network Synthesis for VCM:
Overview Feasible Networks in Excel
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Reaction-Network Synthesis for VCM:
Add HCl feed as additional option
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Reaction-Network Synthesis for VCM:
HCl feed in additional feasible network 
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Reaction-Network Synthesis for VCM:
additional feasible network in Excel
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Computer Aided Process-Network 
Synthesis: Overview

421
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Identification of Candidate 
Technologies
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Technologies for VCM Production

• Vinyl chloride currently is produced almost exclusively by 
the balanced process from the conversion of ethylene, 
chlorine and oxygen.

• In the manufacture of vinyl chloride using the balanced 
process, the hydrogen chloride generated in the pyrolysis 
reactor is totally consumed in the oxychlorination reactor 
to which it is recycled. 

• Each reacting unit is accompanied by one or possibly more 
separating units for removing the byproducts, recycling 
the hydrogen chloride or purifying the final product.
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Technologies for VCM 
Production
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Process Simulation
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Process Simulation: Aspen report

RATE PARAMETERS:

      REACTION NO   PREEXP. FACTOR   ACT. ENERGY   TEMP. EXPONENT   REF. TEMP
                                       J/KMOL                       K       

          1            132.00              0.             0.    
          2           0.61200E-05          0.             0.    

    POWERLAW EXPONENTS:    

    REACTION NUMBER:          1
      SUBSTREAM:  MIXED   
        C2H4        1.0000      CL2         1.0000    

    REACTION NUMBER:          2
      SUBSTREAM:  MIXED   
        CL2         1.0000      EDC         1.0000    

                           ***  RESULTS  ***

    REACTOR HEAT DUTY                  WATT                     -0.22789E+07
    REACTOR VOLUME                     CUM                        11.974
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Cost Estimation
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Cost Estimation: Physical Data

429

Se11 condenser reboyler diameter height
number of trays 
(theoretical)

Ligths column -12 kw 228,7 kw 0,54 m 7,4 m 10
342 K 359 K 21,26 in 24,28 ft

155,9 F 186,5 F 1/2 size 20
temp. temp. 15,0329 in practical

Se12 condenser reboyler diameter height
number of trays 
(theoretical)

Heavies column -2823 kw 2823 kw 1,75 m 15,4 m 20
360 K 362 K 68,90 in 50,52 ft

188,3 F 191,9 F 1/2 size 40
temp. temp. 48,7179 practical

Se31 condenser reboyler diameter height
number of trays 
(theoretical)

HCl column -2685 kw 305 kw 1,13 m 11,4 m 15
272 K 414 K 44,49 in 37,40 ft

29,9 F 285,5 F 1/2 size 30
temp. temp. 31,4578 practical
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Cost Estimation Software
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Estimate Fixed and 
Proportional Cost
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Estimated Cost Parameters

432

Operating unit Cost Total: Fixed cost Proportional cost
Se11 Investment: 52605 $ 17535 $/year 34165 18440

1/2 size: 43385 $
Operating: 52934 $/year
cooling: 242 $/year
heating: 52692 $/year

70469 $/year

Se12 Investment: 226728 $ 75576 $/year 91344 135384
1/2 size: 159036 $
Operating: 707331 $/year
cooling: 56912 $/year
heating: 650419 $/year

782907 $/year

Se31 Investment: 159859 $ 53286 $/year 57383 102476
1/2 size: 108621 $
Operating: 124402 $/year
cooling: 54130 $/year
heating: 70272 $/year

177688 $/year
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Process Synthesis
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Cost Parameters in 
P-graph Studio
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Cost Parameters in 
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The Best Networks by 
Algorithm ABB
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Practice: Example Butanol

• Take into account the lists of candidate material 
streams and operating units given in Tables 1, 2, 3, 
and 4 for separating fermentation broth into butanol, 
ethanol, and acetone. 

• Determine the optimal and second best structure 

producing 10,660 kg butanol pro hour 

if the payout period is five years (2000 working hours 
a year).
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Practice (cont’d)
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Practice (cont’d)

• For simplicity, consider investment cost as fixed and 
operating cost as proportional to the load.
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P-graph example: Butanol

•      Maximal structure 1st solution: 2035,5 $
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Process Network Synthesis

INPUT

Solution of the Model   

MODEL GENERATION

Maximal Structure Generation 
(Algorithm MSG)

Model Generation 
(Algorithm MGA)

Accelerated Branch-and-Bound 
(Algorithm ABB) 

and Appropriate LP or NLP

Process 
Network

Process 
Network

Solution of the Model

MODEL GENERATION

Super-Structure Generation 
(MANUAL)

Model Generation Based on the 
Super-Structure  (MANUAL)

Mathematical Programming
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Maximal structure Super-structure

MILP, MINLP MILP, NLP, MINLP
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Introduction

V.1 Resource allocation

V.2 Infeasible and unbounded models

V.3 Multiperiod resource allocation

V.4 Network models
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Example 1.1

• A weekly resource allocation problem for the 
production manager of Ajax Computer Company

• Ajax sells three types of computers
– Desktop computer (Alpha) – $350

– Laptop (Beta) – $470

– Workstation (Gamma) – $610

• We assume that all production during the week can 
and will be sold immediately
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Example 1.1
(Cont’d)

• Two test equipment
– A-line (Alpha and Beta) – 120 hours/week, 1 hour/

PC

– C-line (Gamma) – 48 hours/week, 1 hour/PC

• Human resource
– Alfa – 10 labor-hours/PC

– Beta – 15 labor-hours/PC

– Gamma – 20 labor-hours/PC
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Decision variables

• MA : number of Alphas to be assembled during 

the week

• MB : number of Betas to be assembled during 

the week

• MC : number of Gammas to be assembled 

during the week
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Linear Programming Model

• Objective function
– Max Z = 350MA + 470MB + 610MC

• Constraints
– MA + MB ≤ 120

– MC ≤ 48

– 10MA + 15MB + 20MC ≤ 2000
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P-graph Model 

450



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Best Network
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Cost: -66400 $
(Profit: +66400 $ ) 
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Optimal Values of 
Decision Variables

• Z* = $66,400

• MA* = 120

• MB* = 0

• MC* = 40

• Labor availability is satisfied as equation

• A-line test capacity constraint is satisfied as equation

• C-line test capacity constraint is satisfied as a strict 
inequality
– It has free capacity
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Example 1.2

• Assume that Alphas can also be tested on the 
C-line test equipment
– 1.5 hours/PC

• New decision variables

– MA1 : number of Alphas to be assembled during 

the week and tested on A-line

– MA2 : number of Alphas to be assembled during 

the week and tested on C-line
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Linear Programming Model

max Z = 350MA + 470MB + 610MC

s.t.

MA1 + MB ≤ 120

1.5MA2 + MC ≤ 48

10MA1 + 10MA2 + 15MB + 20MC ≤ 2000

MA – MA1 – MA2 = 0

MA, MA1, MA2, MB, MC ≥ 0
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P-graph Model 
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Optimal Network
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Optimal Values of 
Decision Variables

• Z* = $66,760

• MA* = 128

• MA1* = 120

• MA2* = 8

• MB* = 0

• MC* = 36
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Infeasibility

• The model is infeasible if there are no feasible 
solutions
– For example, if a constraint requiring at least 50 

Gammas for a week when the C-line capacity is 48

• The model is feasible but the objective 
function can be unbounded
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Example 1.3

• Suppose that Ajax 
– Can outsource A-line testing equipment at 

$40/hour in unlimited quantities

– Can hire additional labor at $30/hour in unlimited 
quantities
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Linear Programmming Model

• New decision variables

– EA : quantity of outsourced A-line test hours

– EL : quantity of rented labor hours

• Modified constraints

– MA + MB ≤ 120 + EA

– 10MA + 15MB + 20MC ≤ 2000 + EL
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Optimal Values of Decision 
Variables

• Because the net profit for each Alpha is $350 but 
would only cost $340 using extra resources, Ajax can 
achieve an unbounded net revenue

• This situation of "buying low and selling high" to make 
an unbounded profit is called arbitrage by finance 
theorists

• Marketing and sales department could not sell an 
unlimited number of Alphas

• Production managers would be limited the extra A-line 
capacity and labor

462



V.3 Multiperiod resource 
allocation



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Introduction

• SC planning is a dynamic process because 
decisions made in this period are linked to 
decisions that will be made in later periods

• For example, inventories of raw materials, 
intermediate products and finished goods play 
a central role in optimization
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Example 1.4

• High level decisions
– The organization can sell 120 units of Alphas next 

week (see example 3.1) → Beta must be included 
in Ajax’s production line

– Sales forecast in 4 weeks time horizon (Rpt, Apt)

465

Week 1 Week 2 Week 3 Week 4

Alpha [20, 60] [20, 80] [20, 120] [20, 140]

Beta [20, 40] [20, 40] [20, 40] [20, 40]

Gamma [20, 50] [20, 40] [20, 30] [20, 70]



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Decisions

• In each week for each product
– How much to produce?

– How much to sell?

– How much to store in inventory?

• Decision variables
– Mpt : assembly and testing of product p in week t

– Spt : sales of product p in week t

– Ipt : inventory of product p at the end of the week t 

(or inventory at the beginning of week t + 1)
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Sales

• The sales of each product is more than the 
minimal and less than the maximal value

– Rpt ≤ Spt ≤ Apt
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Inventory data

• Carrying costs
– Alpha : $9/week

– Beta : $10/week

– Gamma : $18/week

• Initial inventory

– Alpha : 22 (IA0)

– Beta : 42 (IB0)

– Gamma : 36 (IC0)
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Inventory

• The following balance equations are satisfying 
for each week
– Ending inventory in week t = 

ending inventory in week t – 1 +
production in week t – sales in week t

– Ipt = Ip,t-1 + Mpt – Spt
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LP Model

max Z = 350(SA1 + SA2 + SA3 + SA4) + 470(SB1 + SB2 + SB3 + SB4) + 610(SC1 + SC2 + SC3 + SC4) – 9(IA1 

+ IA2 + IA3 + IA4) – 10(IB1 + IB2 + IB3 + IB4) – 18(IC1 + IC2 + IC3 + IC4)

s.t.

MAt + MBt ≤ 120 (t = 1, 2, 3, 4)

MCt ≤ 48 (t = 1, 2, 3, 4)

10MAt + 15MBt + 20MCt ≤ 2000 (t = 1, 2, 3, 4)

Ipt = Ip,t-1 + Mpt – Spt (t = 1, 2, 3, 4; p = A, B, C)

MAt, MBt, MCt ≥ 0 (t = 1, 2, 3, 4)

Rpt ≤ Spt ≤ Apt (t = 1, 2, 3, 4; p = A, B, C)
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P-graph Model 

471



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Optimal Network
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Rolling Horizon

• The danger is the sales will not match 
expectations and cause inventories to build up
– The forecast is too optimistic

• The danger can be reduced by employing the 
model on a rolling horizon base
– At the beginning of each week, we reoptimize the 

model with new forecast based on the current 
sales 

473
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Introduction

• LP models with a mathematical structure 
corresponding to networks (graphs) are called 
network models

• Can be optimized very efficiently by tailored 
algorithms

• It displays a supply chain model as a network 
which is very useful for communication 
purpose
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Example 1.5

• Transportation data of Alpha computers
– Plant at Chicago (100 units of Alpha)

– Warehouse in St. Louis (45 units of Alpha)

– 8 markets

476

j =
From\to

1
CHI

2
STL

3
DET

4
CIN

5
LOU

6
IND

7
MIL

8
MIN

Plant 14.00 24.00 21.00 20.00 21.50 19.00 17.00 30.00

Warehouse 24.00 15.00 28.00 20.00 18.50 19.50 24.00 28.00

Demand 22 14 18 17 15 13 15 20

$/Alpha
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Transportation

• A truck transports Alphas between two 
facilities
– The first facility is a plant or a warehouse

– The second facility is a market

– There is no need to return to the facility

• Objective is to minimize the total 
transportation cost of shipping Alphas
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Feasibility

• There exists a feasible solution because the 
total supply (145) is more than the total 
demand (134)

• If the supply chain is complex, it is more 
difficult to verify
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Decision Variables

• XPj : flow of Alphas from the plant to market j

• XWj : flow of Alphas from the warehouse to 

market j
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LP Model

min Z = 14XP1 + 24XP2 + 21XP3 + 20XP4 + 21.5XP5 + 19XP6 + 17XP7 + 30XP8 + 24XW1 + 

15XW2 + 28XW3 + 20XW4 + 18.5XW5 + 19.5XW6 + 24XW7 + 28XW8

s.t.

XP1 + XP2 + XP3 + XP4 + XP5 + XP6 + XP7 + XP8 ≤ 100

XW1 + XW2 + XW3 + XW4 + XW5 + XW6 + XW7 + XW8 ≤ 45

XP1 + XW1 = 22

XP2 + XW2 = 14

XP3 + XW3 = 18

XP4 + XW4 = 17

XP5 + XW5 = 15

XP6 + XW6 = 13

XP7 + XW7 = 15

XP8 + XW8 = 20
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P-graph Model 
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Cost: 2583,5 $
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Optimal Values of Decision Variables

• Minimal cost $2583.50
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From/to CHI STL DET CIN LOU IND MIL MIN

Plant 22 18 17 13 15 4

Warehouse 14 15 16



VI. Time constraints in process- 
network synthesis and 

optimization
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Outline

VI.1 Time constraints considered during model 
construction

VI.2 Time represented as resource

VI.3 Time variables in extended mathematical 
model

485
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Illustrative Example: Map of Tasks, 
Resources, and Locations
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Roundtrip: No
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Illustrative Example

488

Task Starting 
time

Starting 
location

Ending 
time

Ending 
location

Potential resources

Trip P1 7:00 Tihany 7:40 Almadi R1, R2

Trip P2 8:00 Veszprem 9:20 Fehervar R1, R3

Trip P3 8:40 Veszprem 9:40 Tihany R1, R2

Resources Location Cost 

[€/km]

CO2 emission 

[g/km]

Maximum speed

[km/h]

Bus R1 Tihany 0.6 375 90

Bus R2 Fehervar 0.5 400 90

Bus R3 Kenese 0.4 300 90
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Vehicle Assignment Problem 
Defined Formally

 Set T of tasks or trips
For each Pi  T task to be performed:

– starting time ts(Pi) and location ls(Pi) 

– ending time te(Pi) and location le(Pi)

– set A(Pi) of resources potentially capable to perform Pi

• Set S of resources or vehicles
For each Rk  S resource:

– initial location l(Rk)

– cost c(Rk)

– CO2 emission e(Rk)

– maximum speed vmax(Rk)

www.p-graph.com 489
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Vehicle Assignment by 
Process-Network Synthesis

490www.p-graph.com
490

PNS Problem

P-graph Framework

Solution

Vehicle Assignment Problem

Model 
Transformation
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Algorithm for Transforming Vehicle Assignment 
Problem into Process-Network Synthesis Problem

www.p-graph.com 491
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Process-Network Synthesis Problem 
of the Illustrative Example

• Targets:
– Trip P1, Trip P2, Trip P3

• Resources:
– Bus R1, Bus R2, Bus R3

• Activities:
– O1, O2, O3, O4, O5, O6, O7, O8, P1ByR1, P1byR2, 

P2byR1, P2byR3, P3byR1, P3byR2

(14 pcs.)

492
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Process-Network Synthesis Problem 
of the Illustrative Example (Cont’d)

493

Activity Precondition Result Cost [€] CO2 [kg]

O1 R2 R2_Veszprem_8:40 40 32.0

O2 R2 R2_Tihany_7:00 70 56.00

O3 R1 R1_Tihany_7:00 0 0.00

O4 R1 R1_Veszprem_8:40 36 22.50

O5 R1 R1_Veszprem_8:00 36 22.50

O6 R3 R3_Veszprem_8:00 24 18.00

O7 R2_Almadi_7:40 R2_Veszprem_8:40 25 20.00

O8 R1_Almadi_7:40 R1_Veszprem_8:40 30 18.75

P1byR1 R1_Tihany_7:00 R1_Almadi_7:40, P1 24 15.00

P1byR2 R2_Tihany_7:00 R2_Almadi_7:40, P1 20 16.00

P2byR1 R1_Veszprem_8:00 R1_Fehervar_9:20, P2 48 30.00

P2byR3 R3_Veszprem_8:00 R3_Fehervar_9:20, P2 32 24.00

P3byR1 R1_Veszprem_8:40 R1_Tihany_9:40, P3 36 22.50

P3byR2 R2_Veszprem_8:40 R2_Tihany_9:40, P3 30 24.00
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Maximal Structure for the Illustrative 
Example

494
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Alternative Assignments Generated by the 
P-graph Framework for the Illustrative 

Example 

495

Computational time for the optimal solution: 0.002 s

Computational time for the 5 best solution:   0.004 s

(2.67 GHz Intel Core I7, 4 GB RAM) 

Solution Assignments Mileage

[km]

Total 

mileage 

[km]

Cost

[€]

CO2

emission

[kg]

P1 P2 P3 R1 R2 R3

#1 R1 R3 R1 150 0 140 290 146 98.25

#2 R1 R3 R2 40 140 140 320 150 113.00

#3 R2 R1 R2 140 290 0 430 201 158.00

#4 R2 R3 R2 0 290 140 430 218 159.00

#5 R2 R3 R1 120 180 140 440 229 168.50
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Example #2: Map of Tasks, 
Resources, and Locations

496

Roundtrip: YES
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Example #2
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Task Starting 
time

Starting 
location

Ending 
time

Ending 
location

Potential resources

Trip P1 10:30 Tatabanya 11:25 Fehervar R1, R2, R3, R4, R5, R6

Trip P2 10:00 Veszprem 11:40 Erd R1, R2, R3, R4, R5, R6

Trip P3 11:00 Keszthely 13:40 Dunaujvar R1, R2, R3, R4, R5, R6

Trip P4 14:30 Seregelyes 15:35 Budapest R1, R2, R3, R4, R5, R6

Trip P5 8:00 Budapest 9:15 Fehervar R1, R2, R3, R4, R5, R6

Trip P6 13:50 Tatabanya 16:25 Keszthely R1, R2, R3, R4, R5, R6

Resources Location Cost 

[€/km]

CO2 emission 

[g/km]

Maximum speed

[km/h]

Bus R1 Veszprem 0.8 300 60

Bus R2 Dunaujvaros 0.8 300 60

Bus R3 Tatabanya 1.2 400 60

Bus R4 Budapest 1.2 400 60

Bus R5 Keszthely 1.5 375 60

Bus R6 Budapest 1.5 375 60
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Solution for Example #2
by the Heuristic Method 
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Process-Network Synthesis Problem 
of Example #2

• Targets:
– Trip P1, Trip P2, Trip P3, Trip P4, Trip P5, Trip P6

• Resources:
– Bus R1, Bus R2, Bus R3, Bus R4,Bus R5, 

Bus R6

• Activities:
– O1, O2, … 

(174 pcs.)

www.p-graph.com 499
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Optimal Solution for Example #2
by the P-graph Framework 
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Solution #186 for Example #2
by the P-graph Framework 
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Alternative Vehicle Assignments Generated by 
the P-graph Framework  for the Illustrative 

Example 

502

Computational time for the optimal solution:   0.002 s 

Computational time for the 200 best solution: 2 s

(2.67 GHz Intel Core I7, 4 GB RAM)  

Heuristic

Solution Assignments Total 

mileage 

[km]

Cost

[€]

CO2

emission

[kg]

P1 P2 P3 P4 P5 P6

#1 R3 R1 R2 R4 R4 R1 977 888 313

#2 R4 R1 R2 R4 R4 R1 977 888 313

…

…

#186 R3 R1 R2 R1 R4 R3 1232 1212 412
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Cost vs. CO2 Emission

503

750 850 950 1050 1150 1250
250
270
290
310
330
350
370
390
410
430
450

Cost [€]

CO2 

emission
[kg]

Cost optimal

Heuristic
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Further potential applications

• Assigmnet of vehicles to scheduled tasks 

– time table

• Assigmnet of the staff to scheduled tasks 

– time table

– project management

• …

504



VI.2 Time modelled as resource

505
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Vehicle Routing Problem (VRP)

• Definition of VRP:
– given are:

• central depot of specified goods

• set of vehicles with capacities and costs

• set of customers with given demands

– aim: delivering the goods to the customers with 
minimal cost

• There are many
version of the VRP

506

Depot DepotVRP



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

Problem Definition

• Time critical capacitated VRP

– limitation for the CO2 emission

– a customer can be served by multiple vehicles 

– asymmetric distance matrix

– different types of vehicles

• Aim: minimize the total cost

507
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Constituents of the Problem

• Items:

– locations (customers), vehicles, goods

– transportation

– capacity constraints

– loading and unloading

– time constraints

– limitation for the CO2 emission

• Interpretation of 

– material: precondition or entity with a property

– operating unit: changes a property of the entity

508
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Locations, Vehicles, Goods

509

Location A

Location B

Location C

Vehicle V1 Commodity C1

V1 in A C1 in A

V1 in B C1 in B

V1 in C C1 in C
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Transportations
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Capacity Constraints
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Multiple Commodities

512
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Loading
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Unloading
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Time Constraints
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Application: 
Daily delivery of newspapers

• 4 type of newspaper

• 1300 target locations in 4 counties

• distribution in three levels:
– factory - depot

– depot - local distributor

– local distributor - customer

• time horizon: 12 am – 4 am
– at 4 am the last local distributor must be reached

• vehicles of 6 different capacities (300 kg – 10 t)

• lower limit on tour distance: 60 km

• cost is calculated based on the total cycle length
517
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Changes of Routes

518

 9.3% reduction in the total distance

 7.7% reduction in the total cost 

 6.7% reduction in the CO2 emission (approx. -42 t/year)



VI.3 Time constrains introduced 
by the extension of the 

mathematical model
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Model Parameters of Time 
Constrainted PNS (TCPNS)

In addition to the parameters of fixed charged PNS:

• Fix time charge: tfi

• Proportional time constant: tpi

• Time upper bound on latest availability of products:

• Time lower bound on the earliest availability of resources:
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Supply Chain Synthesis: 
Modeling timing constraints 

• Time constraints:
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Problem Definition of TCPNS

The aim is to determine the network (m*, o*, x*, z*)

which satisfies the following conditions and z* is 

minimal:
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Illustrative Example

www.p-graph.com 523Target: 240 PC in Balatonalmádi

Depo in Veszprém

Depo in 
Székesfehérvár

Assembly in 
Székesfehérvár
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Problem Parameters
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Activity
Cost [€] Duration [min]

Fixed Proportional Fixed Proportional

Assembly A 10 18 60 35

Loading L1 20 0 15 0.8

Loading L2 20 0 15 0.8

Loading L3 20 0 15 0.8

Transport T1 18 0 24 0

Transport T2 40 0 50 0

Unload U 20 0 15 0.7

Entity Type Bound

PC chassis resource £800

Electronics resource £800

PC in Székesfehérvár Depo resource £400

PC in Veszprém Depo resource £200

PC in Balatonalmádi target 240
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The Cheapest Structure: Str3

www.p-graph.com 525

Objective Value

Cost [€] 47,610

Duration [h] 148.33



EFOP-3.4.3-16-2016-00009

A felsőfokú oktatás minőségének és 
hozzáférhetőségének együttes javítása 
a Pannon Egyetemen

The Fastest Structure: Str6

www.p-graph.com 526

Objective Value

Cost [€] 47,610

Duration [h] 5.52 – 6.37
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Extension of the 
Maximal Structure

Include operating units to clarify precedence

527
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Relaxed Matematical Model of 
TCPNS

528
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Scheduling by TCPNS: Illustration

      →
Formulating scheduling 

problem as a time 

constrained PNS problem 

with mutual exclusions

529
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Solving Scheduling Problem by 
TCPNS

• Automatic model generation for 

– Unlimited Intermediate Storage (UIS), 

– No Intermediate Storage (NIS) and 

– Zero Wait (ZW)

scheduling problems.

• Resources: Equipments

• Operating units:

– Execution of tasks

– Changeovers

530
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Scheduling: Problem Definition

• In processes where operating units share resources the 
scheduling of the resources have to be optimized to satisfy 
the deadline

• Each task have to be performed by exactly one equipment in 
given order (recepe) within the time horizon (time bound)

531
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Model transformation:
Scheduling problem to TCPNS problem

www.p-graph.com 533
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Scheduling by TCPNS

• Superstcuture approach

• MILP model export is an option

• Establishes a potential synergy of MILP and 
graph-theoretic methods

www.p-graph.com 536
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Further potential applications

• Capacitated scheduling

• Vehicle routing with time windows

• …

www.p-graph.com 537
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Chemical Engineering 
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P-graph Software: EPCON 
Synphony

546

Implementation of the synthesis algorithms
- EPCON International (Houston)
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Vaaler Award: EPCON Synphony

• Professional implementation of the synthesis 
algorithms
– EPCON International 

(Houston)

– Software Synphony

• Vaaler Award, 
– 1997, New York

"making major contributions toward more efficient 
and effective operations in plants in the chemical 

industry"
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Software P-graph Studio, 2015-
 (Available at www.p-graph.org)
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Software P-graph Studio, 2015-
 (Available at www.p-graph.org)

Main features
• Process Synthesis and Optimization 

involving

– Generating N-best networks

– Waste treatment

– Startability analysis

– Time constrained process synthesis

• MS-Excel import and export

• Graphical export to .png, .jpg, .svg

549
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Publications

• Refereed journal papers: >200

• Conference presentations: >400

• Citations: >4500
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Information Sources

p-graph.org
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On-line Community

LinkedIn Group
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L.T. Fan

University Distinguished  Professor 
at Kansas State University 

and

The Mark H. and Margaret H. 
Hulings Chair in Engineering

In Memoriam
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Thanks you for your attention!

P-graph

Additional information and free software is available at 
p-graph.org




