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LeCtU re Ove rVIeW A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

e What does "parameter estimation” mean?

e Model, variables and parameters

e Why estimation?

e Course content and requirements
e Random variables

e Scalar-valued random variables
e \ector-valued random variables

e Elements of mathematical statistics

e Sample and statistics

e Constructing an estimate from a measured data set

e Estimation of the mean value and the covariances

e Estimating the probability density function - histogram

e J[utorial
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MOdeI, varlables and A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

parameters

Relationships between data are described by a so called model

Yy = M(Xap)

where

e the vector x is the measurable independent variable that
we can manipulate/set in an error-free way

e the vector y is the measurable dependent variable (subject
fo measurement errors)

e the vector p of constant parameters
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MOdeI, Varlables and A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

parameters

Relationships between data are described by a so called model

Yy = M(Xap)

where

e the vector x is the measurable independent variable that
we can manipulate/set in an error-free way

e the vector y is the measurable dependent variable (subject
fo measurement errors)

e the vector p of constant parameters

Important

The aim of parameter estimation is to estimate the unknown
parameters p from measured sets of dependent and independent
variable values (y;, x;), i = 1,...,n and given model form M.
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M Odel types A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

javitdsa a Pannon Egyetemen

y = M(x,p)
¢ linear in parameters
M(x,p) = p" F(x)

where F(x) is a possibly nonlinear function of the
iIndependent variable vector x

e dynamic
discrete time index k = 0,1, ..., K, ... such that

y(k) = M(x(k),x(k—1),...x(k—K);p) , k=K,K+1,...,n

4/37



EFOP-3.4.3-16-2016-00009

E I'I'O rs and eStI mates A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

javitdsa a Pannon Egyetemen

The measurable dependent variable vector y is subject to
measurement errors, and the model is also often not precise
(modelling errors are also present):

y=Mx.p)+c (y™ =mM(xp))

where ¢, and thus also y are (vector valued) random variables.
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E I'I'O rs and eStI mates A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

The measurable dependent variable vector y is subject to
measurement errors, and the model is also often not precise
(modelling errors are also present):

y=Mx.p)+c  (y™ =mM(x,p))

where ¢, and thus also y are (vector valued) random variables.

Important

The result of a parameter estimation procedure can only be an
“estimate” of the true model parameter vector p (denoted by p), such
that p is a vector valued random variable in itself.
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Cou rse Stru Ctu re A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

javitdsa a Pannon Egyetemen

The course is given weakly in the form of a
e Lecture and tutorial, or a
e Laboratory with the use of MATLAB
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Cou rse St ru Ct u re A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

The course is given weakly in the form of a
e Lecture and tutorial, or a
e Laboratory with the use of MATLAB

Important (Course web page)

http://virt.uni-pannon.hu/index. php/hu/oktatas/tantargyak/160-pa
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co nte nts A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes
avitasa a Pannon Egyetemen

Lectures and tutorials

e Basic notions, Elements of random variables and
mathematical statistics

7137
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Lectures and tutorials

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models
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Co nte nts A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes
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Lectures and tutorials

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e |Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation
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e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e |Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation

e Special methods for LS estimation of dynamic model
parameters: Instrumental variable (IV) method, Parameter
estimation of dynamic nonlinear models
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Co nte nts A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes
avitasa a Pannon Egyetemen

Lectures and tutorials

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e |Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation

e Special methods for LS estimation of dynamic model
parameters: Instrumental variable (IV) method, Parameter
estimation of dynamic nonlinear models

e Practical implementation of parameter estimation: Data
checking and preparation, Evaluation of the results of
parameter estimation

7137
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E\la I U at I O n A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

The pre-requisite of the course signature is

e to be present at least 75% of the
lectures-tutorials-laboratories,

e to submit the project results and documentation to the
given deadline, and

e to achieve at least 50% on the closed-book exam (the
results of the homework are added to the points of the
exam).
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Eva I U at I O n A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

The pre-requisite of the course signature is

e to be present at least 75% of the
lectures-tutorials-laboratories,

e to submit the project results and documentation to the
given deadline, and

e to achieve at least 50% on the closed-book exam (the

results of the homework are added to the points of the
exam).

The evaluation is based upon a mid-semester closed-book exam and
on a parameter estimation project work to be implemented in
MATLAB.
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Ove rVIew A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

javitdsa a Pannon Egyetemen

e Random variables

e Scalar-valued random variables
e \ector-valued random variables
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Sc a I a r'va I u e d ra n d o m f¥a:nicabsl &*Ségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

A scalar-valued random variable ¢ is characterized by its
probability density function (p.d.f.) f: : R — Rxo.

Properties
The mean value and variance of the random variable ¢ with its
p.d.f. fc are

Ef¢} = / Xt (x)ax | o?{€} = [ (x — E{€})?(x)dx

10/37
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N o I'm a I Iy d iSt ri buted A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

scalar-valued random’variablés™

The random variable ¢ has a normal or Gaussian distribution, in
notation
¢ ~ N(m, o) (1)

where m is its mean value and 2 is its variance, when

fo(x) = L e_%((xazm)z)

2To

.00

\J
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I n depe n de n Ce Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

two scalar-valued random variables

The joint distribution of two scalar-valued random variables &
and @ is characterized by their joint p.d.f
fE?Q(X,y) RXxR— Rzo.

12/37
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I n depe n de n Ce Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

two scalar-valued random variables

The joint distribution of two scalar-valued random variables &
and @ is characterized by their joint p.d.f
f&g(X,y) RXxR— Rzo.

Two scalar-valued random variables ¢ and 6 are called independent, if
feo(X, y) = fe(x) - fo(y).

12/37
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C ova r I a n ce a n d A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

correlation of random variablés™

The covariance of two scalar-valued random variables ¢ and ¢
IS

COV{E, 0 = E{(§ — E{£})(0 — E{0})}

where € = (¢ — E{¢}) is a centered random variable.

Correlation (normed covariance): p{¢,0} = E{(g‘if{g{gféE{Q})}
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C ova r I a n ce a nd A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

correlation of random variablés™

The covariance of two scalar-valued random variables ¢ and ¢
IS

COV{E, 0 = E{(§ — E{£})(0 — E{0})}

where € = (¢ — E{¢}) is a centered random variable.

Correlation (normed covariance): p{¢, ) = ELE=ELENO_Ei0})}

o{&to{b}

Independence implies p{&,0} = 0, but p{&,0} = 0 implies
independence only in case of Gaussian joint distribution.
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C ova r I a n ce a nd A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

correlation of random variablés™

The covariance of two scalar-valued random variables ¢ and ¢
IS

COV{E, 0 = E{(§ — E{£})(0 — E{0})}

where € = (¢ — E{¢}) is a centered random variable.

Correlation (normed covariance): p{¢, ) = ELE=ELENO_Ei0})}

o{&to{b}

Independence implies p{&,0} = 0, but p{&,0} = 0 implies
independence only in case of Gaussian joint distribution.

The covariance of a scalar-valued random variables & with itself is its
variance , i.e. COV{¢, ¢} = o2{¢}

13/37
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Ve Cto r Val U ed A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes
random variables

1 javitdsa a Pannon Egyetemen

Given a vector valued random variable ¢

{1 {(w), we, ¢w)eR

Scalar valued entries of vector valued random variables

{1
:,

where each entry &; is a scalar valued random variable

14/37
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Ve Cto r Val U ed A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes
random variables —

2 javitdsa a Pannon Egyetemen

Given a vector valued random variable £ € R

e |lts mean value m € R* is a real vector.
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Ve Cto r Val U ed A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

2 javitdsa a Pannon Egyetemen

random variables —

Given a vector valued random variable ¢ € R

e |lts mean value m € R* is a real vector.

e lts variance COV{¢} is a square real matrix, the
covariance matrix:

COV{¢} = E{(¢ - E{&})(¢ - E{&})}
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Ve Cto r Val U ed A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

2 javitdsa a Pannon Egyetemen

random variables —

Given a vector valued random variable ¢ € R

e |ts mean value m € R* is a real vector.

e lts variance COV{¢} is a square real matrix, the
covariance matrix:

COV{¢} = E{(¢ - E{&})(¢ - E{&})}

Important

Covariance matrices are positive definite symmetric matrices:

z'COV{¢}z>0 , VzeRH

15/37
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C ova r I a n ce m at r I x A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

and covariances

Consider a two dimensional vector valued random variable

| &
<= [ §2 ]
with E{¢;} = m;, and its centered version &; = & — m;
Covariance matrix: COV{¢} = E{(¢ — E{¢})(¢ — E{¢V)T}

STy _ & L& |\ _[ oHar  covig.&}
E{&}‘E{[aé g ”‘[COV{&@} {ér}

diagonal: variances, off-diagonal: covariances
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TWO d I m e n S I 0 n a I A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

Gaussian distribution

Probability density function:

I (1 —m)? o (g —m)(xp—mo) | (Xp—mp)?
f . 1 2(1—!’2) ( 0-2 2r 04092 —f_ 0.2 )
(X1 ’ X2) — I 2

g8
2roiooV 1 —re
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TWO d I m e n S I 0 n a I A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javftégix a Pannon Egyetemen

Gaussian distribution -

Probability density function:

1 (x1 —mq )2 (Xq —mq)(Xo—mp) | (Xo—mb)?
(X1, X) = 1 R
?
2woqooV1 —r?

Assume non-correlated elements &1 and & with r = 0. Then

1 _1((X1—’;1)2+(X2—’;2)2)
2 a g
f(X1,X2) = ——— ‘ 2/ =H(Xx) - h(xe)

_1(W“%ﬁ)
with fi(x)) = —=—e 2\ of

TO;

Therefore &4 and & are independent.
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L I neal‘ly tranSformed A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

random variables

Let us transform the vector-valued random variable {(w) € R"
using the non-singular square transformation matrix 7 € R™*":

n=1T¢
The properties of the vector-valued random variable n:

E{n} = TE{¢} , COV{n}=TCOV{&}T'

18/37
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L I neal‘ly tranSformed A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

random variables

Let us transform the vector-valued random variable {(w) € R"
using the non-singular square transformation matrix 7 € R™*":

n=1T¢
The properties of the vector-valued random variable n:

E{n} = TE{¢} , COV{n}=TCOV{&}T'

Important (Gaussian case)

If the random variable ¢ has a Gaussian distribution N(m¢, A¢) with
mean value m; and covariance matrix A, then the transformed
random variable n will also be Gaussian N(m,, A,)), where

mn = ng ; A"? = TA& TT

18/37
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Ove rVIew A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

javitdsa a Pannon Egyetemen

e Elements of mathematical statistics

Sample and statistics

Constructing an estimate from a measured data set
Estimation of the mean value and the covariances
Estimating the probability density function - histogram

20/37
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Sa m p Ie % Statl St I cs A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

Consider a (scalar valued) random variable ¢ with probability
density function f¢(x).

e Sample
IS a collection (set) of nindependent random variables

S(§) = {&1, &2, -, &n}

where every &; has the same distribution as €.
— the sample corresponds to a set of measurements about &

21/37
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Sa m p Ie % Statl St I cs A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

Consider a (scalar valued) random variable ¢ with probability
density function f¢(x).

e Sample
IS a collection (set) of nindependent random variables

S(§) = {&1, &2, -, &n}

where every &; has the same distribution as €.
— the sample corresponds to a set of measurements about &
e Statistics

IS a (deterministic) function of the sample elements (a
random variable itself)

S(S) — F(£17€27 '“agn)

— a statistics is used to construct an estimate

21/37
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Measu red data Set A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes

javitdsa a Pannon Egyetemen

Consider a (scalar valued) random variable ¢ with a sample

S(§) = {&1,82, -, &nl-

Measured data set
IS a collection (set) of n measurements of the sample elements

{51 9 £2a ceey ‘fn}
D(&,n) = {Xxq,Xo, ..., Xn}
D is a realization of S.

e the measured data set contains an actual set of
measurements about ¢ that are not random variables but
deterministic values (a realization).

22/37
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E St I m ate S A felséfoku oktatas minéségének és hozzaftérhetéségének egyuttes
javitdsa a Pannon Egyetemen

Consider a (scalar valued) random variable ¢ with a sample
S(&) = {&1,&, ..., &n}, and with a measured data set

D(‘fa n) — {X17X27 ---,Xn}

Estimate
is a realization of a statistics s(S) = F(&1, &, ..., &n)

g(D) — F(X17X27 '“axn)

An estimate is computed from the actual measurement values
in the data set D

23/37
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E St I m ate s A felséfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

Consider a (scalar valued) random variable ¢ with a sample
S(&) = {&4,8&, ..., &n}, and with a measured data set

D(ga n) — {X17X27 “°7Xn}

Estimate
is a realization of a statistics s(S) = F(&1, &, ..., &n)

g(D) — F(X13X27 ---aXn)

An estimate is computed from the actual measurement values
in the data set D

Unbiased estimate
if the mean value of the statistics is the real value of the parameter to
be estimated

23/37
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ESt I m atl 0 n Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

the mean value - 1

Assume that the underlying scalar-valued random variable &
has a mean value m and the variance o?

e Statistics for the mean value: sample mean

u(S) = L(e + &4+ 60)

Property: E[uy] = m ===> unbiased

24/37
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ESt I m atl 0 n Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

the mean value - 1

Assume that the underlying scalar-valued random variable &
has a mean value m and the variance o?

e Statistics for the mean value: sample mean

u(S) = L(e + &4+ 60)

Property: E[uy] = m ===> unbiased

e Estimate of the mean value

A 1
m(D) = B()q + Xo + ... + Xp)

24/37
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ESt I m atl 0 n Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

the variance

Assume that the underlying scalar valued random variable &
has a mean value m and the variance o*

e Statistics for the variance: corrected empirical variance
0(S) — L )2 )2 )2
(8) = ——= (G =+ (=) + .+ (& —n)

with 4u(S) = 1(& + & + ... + &n)
Property: E[§] = 0> ===> unbiased

25/37
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Estimation of

A fels6foku oktatds minéségének és hozzaférhetéségének egyuttes

the Variance javitasa a Pannon Egyetemen

Assume that the underlying scalar valued random variable &
has a mean value m and the variance o*

e Statistics for the variance: corrected empirical variance

0(S) =~ ({61 — 1P + (€2 — WP + -+ (60 — )?)

with 4(S) = L(&1 + &+ ... + &)
Property: E[§] = 0> ===> unbiased
e Estimate of the variance

32(D) = ——= (1 — A(D)? + ..+ (o — M(D))?)

with M(D) = 1(xy + x2 + ... + xp)

25/37
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E St I m atl 0 n Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

the mean value - 2

Assume that the underlying 1.-dimensional vector valued
random variable ¢ has a mean value m € R*. The sample is a
collection of independent vector valued random variables

S() = {&1, - ¢én}

where & = [, ...,&,]" and the independence is considered
entry-wise.

e Statistics for the mean value: sample mean

1
w(S) = ~ (& + & + .. +&n)
Property: E[uy] = m ===> unbiased
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ESt I m atl 0 n Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

the mean value - 2

Assume that the underlying 1.-dimensional vector valued
random variable ¢ has a mean value m € R*. The sample is a
collection of independent vector valued random variables

S() = {&1, - ¢n}

where & = [&4, -..,&,]" and the independence is considered
entry-wise.

e Statistics for the mean value: sample mean

U(S) = ~(6n + & + o+ &)

Property: E[uy] = m ===> unbiased
e Estimate of the mean value

A 1
m(D) = B()(1 + Xo + ... + Xp)

IS computed entry-wise.

26/37
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ESt I m atl 0 n Of A felsdfoku oktatas minéségének és hozzaférhetéségének egyuttes

javitdsa a Pannon Egyetemen

the covariances

Assume that the underlying 1.-dimensional vector valued
random variable ¢ has a mean value m € R*. The sample is
S(€) = {&,...,.&x) and &; = & — m; is the centered version of
the sample element ¢&;.

e Statistics for the covariances of the entries (i, )

1 et =
pii(S) = P Z(gk,i €k j)
k=1

21 3T
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the covariances

Assume that the underlying 1.-dimensional vector valued
random variable ¢ has a mean value m € R*. The sample is
S(€) = {&,...,.&x) and &; = & — m; is the centered version of
the sample element ¢&;.

e Statistics for the covariances of the entries (i, )

n

1 L
pii(S) = n_1Z(£k,i°£k,j)
k=1

o Estimate of the covariance rj = COV{¢ ;& j}

(D) =

) - (Xkj — )

—1

g A L 1 n '
With m; = —— >, 4 Xk
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the auto-covariances =

Consider (scalar valued) random variables &; from the same
distribution but not independent.
They form a "generalized” sample: S(&) = {&1,&2, ..., &n}-

Estimation of the mean value m using the sample mean as
statistics

e Estimate

m(D) = %(x1 + ...+ Xp)

e This is an unbiased estimate
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the auto-covariances —

Consider (scalar valued) random variables &; from the same
distribution and with a pairwise constant covariance

r = COV{¢&;, &1} and with a "generalized” sample

S(g) — {517623 '"a‘fn}'

The estimate of the mean value m is

m(D) = ,1—7()(1 + .. + Xp)

The estimate of the autocovariance r is

n—1:+“

n—1
HD) = — 57 (i — i) (xig 1 — )
=1

It may be a biased estimate
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construction

Consider a (scalar valued) random variable ¢ with the
probability density function fs(z) and a sample

S(€) = {&1, &2, ..., €nt-

Histogram construction
e Let xyy the maximal and x,, the minimal element of the data
set D with n elements.
e Divide the interval [xm, xp] into ¢ sub-intervals (6 = )
suchthat zy = xp + (i — 1)
e Denote by n; the number of data set elements in the
interval [z;, zj 1]
Estimate of f:(2):
the piece-wise constant function %(D)(z) such that
A n,-

f(D)(z) = = forz € [z, zji.4] , i=1,...,4
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?éD)(z)
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e A. Vector valued random variables
e B. Mean value and covariance estimation
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Example (Vector valued random variables — 1)
Given two scalar-valued Gaussian random variables ny ~ N(1,4),
andng ~ N(2, 16)
e Plot the probability density functions f,, and f,, of random
variables n1 and . in the same coordinate system!

F.(¥)
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Example (Vector valued random variables — 2)

Given two scalar-valued Gaussian random variables ny ~ N(1,4),

andng ~ N(2, 16)
Assume that the random variables ny and n. are independent and

form a vector valued random variable n = [n1,12]" from them.
e Which type of distribution does the vector valued random

variable n have? | |
vector valued Gaussian (2 dimensional)
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Example (Vector valued random variables — 2)

Given two scalar-valued Gaussian random variables ny ~ N(1,4),
andng ~ N(2, 16)
Assume that the random variables ny and n. are independent and

form a vector valued random variable n = [n1,12]" from them.

e |Which type of distribution does the vector valued random
variable n have?
vector valued Gaussian (2 dimensional)

e Compute the mean value and the variance (covariance matrix)
of the vector valued random variable 7.

m,}:{;] ., COV{n}:[g 106]
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Example (Vector valued random variables — 3)

Given two scalar-valued Gaussian random variables n; ~ N(1,4),
andng ~ N(2, 16)

Assume that the random variables ny and n, have a covariance
COV(n1,n2) = 2.3 and form a vector valued random variable

n = [n,n2]" from them.

e Which type of distribution does the vector valued random

variable n have? | |
vector valued Gaussian (2 dimensional)
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Example (Vector valued random variables — 3)

Given two scalar-valued Gaussian random variables n; ~ N(1,4),
andng ~ N(2, 16)

Assume that the random variables ny and n, have a covariance
COV(n1,n2) = 2.3 and form a vector valued random variable

n = [n,n2]" from them.

e Which type of distribution does the vector valued random

variable n have? | |
vector valued Gaussian (2 dimensional)

e Compute the mean value and the variance of .

1 4 23
my=|o |, COVin}=| 53 16]
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Example (Mean value and covariance estimation — 1)
Consider a scalar valued random variable ¢ with a measured data set

D(5) = {0.5, —0.6, 0.3, —0.2, 0.0}

e Compute an estimate of the mean value of §.

statistics: sample mean

Ay — 0.5—0.6+053—o.2T0.0 —0
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Example (Mean value and covariance estimation — 1)
Consider a scalar valued random variable ¢ with a measured data set

D(5) = {0.5, —0.6, 0.3, —0.2, 0.0}

e Compute an estimate of the mean value of §.

statistics: sample mean
A 0.5-0.6+0.3-0.2+0.0 _ 0

n =
5
e Compute an estimate of the variance of €.

statistics: corrected empirical variance

A2 _ 0.5°—0.6°4L082—02°10.0°
0" = 4
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TUtorlal prOblemS — BA felséfoku oktatas minéségének és hozzatérhetéségének egyuttes
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Example (Mean value and covariance estimation — 1)
Consider a scalar valued random variable ¢ with a measured data set

D(5) = {0.5, —0.6, 0.3, —0.2, 0.0}

e Compute an estimate of the mean value of §.

statistics: sample mean
A 0.5-0.6+0.3-0.2+0.0 _ 0

n =
5
e Compute an estimate of the variance of €.

statistics: corrected empirical variance

A2 _ 0.5°—0.6°4L082—02°10.0°
0" = 4

e Could the measured data be independent? Compute an
estimate of r = COV{¢&;, &1}

F— —O.5-0.6—0.6-0.34—0.2-0.3—0.2-0.0 o () —= NOTindependent

>
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Consider a scalar valued random variable ¢ and with a
measured data set

D(5) = {0.1, 0.2, 0.3, 0.4, 0.5}

e Compute an estimate of the mean value of ¢.
e Compute an estimate of the variance of €.
e Could the measured data be independent? Compute an

estimate of r = COV{¢;, &1}
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e Introduction to Matlab

User interface
Basic commands
Vectors

Matrices

e Random numbers

Uniformly distributed random numbers
Normally distributed random numbers
Random numbers from any distribution
Control random number generation
White noise process

e Basic statistics
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MATLAB

® MATLAB = MATrix LABoratory
® Numerical computing environment
® Programming language

— scripting language

— variables are arrays/matrices

— maitrix manipulations
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PUBLISH

BN L) Fing

o O
= FiLE L T
S EHA b C: b Userss b An s
Current Folder = Workspace =
Mlame = CCCV_generator.m + Name = Valus
' prj 20 TG nnf 4
"% battery COCY.ak 21 - B=aize (Vmaxlistc,2): _E"U 151
"4 battery CCCV_2sh 22 o T
|| bakteny CCCW_2.sheorigi-. | 23 = for i=1:H = 1_3 X (L
"a battery CCCV_3sh 24 — Vmax=Vmaxlist (i} ; i 1.4 Ix! doubis timeseries
W battery CCCW d.sh 25 — Vmin=vVminlisc (1) ; -H Imax 2
tl ':_L_':""-ng'.ﬁ”“ﬁr_'ml 26 — Imex=Tmaxlist (i} L Imnaxlist (0.5000,1,1.5000,2]
L mat 27 - set_param('k W 4/To Wo "VariableName®, ['I *, pum2str({evalin(‘basc’, :|ITIiﬂ Qo200
8 = set_param( batt 4 W ‘s "VariableName®, ['V_*,mum2atz (evalin('base’, 1_'“ 4
wilB0129,mat [MAT-fide) ~ |25 — sim['battery COCV 4'); LEl :_"t" EII;HII-I.'II.-“._I
H Neitie Vahoe | g — st,aceu—xl-'.'l.?.al.' o B o o o o . |_ G it g
| Bl = aet param(‘battery CCOC _-.', LoadinicialScace”  "on", "InicialScace", "scacea") =
am i timeseries A Lo End l_ ttran 500
Tl TEmH:n.ﬂ 1 L S F_['.j ¥l Ixl doubile trmesemes
m1.3 tirmesenies Tl Ix! doubie timeseries
i timesenes | K z fimv_3
o Imna 2 Command Window ¥ Li.?' V4
H imarlist [0.5000,1,1.. : o vrmax
B frmin 0200 *> load(’wa ST ) EH Vrmaxdht 3.5000,3.6000,3.7000), .|
HM 4 B > £ Vimin 15000 |
Hr 20000 {1} vrminist [3.2000,3.3000,3.4000,..
vl Tirmesenes |_':_. sFinal Ixl a
a2 timesenes | £l xout L1 séruet
vl timesenies
amy4 timesenss
£ vmax 3.5000
1 Wrnamlist  [3.5000 3.6...
_— ¥min 1.5000
1 Vemindist [3.2000,3.3...
i 4 |
| states tulstruct o € s |
- script Ln M Col 1
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® [nter variables or statements
® Execute statements, run commands

® Commands ended without ; — result is displayed in the
next line

® Commands ended with ; — result is not displayed
® Recall previous lines with the 1 | arrow keys

® (Clear command window:
>> clc

® Save command history:
>> diary

® Help on commands, functions etc.:
>> help function/command name
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® (Contains all of the created

variables
® \/ariable name, value, max and
mln Name = Value Max Min
5} D 201x2 double  500.3665 0
® Clear all variables from the - g : : :
- sigma 2 2 2
workspace: fe 201 double 100 :
oy 201x] double 5003665 0.4823
>> clear
® Save workspace variables into
file:

>> save myworkspace.mat

® | pad/restore a saved workspace:
>> load myworkspace.mat
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® Writing/editing functions and scripts
® Fxecute selected commands: F9
® Run the whole script: F5

B Editor - C:\Users\Anna Pézna\Dropbox\PHOAEFOP343\Lab-2\leastsquares.m

leastsquares.m [ 4+ |
1 |funcci|:: [P,COV,r,sigma r]=lsastaguarezs(D)
2= X=D|(:,2:end):
= oo v—Di{z,1);
g = if rank(X)<min(=zize (X))
5 = error ('Error: matrix ia ranl deficisnc!?')
6 = end
T = P={inv(X'*X) *X") *y:
B ¥y_M=X*E;
§ = r=y-y M;
10 = sigma r=var(r):
5 m remean (r);:
12 = COV=inv (X'*X) *sigma_r:
13 - figure
I — subplot(2,1,1
1N == citle("Eatimation')
16 — hold on:
1y plot(y, 'k");
18 = plot{y M,'z'};
19 = legend("measorement ', "estimation')
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Current Folder

® If you do not specify the full path, = reme
MATLAB looks for the files in the |
current folder s

£ 68Ffef08cBaaBofBf3c557d04cdTasH c2.pdf
3 Battery.rar

® Files not included in the search & beney oy 20
path are greyed out B bt CCV 3

["& battery CCCV_d.sh
| | battery CCCV_4.clx.original
"% battery CCCV_dischargeshx

® You can add folders outside of
the CUI’TEﬂt fOIder tO the SearCh }5::::fr:,f_C:C‘u’_discharge.slx.originai
path : * hatteg:currgnt._ccrltagE_prbs.png

o battery_current_voltage_ccov.png

L nght C“Ck on the folder ::'_\J I:attery_dischargt.m
"_‘j battery_discharge2.m
- Add tO Path ,'_I-. :aﬂer}'_prhs.sfc
atte rbs.she.original
— Selected Folders/Selected ~ s —

| | battery_prbs_4.sh.ornginal

#') cCCV_generator.m

fl costfcn_charge.fig

ﬂ costfcn_discharge.fig

) costfun_ccov_charge.fig
# costfun_ccov_charge.png

Folders and Subfolders
® |f two functions have the same

name, the one in the current
folder takes precedence

£ costfun_ccov_charge 01.png
"j costfun_ccov_discharge.fig
(T B = = 5.
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Create a variable a with value 1!

® Type the name and the value in the command prompt and
press Enter:

® >> a=1
a=1

® The variable a appeared in the workspace
® The result is displayed in the command window
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Perform some basic arithmetic operations!
® Add 2 to a:

® > a42
ans=3

® |f you do not specify an output variable, the result is stored
in ans

® (Create a new variable b which is 5 times a!
® - b=ax5:

® |f you put a semicolon (;) after the statement, the result is
not displayed (but still computed!)
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® Create a vector x with value [1 2 3 4] !

® >> x=[1 2 3 4]
x=1 2 3 4

® Create a column vector y with value [56 7 8]
(end of row = ;)

® >> y=[5; 6; 7; 8]
y::

0 NO O,
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® Create a vector z using the : operator!
® Syntax: first element : increment : last element

®@ >~ z = 1:0.5:5
z =10 1.5 2.0 2.5 3.0 3.5 4.0 4.5
5.0

® Transpose a vector:’

®>> vy’
ans = 56 7 8
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® Access element of a vector:
— The indexing in MATLAB starts with 1

— 3> X(2)
ans = 2

— Last index: end

— >> Xx(end)
ans = 4

® Access range of elements: first index : last index

® >> x(2:4)
ans =2 3 4
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® Create a matrix

® -~ A=[1 2 3; 4 5 6]
A 1 28
45 6

® Transpose the matrix:

® > A’

ans = 1
2
3

o OB
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® Access element: (row index, column index)
® 2nd row, 1st column:

>> A(2,1)
ans = 4

® Access range of elements using the : operator
® 2nd row, all columns:

>>A(2,:)
ans =4 5 6
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® Matrix full of ones: ones(dim1,dim2,...,dimn)

>> 0 = ones(2)
O = 11

11

® Matrix full of zeroes: zeroes(dim1,dim2,...,dimn)
>> Z = zeroes(2,3)
Z = 000
00O
® |dentity matrix: eye(dim1,dim2,...,dimn)
>> E = eye(2)

E = 10
0 1
® |f only one dimension is specified, then it is a square
matrix!
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® By default all operations are matrix operations in Matlab
® Addition: +, subtraction: -
— Matrices must have equal dimensions!
>> B=[1 3 5; 2 4 6];
>> A+B

ans = 2 5 8
6 9 12
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® Multiplication: *
— Inner matrix dimensions must be the same!

>> AxB
Error using =
Inner matrix dimensions must agree
>> AxB’
ans = 22 28
49 64
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Elementwise operators
® Elementwise multiplication . , power .~ , and division ./
® The operations are performed by elements
® Matrices must have equal dimensions!

® > A.xB
ans= 1 6 15
8 20 36
>> A.72
ans = 1409
16 25 36
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® Determinant

> C =[1 2; 3 4];
>> det(C)
ans = —2

® Eigenvalues and eigenvectors
>> [V,D] = eig(C)

V = —-0.8246 —-0.4160
0.5658 —0.9094
D = —0.3723 0O
0 5.3723
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® |nverse

>> inv (C)
ans = —2.0000 1.0000
1.5000 —0.5000
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e Random numbers

Uniformly distributed random numbers
Normally distributed random numbers
Random numbers from any distribution
Control random number generation
White noise process
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generators

® True random numbers

— Based on some physical phenomena
— e.g. atmospheric noise, thermal noise, dice

® Pseudorandom numbers

— Generated by computer algorithms

— Long sequence of apparently random numbers
— Determined by the initial value (seed)

— Can be reproduced
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random numbers

® The rand function generates uniformly distributed random
numbers in the interval (0,1)
® rand returns one random number

>> X = rand
X = 0.0923

® rand(n) generates an n x n matrix of random numbers

>> X = rand(2)
% = 0.1863 0.3968
0.3456 0.5388

® rand(dim1,dim2,...,dimn) generates
dimy x dimo x ... x dim, matrix of random numbers

>> X = rand(1.,4)
x = 0.4192 0.6852 0.2045 0.8781
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random numbers

® (Generate uniformly distributed random numbers on a
specified interval, for example (-1,2)!

> a = —1;
=> Db = 2;

® Multiply the function with the length of the interval (stretch)
>> r = (b-a)xrand(1,4);

® Shift to the start of the interval

>>r = a + (b-a)xrand(1,4)
r = 1.4442 1.7174 —-0.6190 1.7401

26/56



EFOP-3.4.3-16-2016-00009

U n ifO rm ly d iStri bUted A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

random integers

® The randi function generates uniformly distributed random
integers between 1 and /myax
® randi(imax) returns one random integer

>> randi(95)

ans = 3
® randi([imin,imax]) returns one random integer between iy,
and /max
>> randi([ -5,5])
ans = —4

® randi(imax,n) generates an n x n matrix of random integers

>> randi(5,2)
ans = 3 4
5 5

27156
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random integers

® randi(imax,dim1,dim2,...,dimn) generates
dimy x dime x ... x dimp matrix of random integers

>> randi(4,1,3)
ans = 3 1 4
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random numbers

® The randn function generates normally distributed random
numbers with 0 mean and 1 variance (standard normal
distribution).

® randn returns one random number

® randn(n) generates an n x n matrix of random numbers

® randn(dimi,dim2,...,dimn) generates
dimy x dimo % ... x dim, matrix of random numbers
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random numbers

® (Generate normally distributed random numbers with given
mean and variance! For example u = —-1,0° =4 -0 =2
® Solution 1. : Transform the standard normal distribution:
— Squeeze and shift the standard normal distribution:

>> mu = —1; sigma = 2;
>> r = mu + sigmaxrandn(1,10);

® Solution 2. : Use the normrnd function:
— normrnd(mu,sigma,dim1,dim2,...,dimn)
— Important: the arguments of the normrnd function are the
mean and the standard deviation!
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distribution

® The mvnrnd function generates multivariate normally
distributed random numbers with a given mean vector and
covariance matrix

® The mean vectoris an 1 x n vector
® The covariance matrix is an n x n symmetric matrix
® The result is one or more random vectors
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distribution

® mean vector

> mu = [3; 5];
® covariance matrix

>> sigma = [1, 0.5; 0.5, 2];
® one random vector

>> mvnrnd (mu, sigma)
ans = 3.5377 7.6948

® three random vectors

>> mvnrnd (mu, sigma,3)

ans = 0.7412 2.1407
3.8622 4.8575
3.3188 5.6126
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from any distribution

® The random function can be used to generate random
numbers from any distribution

® The distribution can be specified as a probability
distribution object

— makedist('distname’) creates a probability distribution object
specified by 'distname’ using the default values

— makedist('distname’,;name’,value) creates a probability
distribution object with parameters given in the name-value
pairs

>> pd=makedist( 'poisson’, 'lambda’ ,5)
Pd = PoissonDistribution

Poisson distribution

lambda = 5
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from any distribution

® Or with its name and parameter values

>> random (pd)
ans = 8
>> random( 'binomial ' ,10,0.3,1,100);
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number generation

® The numbers generated by rand, randi and randn depend
on the initial state of the random number generator

® The generator resets its state when MATLAB is restarted
— you get the same numbers at every start of MATLAB
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number generation

® The rng function can be used to control the random
number generation

— Specify the seed and the type of the random number
generator

— rng(seed) specifies only the seed, e.g. rng(2), rng('shuffle’)
(current time)

— rng('generator’) specifies only the generator e.g.
rng(‘twister’)

— rng(s) restores the settings of the random number
generator to the values captured previously with s = rng
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% seed = 2

>> X = rand(1,4)

X = 0.4360 0.0259 0.5497 0.4353
>> y=rand(1,4)
y = 0.4204 0.3303 0.2046 0.6193
>> §=rng % save state
S = Type: 'twister’
Seed: 2
State: [625x1 uint32]
>> w=rand (1 ,4)
W = 0.4204 0.3303 0.2046 0.6193
>> rng(2) % seed = 2
>> z=rand (1 ,4)
Z = 0.4360 0.0259 0.5497 0.4353
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® Sequence of independent identically distributed random
variables

® |ndependent: no correlation between the samples

® |dentically distributed: random variables have the same
distribution

® The random numbers generated by rand, randi, randn,...
compose a white noise process

® Noise in the nature is usually Gaussian white noise i.e. the
random variables have normal (Gaussian) distribution

38/56



e Basic statistics

39/56



EFOP-3.4.3-16-2016-00009

A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® m=1(xy+x+.. x)

® The mean function can be used in MATLAB to compute
the mean value

® mean(x) returns the mean value of the vector x

>> X = [2 § 8];
>> mean(Xx)
ans = 5
® mean(A) returns the mean value of the matrix A, along the
columns
> A=1[547;13 -2];
>> mean (A)
ans = 3 3.5 2.5
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® mean(A,dim) returns the mean value of the matrix A along
the specified dimension (1 - columns, 2 - rows)

>> mean(A,2)
ans = 5.3333
0.6667
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® o= /106 — w2+ 0 — pR+ -+ (xn — )?)
® The std function can be used in MATLAB
® sid(x) returns the standard deviation of the vector x

>> std (x)
ans = 2.4495

® std(A) returns the standard deviation of the matrix A, along
the columns

>> std (A)
ans = 2 0.5 4.5
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® std(A,w) returns the weighted standard deviation of each
column of A, using the w weight vector

— w = 0 means that the std is normalized by N-1 (default
value)

— w = 1 means that the std is normalized by N

— w=[wl, w2,...wk] is a weight vector

® std(A,w,dim) returns the standard deviation of the matrix A
along the specified dimension. (1 — columns, 2 — rows)

>> std (A,0,2)
ans = 1.5275
2.5166
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® o2 = 1((x1 —p)P+ (X2 — )2+ + (Xn — n)?)
® The var function can be used in MATLAB
® var(x) returns the variance of the vector x

>> var (x)
ans = 6

® std(A) returns the variance of the matrix A, along the
columns

>> var (A)
ans = 8.0000 0.5000 40.5000
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® var(A,w) returns the weighted variance of each column of
A, using the w weight vector

— w = 0 means that the variance is normalized by N-1 (default
value)

— w = 1 means that the variance is normalized by N

— w=[wl, w2,...wk] is a weight vector

® var(A,w,dim) returns the variance of the matrix A along the
specified dimension. (1 — columns, 2 — rows)

>> var (A,0,2)
ans = 2.3333
6.3333
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® (Covariance matrix:

0% cov(X,Y) cov(X,2)
COV = |cov(Y, X) ok cov(Y,Z)
cov(Z,X) cov(Z,Y) a5 |

— symmetric

— variances in the diagonal
® The cov function can be used in MATLAB

® cov(A): If Ais a vector of observations, cov(A) returns the
variance of A

® if Ais a matrix whose columns are observations of random
variables, then cov(A) returns the covariance matrix
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>> A2=[1 2; -1 —-1; 3 0];

>> COV(A2)

ans = 4.0000 1.0000
1.0000 2.3333
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® cov(A,B) returns the covariance between the two random
variables A and B. If A and B are vectors, then cov(A,B) is
a 2 x 2 covariance matrix. If A and B are matrices of the
same size then the covariance is computed so that the
matrices are treated as vectors (create one big column
vector from the columns of the matrix)

= X = (0.5, 0.25, 2 1];

>Y = [-1, 5, 2.3, —-1.8];

>> cov(X,Y)

ans = 0.5990 —0.2229
—0.2229 9.8225
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® correlation coefficient:
cov(X,Y)
Ix.y =
oOxXoy

® Correlation matrix:

'xx Ixy Ixz
R=|ryx ryy ryz
fzx tzy Iz7

=

— symmetric
— diagonal elements are ones
® corrcoef(x,y) returns the matrix of the correlation

coefficients between two random variables x and y

>> corrcoef (X,Y)
ans = 1.0000 —0.0919
—0.0919 1.0000
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Represents of the frequencies of the data

Divide the range of values into intervals (bins)
Count how many of the data falls into each bin
hist(X) creates a histogram plot of X using 10 bins

hist(X,nbins) uses a number of bins specified by the scalar,
nbins
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>> Z = normrnd(2,4,1000,1);
>> hist(Z)

a0n T T T T T T
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>> hist(Z,20)
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P(D) = 75((x1 — M) (Xs1 — M) + -+ + (Xn_s — M) (Xp — M))
® There is no function in MATLAB which computes

autocovariance

® Task: write a function which gets the vector of data and s
as input and computes the autocovariance!
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Function declaration in MATLAB:
® (Open the Editor window!
® The syntax of the function declaration:

function[output_args]=function_name (input_args)
® After that you can write the computation steps.

® Save the function in your Current Folder!

® The name of the .m file should be the same as the name of
the function!
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function r = autocov(data,s)
N = length (data);

r = 0;

m = mean(data);

for i=1:N-s
r=r+(data(i)-m)*(data(i+s)—m);
end

r=1/(N-s)x*r;

end
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® Test the function!

® Create a data vector, for example
x =[0.1,0.2,0.3,0.4,0.5]

>> x = [0.1,0.2,0.3,0.4,0.5];

® (Call the function with s=1!

>> r = autocov(x,1)
ans = 0.01
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Lectures and tutorial$

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation

e Special methods for LS estimation of dynamic model
parameters: Instrumental variable (IV) method, Parameter
estimation of dynamic nonlinear models

e Practical implementation of parameter estimation: Data
checking and preparation, Evaluation of the results of
parameter estimation
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e Unbiased estimates
e Confidence intervals, statistical hypothesises

e Linear static models for parameter estimation

e Simple linear scalar case
e Linear models with vector valued parameters

e Linear regression

e The principle of LS estimation
e ThelS estimate

e Properties of the LS estimate

e Unbiasedness
e FEvaluation of the residuals

e [utorial
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e Analysis of the properties of the estimates

e Unbiased estimates
Confidence intervals, statistical hypothesises
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Sample, statistics

Consider a (scalar valued) random variable & with probability
density function f¢(x).

e Sample
Is a collection (set) of n independent random variables

S(‘g) - {51 3 52'} ery gn}

where every &; has the same distribution as &.
— the sample corresponds to a set of measurements about &
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A felstfokl oktatas mindsegenek es hozzaferhetoségenek egylttes
javitasa a Pannon Egyetemen

Sample, statistics

Consider a (scalar valued) random variable & with probability
density function f¢(x).
e Sample
Is a collection (set) of n independent random variables

S(‘g) — {51 3 52'} ery gn}

where every &; has the same distribution as &.
— the sample corresponds to a set of measurements about &
e Statistics

is a (deterministic) function of the sample elements (a
random variable itself)

S(S) == F(£1:~£2: "'Jé-ﬂ)

— a statistics is used to construct an estimate
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of the sample mean -1

Consider a scalar valued random variable ¢ with probability
density function f¢(z) and a sample S(¢) = {1, &2, ..., &n}-

Sample mean: a statistics for estimating the mean value

1
M$=E®+&+m+&)
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of the sample mean —

Consider a scalar valued random variable ¢ with probability
density function f:(z) and a sample S(¢) = {&1, &2, ..., n}-

Sample mean: a statistics for estimating the mean value

1
M&=E@+&+m+&)

Important

If the random variable ¢ has a normal or Gaussian distribution
(f ~ N ( m, 52)) : S :

then . has also a normal or Gaussian distribution.

(For large n the distribution of 11 is approximately Gaussian).

2

a

~ N(m.—
1 (,n)
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Measured data set

Consider a scalar valued random variable ¢ with a sample

S(&) = {&1,&2, ..., &n}-

Measured data set
Is a collection (set) of n measurements of the sample elements

{£1 ' 621 wialialy £n}
D(&,n) = {xq1, X2, ..., Xn}

D is a realization of S.
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Measured data set

Consider a scalar valued random variable ¢ with a sample

S(€) ={&,&,....&n}-

Measured data set
Is a collection (set) of n measurements of the sample elements

{51 ’ &29 Ty én}

D(&,n) = {xq, X2, ..., Xn}

D is a realization of S.

Important

The measured data set contains an actual set of measurements
about ¢ that are not random variables but deterministic values (a

realization).
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Estimates

Consider a scalar valued random variable ¢ with a sample
S(&) ={&1,&, ...}, and with @ measured data set

D(&.1) = {65 X005 X}

Estimate
is a realization of a statistics s(S) = F(&1, &2, ..., &n)

g(D) = F(X13X21 ”“:Xn)
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Estimates

Consider a scalar valued random variable ¢ with a sample
S(&) ={&1,&.....€n}, and with @ measured data set

D(£,n) = (X1, %2, ..., X}

Estimate
is a realization of a statistics s(S) = F(&1, &2, ..., &n)

8(D) = F(x1, X, .., Xp)

an estimate is computed from the actual measurement values in the
data set D
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Important (Unbiased estimate)

An estimate 5(D) realizing a statistics s(S) of a parameter p is
unbiased, if the mean value of its statistics is equal to the parameter,
i.e. E{s(S)} =p.
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Important (Unbiased estimate)

An estimate 5(D) realizing a statistics s(S) of a parameter p is
unbiased, if the mean value of its statistics is equal to the parameter,
i.e. E{s(S)} =p.

Important (Unbiasedness of the sample mean)

The sample mean

) Xi e X
A(D) = . ;

is an unbiased estimate of the mean value of the random variable &
underlying the sample S(&) = {&1,&2,...,&én}-
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Consider a scalar valued statistics (i.e. a random variable)
s(S) of a parameter p with probability density function fs(z) and
a confidence (significance) level (1 — ) (0 < 7 << 1).
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Consider a scalar valued statistics (i.e. a random variable)
s(S) of a parameter p with probability density function fs(z) and
a confidence (significance) level (1 — ) (0 < 7 << 1).

Important (Confidence interval)
The confidence interval

[Pm(1 = 7), pm(1 — )]
is an interval estimation of p on the significance level (1 — =) if

pM(1 —?T}
f f(2)dz = (1 — 7)
Pm(1—m)

i.e. p is in the interval [pm(1 — ), pm(1 — )] with probability (1 — =)
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Consider a scalar valued statistics (i.e. a random variable)
s(S) and an estimate 5(D) of a parameter p and a confidence
(significance) level (1 — ) (0 < 7 << 1)
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Consider a scalar valued statistics (i.e. a random variable)
s(S) and an estimate s(D) of a parameter p and a confidence
(significance) level (1 — ) (0 < 7™ << 1)

Important (Statistical hypothesis)
A simple statistical hypothesis is a relation

Ho : p=p°

for the parameter p with a given constant value p* (we suggest that
the value of p is p*).
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TEStl ng Of A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

statistical hypothesis

Consider a (scalar valued) statistics (i.e. a random variable)
s(S) and an estimate s(D) of a parameter p and a confidence
(significance) level (1 — ) (0 < m << 1) with a simple statistical

hypothesis Hy : p = p".
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TeStI ng Of A felsofokl oktatas mindsegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

statistical hypothesis

Consider a (scalar valued) statistics (i.e. a random variable)
s(S) and an estimate s(D) of a parameter p and a confidence
(significance) level (1 — ) (0 < m << 1) with a simple statistical
hypothesis Hy : p = p*.

Important (Statistical hypothesis testing)

Hypothesis testing is to make a decision if we accept the hypothesis
Ho on the confidence (significance) level (1 — ).
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TEStl ng Of A felsofokl oktatas minosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

statistical hypothesis

Consider a (scalar valued) statistics (i.e. a random variable)
s(S) and an estimate s(D) of a parameter p and a confidence
(significance) level (1 — ) (0 < m << 1) with a simple statistical
hypothesis Hy : p = p*.

Important (Statistical hypothesis testing)

Hypothesis testing is to make a decision if we accept the hypothesis
Ho on the confidence (significance) level (1 — ).

lom(1 =), pi,(1 — m)] for the parameter p then we accept the

Hint: if the estimate s(D) is within the confidence interval
hypothesis Hy on the confidence (significance) level (1 — 7).
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javitasa a Pannon Egyetemen

e Linear static models for parameter estimation

e Simple linear scalar case
Linear models with vector valued parameters

13/36
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A felsofoku oktatas minoseégének es hozzaférhetdosegenek egylittes
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Model types

Y = M(X,p)

14 /36
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A felstfokl oktatas mindsegének es hozzaferhetdségenek egylttes
javitasa a Pannon Egyetemen

Model types

y = M(x,p)
e linear in parameters
M(x,p) = p" F(x)

where F(x) is a possibly nonlinear function of the
independent variable vector x

14/36
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A felstfokd oktatas mindsegenek es hozzaferhetoségenek egyittes
javitasa a Pannon Egyetemen

Model types

y = M(x,p)
e linear in parameters
M(x,p) = p" F(x)

where F(x) is a possibly nonlinear function of the
independent variable vector x

e dynamic
discrete time index k = 0,1, ..., K, ... such that

y(k) = M(x(k),x(k—1),....,x(k—K);p) , k=K, K+1,....n

14/36
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javitasa a Pannon Egyetemen

case: model form

Consider a (scalar valued) dependent variable y with a scalar
Independent variable x and a scalar parameter p.

Linear model
yWM=p-.x
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S I m p Ie II nea r Scal a I' A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

case: model form

Consider a (scalar valued) dependent variable y with a scalar
iIndependent variable x and a scalar parameter p.

Linear model
yM =p. x

Measurements (independent!):

Y ={yi,¥2,..., Ym} for fixed X ={xq1,X2,..., Xm}

such thaty; = p- x; +¢j, wheree;, | = 1, ..., m are independent
identically distributed random variables with p.d.f. f.(z).

15/36



EFOP-3.4.3-16-2016-00009

S I m ple I I nea r Sca Ia I' A felsofokl oktatas mindosegéenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

case: model form

Consider a (scalar valued) dependent variable y with a scalar
iIndependent variable x and a scalar parameter p.

Linear model
yM=p.x

Measurements (independent!):
Y ={yi,¥2,..., ¥Ym} for fixed X ={xq1,X2,..., Xm}

such thaty; = p- x; + ¢, wheree;, j =1, ..., m are independent
identically distributed random variables with p.d.f. f.(z).

o

Important

Sample for the measurement error

S(E) — {(.V1 - ,DX1), seey (,Vrn - pxm)}
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S I m ple I I nea r Sca Ia I' A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

case: residuals

Consider a scalar valued dependent variable y with a scalar
independent variable x and a scalar parameter p

M) _

YA = e
and with independent measurements such that y;, = p - x; + ¢,
ej, j=1,...,mare independent identically distributed random
variables

16/36
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S I m p Ie II nea r Scal a I' A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

case: residuals

Consider a scalar valued dependent variable y with a scalar
independent variable x and a scalar parameter p

yM —p. x
and with independent measurements such that y; = p - x; + ¢,
ej, j=1,...,mare independent identically distributed random

variables

Measured data set: Dy, = {(y;; %) | j=1....,m}

Residuals: -
h=Yi=Y, " =VYi—P X

Sample for the estimation of the residual properties:
S(e) ={n,nr,..,rm} where every r; has the same distribution as «.

o
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Stat I C I Inea I' m Od e ls = A fels8foku oktatds minoségeének és hozzaférhetosegenek egylittes

vitasa a Par]inn Egyetemen

vector valued parameter =

Static linear model
that is linear in parameters p € R" and also in independent
variables x € R" but has a single dependent variable y

n
yM =xTp=>"xp,
=1
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Stat I C I I near m Od e IS = A felsdfoku oktatds mindségenek és hozzaférhetoségének egylittes

vitasa a Par]icm Egyetemen

vector valued parameter =

Static linear model
that is linear in parameters p € R" and also in independent
variables x € R" but has a single dependent variable y

n
yM =x"p=>"xp;
=1

Measured data: m independent measurements

n
vi=Y Xipi+s s On=1{05%1,.%0) |i=1,..,m}

=1

with fixed independent variable values x;, j=1,...m; i=1,...,n and
independent identically distributed measurement errors e;.

o
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Stat I C I Inea I' m Od e 'S = A felsdfoku oktatds mindségenek és hozzaférhetoségének egylittes

vitasa a Panﬂan Egyetemen

vector valued parameter =

Static linear model
that is linear in parameters p € R" and also in independent
variables p € R” but has a single dependent variable y

n
yM =xTp=>"xp;

=1

m
Y = ZX;‘;P; +¢€i » Dm={(Y;i Xj1,--»Xin) | J=1,...,m}
=1
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Stat I C I I nea I' m Od e IS A felsofoku oktatas mindsegenek es hozzaferhetosegenek egyiittes

vitdsa a PEIIEJFI Egyetemen

vector valued parameter =

Static linear model
that is linear in parameters p € R" and also in independent
variables p € R” but has a single dependent variable y

M) =X P Zxrpf

m
Yi = Z){ﬁpf +¢€j » Dm={(Y;i X1, Xpn) | J=1,...,m}
=1

Residuals o

where xY) s the jth fixed independent variable set.

=y —xV7Tp
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OVEI'VIGW A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Linear regression

e The principle of LS estimation
e The LS estimate
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jaujiésa a Pannon Egyetemen

case: LS estimation —

Linear model

yM =p.x
Residuals

M :
G:”—}}:”—pﬁ,jzhwm
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S l m ple I I nea r Sca I a I' A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

jaujiésa a Pannon Egyetemen

case: LS estimation —

Linear model
y(M) —p- X
Residuals

(M)

=¥ —Y =Yyj—pP-X , J=1,...,m

Loss function: squared deviation from the model

Ve X)=) 7= (i—p- %)
j=1 j=1

with fixed X.
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S I m ple I I nea r Sca Ia I' A felsofokl oktatas mindosegéenek es hozzaferhetosegenek egylttes

jaujiésa a Pannon Egyetemen

case: LS estimation —

Linear model
y(M) —p-x
Residuals

(M)

G=Y =Y =Y mpex, f= 1 m

Loss function: squared deviation from the model

with fixed X.

Important (LS principle)

The least squares (LS) estimation principle: choose the parameter

estimate p such that the quadratic function V(p) is minimal.
20/36
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S I m ple I I nea r Sca I a I' A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

jaﬁ.fsa a Pannon Egyetemen

case: LS estimation —

Loss function: squared deviation from the model

m m
V(e X)=) rf=> (yj—p x)
j=1 =1

with fixed X.
Choose the parameter estimate p such that the quadratic
function V(p) is minimal.

21/36



EFOP-3.4.3-16-2016-00009

S I m ple I I nea r Sca Ia r A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

jaﬁ.fsa a Pannon Egyetemen

case: LS estimation —

Loss function: squared deviation from the model

m m
V(P X) =) 7= (¥—p-x)
j=1 j=1
with fixed X.

Choose the parameter estimate p such that the quadratic
function V(p) is minimal.

Important

Solution: using optimization

av(p) - < 1 m
dp FZ1 INT] / 2)11 XX ; /7]

The estimate is a linear function of the measured y;-s.
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Pannon Egyetemen

of linear static model§'="1

Problem statement
Given:

e A model that is linear in parameters p € R”

n
yM=x"p=> xp,
1=
where x € R" are deterministic independent variables
(measured and set) and y™) ¢ R is the model output,

measured value y is a random variable with measurement
error.
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Pa ra m Eter EStl m at IO n A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

of linear static model§'="1"""""""

Problem statement
Given:

e A model that is linear in parameters p € R”

n
yM=x"p=> xp,
1=
where x € R" are deterministic independent variables
(measured and set) and yM) ¢ R is the model output,

measured value y is a random variable with measurement
error.

e From m (m > n) measurements we form

BZe [ X111 X12 o+ Xip |
X X ‘ wE X
e Y2 X = 21 X22 2n
- Ym  Xm1 Xm2  Xmn .
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Pa ra m Eter EStl m at IO n A felsofokl oktatas mindosegenek és hozzaferhetosegenek egyiittes

Qpannon Egyetemen

of linear static model§'=’

e Consider a weighted quadratic loss function V

m m
V(p:X) = rTWr=> > W
i=1 j=1

M * :

o= y— j( ):yj—xU)Tp ] = Ly gl
where r is the residual vector and W is a weighting matrix
(often W =)
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Pa ra m Eter EStl m at IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

Qpannon Egyetemen

of linear static model§'=’

o Consider a weighted quadratic loss function V
m m
V(p:X) = rTWr=> > W
=t =4
M * .
no= yj—yj( )=y —xWTp | j=1,..m

where r is the residual vector and W is a weighting matrix
(often W =)

Important (Least squares (LS) estimate)

The LS estimate p of the parameters p minimizes V.

The minimum of V is at % — 0 with W = |

p=X"X)""X"y

The estimate is a linear function of the measured y;-s. .
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javitasa a Pannon Egyetemen

e Properties of the LS estimate

e Unbiasedness
e FEvaluation of the residuals
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A felsofoku oktatas minosegének es hozzaferhetdsegenek egylittes

Vector-valued randoni Variablés™

Given a vector valued random variable £
¢ €(w), wel, ¢&w)eRH

Ilts mean value m € R* s a real vector.

lts variance COV/{¢} is a square real matrix, the covariance
matrix:

COV{¢} = E{(¢ — E{¢})(¢ - E{¢})T}

Covariance matrices are positive definite symmetric matrices:

zTCcov{¢lz>0 , VzeRH
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A felsofokl oktatas mindsegenek es hozzaferhetdosegenek egylittes

Linearly transformed Fandom Variables

Let us transform the vector-valued random variable £(w) € R"
using the non-singular square transformation matrix 7 € R"*":

n=T¢
The properties of the vector-valued random variable 7:

E{nl = TE{¢} , COV{n}=TCOV{e}T'"

If the random variable ¢ has a Gaussian distribution N(mg, A¢)
with mean value m: and covariance matrix A¢, then the
transformed random variable n will also be Gaussian

N(m,, A,), where

m,=Tme , Dp=TAT’"
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Th e d IStr ' bUt l On Of A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

the LS estimate

The LS estimate
p=(X"X)""XTy

with X being a fixed independent variable value matrix, and the
measured dependent variable vector y is

y=X-p+e

where the measurement errors ¢, j = 1,..., m are independent

identically distributed random variables with p.d.f. .(z) and
zero mean E{c} = 0.

P=X"X)T'XT(X-p+e)=p+(XTX) ' XTe
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Th e d IStr ' bUt l 0 n Of A felsofoku oktatas minoségenek és hozzaférhetoségének egylittes

javitasa a Pannon Egyetemen

the LS estimate

The LS estimate
p=(X"X)""XTy

with X being a fixed independent variable value matrix, and the
measured dependent variable vector y is

y=X-p+e

where the measurement errors ¢, j = 1,..., m are independent

identically distributed random variables with p.d.f. £-(z) and
zero mean E{c} = 0.

P=X"X)T'XT(X-p+e)=p+(XTX) ' XTe

Important (Unbiasedness of the LS estimate)

The LS estimate is unbiased, because E{p} = p.
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The Covarlance matl‘lx felsofokl oktatas mindsegenek es hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

of the LS estimate

The LS estimate
p=X"X)"XTy=p+(X"X)"' X'

with X being a fixed independent variable value matrix resulting
in the transformation matrix 7 = (X7 X)~' X" (from ¢ to p).
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The Covarlance matrlxmlsﬁfckﬂ oktatas minoségenek es hozzaferhetdségenek egyittes

javitasa a Pannon Egyetemen

of the LS estimate

The LS estimate
p=X"X)"XTy=p+(X"X)"' X'

with X being a fixed independent variable value matrix resulting
in the transformation matrix 7 = (X7 X)~' X" (from ¢ to p).

The covariance matrix of the estimate is

COV{p} = (XTX)'o?

where o2 is the variance of the measurement errors.
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The covariance MatriXiessok okitis minsssoének és hozzaférhetdségének sayiities

javitasa a Pannon Egyetemen

of the LS estimate

The LS estimate

M

p=X"X)"XTy=p+(X"X)" "X

with X being a fixed independent variable value matrix resulting
in the transformation matrix 7 = (X7 X)~' X" (from ¢ to p).

The covariance matrix of the estimate is

CoV{p} = (XTX)'o?

where o2 is the variance of the measurement errors.

Important (Experiment design)

We can influence the covariance matrix of the estimate by choosing
the fixed values of the independent variables properly.
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javitasa a Pannon Egyetemen

the residuals

For unbiased estimates the residuals should be
realizations of independent identically distributed random

variables with zero mean.

h .3 . random
+ + x
& : 3
r r Fi r
’f
-
= +
- &
- &
+ + e A
4
. X T X ¥ o K
&
L 4 r
non random
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javitasa a Pannon Egyetemen

Linear regression

e A. Scalar valued parameter
e B. Vector valued parameter
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TUtOl‘lal prObIemS — AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Linear regression for scalar parameter — 1)

Consider the following model that is linear in parameters:

y™ = px (1)

e How many parameters does this model have?
1 (scalar parameter)
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TUtOl‘lal prO blemS — AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Linear regression for scalar parameter — 1)
Consider the following model that is linear in parameters:

yM = px (1)
e How many parameters does this model have?
1 (scalar parameter)
e Consider a measured data set consisting of (y;; x;) pairs

Ds = {(0.5;1.0), (0.2;1.0), (0.0;1.0), (=0.5;1.0), (—0.2;1.0)}

Compute an estimate of p if possible with its mean value and
variance.

p=0.0 , 2=0.0825
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TUtOl‘lal prO blemS - AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Linear regression for scalar parameter — 2)
Consider the following model that is linear in parameters:

¥ = px ()

e Consider a measured data set consisting of (y;; x;) pairs

Ds = {(0.5;1.0), (0.2:1.0), (0.0;1.0), (=0.2;1.0), (—0.5;1.0)}

Compute an estimate of p if possible with its mean value and
variance.

p=0.0 , 62=0.0825
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TUtOl‘lal prO blemS - AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Linear regression for scalar parameter — 2)

Consider the following model that is linear in parameters:

¥ = px ()

e Consider a measured data set consisting of (y;; x;) pairs

Ds = {(0.5;1.0), (0.2;1.0), (0.0;1.0), (—0.2;1.0), (—0.5;1.0)}

Compute an estimate of p if possible with its mean value and
variance.
b= 0.0 , r%f., =0.0825

e Evaluate the properties of the residuals (mean value, variance)
may not be independent — slow drift
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TUtOl‘laI prObIemS - BA felsofokl oktatas minoségenek es hozzaférhetdseégenek egylittes

javitasa a Pannon Egyetemen

Example (Linear regression for vector valued parameter — 1.1)
Consider the modified model that is linear in parameters:

yM = ax + b
where a and b are unknown scalar parameters.

How many parameters does this model have? Construct the
parameter vector p.

2 p=[a, b]’
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TUtOl‘lal prO blemS — BA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Linear regression for vector valued parameter — 1.2)
Consider the modified model that is linear in parameters:

yM — ax + b

where a and b are unknown scalar parameters.
Consider a measured data set consisting of (y;; x;) pairs

Ds = {(0.5;1.0), (0.6;1.0), (0.3;1.0), (—0.2;1.0), (0.5;1.0)}

Construct the matrix X and the vector y needed for the estimation.
Comment on the solvability of the estimation problem.

F 0D I

0.6
y = 0.3 ., X =
0.2
0.5

Sleieilel=]
cococoo

Estimation is NOT possible, matrix X is singular. |
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TUtOl‘lal prO blemS — BA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Linear regression for vector valued parameter — 2)
Consider the model that is linear in parameters:

yM = ax + b

where a and b are unknown scalar parameters.
Consider a modified measured data set consisting of (y;; x;) pairs

Ds = {(0.5;1.0), (0.6;1.0), (0.3;0.5), (0.2;0.5)}

Construct the matrix X and the vector y needed for the estimation.
Comment on the solvability of the estimation problem.

T 0.5 ] 1.0 1.0

| 06 x_ |10 10
Yy=1903| *: 2= | 05 1.0
0.2 05 1.0

Estimation is POSSIBLE, matrix X is of full rank.

y.
35/36



EFOP-3.4.3-16-2016-00009

H O M EWO R K A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Consider the following model that is linear in parameters:

2
yM =3 "pix;+ b
I+1

where the unknown model parameters are p¢, p> and b.

o Consider a measured data set consisting of (y;; i1, X2)
values

D; = {[0.5;1.0,1.0), (0.6;1.0,0.9), (0.3;1.0,0.5), {0.2; 0.5; 1.0)]
Compute an estimate of p if possible with its mean value
and covariance matrix.

e Evaluate the properties of the residuals (mean value,

variance).
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e Recall

e Model types
Linear regression

e LS estimation of linear scalar models

e LS estimation of static linear models
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e Recall

e Model types
e Linear regression
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Recal I A felsofoku oktatas minosegének es hozzaferhetdseégenek egylittes

javitasa a Pannon Egyetemen

Model types

® Model:
Y = M(X,p)
— y: vector of dependent variables, output
— x: vector of independent variables, input
— p: parameter vector

® Model linear in parameters:
y =p"F(x)
— F: function of the independent variables

— The output is the product of the parameter vector and the
function of the independent variables!
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Recal I A felstfokl oktatas minosegének es hozzaferhetdoségenek egylttes
javitasa a Pannon Egyetemen

Model types

® | inear scalar model:

y=p-x

— one dependent variable: y
— one independent variable: x
— one parameter: p

® Static linear model:

n
Y™ — xTp =3 xp
=1

— one dependent variable: y
— vector of independent variables: x € R”
— parameter vector: p € R”
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Recal I A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylttes

javitasa a Pannon Egyetemen

Linear regression

m number of measurements
measured output: Y

model output: yj-(mr )

residuals: difference between the measured output and
model output

=Y _Yj(M}

® | oss function:

m m
V(i X) =3 rF =3 (1 — 5"
".":1 —

j=1

® | east squares estimation: find the parameter p which
minimize the loss function!
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Recal I A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Solution

Solution of the LS estimation:
® | S estimation of linear scalar models:

A 1 i
P = XiYj
D1 XiX; ;

® | S estimation of static linear models:

p=(X"X)""XTy
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Recal I A felsofoku oktatas minoségének es hozzaférhetdésegenek egylittes

javitasa a Pannon Egyetemen

Solution

® | S estimation of linear scalar models:
— variance of the estimation:

— 0% is the variance of the measurement errors (= the
variance of the residuals)

® | S estimation of static linear models:
— covariance of the estimation:

COV, = (XTX) 10
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LS eStI m at l O n Of A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

linear scalar models

® (Create a function in Matlab which computes the least
squares estimate of linear scalar models!

® The input of the function should be the data matrix which
contains the measured values of y; and x; in the form of:

i X
D_ y.2 X2
Ym  Xm |

® The output of the function should be

— the estimated parameter p
— the variance of the estimation o
— the vector of residuals r
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A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® Open the Editor and create a new script!
® Declare the function:

function[p,sigma,r]=LS_scalar (D)
end
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A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

In the function body:

® Separate the vector of measured values (y) and the vector
of the variables (x) from the measured data set!

— vy is the first column of the D matrix
— X is in the second column of the D matrix

y=D(:,1);
X=1{:.,2);
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A felsofoku oktatas minosegének es hozzaferhetdsegenek egylittes

javitasa a Pannon Egyetemen

In the function body:

® Compute the estimated value of the parameter using the
formula:
s
m XY

b=

o E;L XiXj = X1X1 + XoXo + + -+ + XmXm = xTx
Is the scalar product of x an x vectors

— YT XY= X+ XeYa o XmYm = XTY
Is the scalar product of x and y vectors

P=1/(X"*X)*x(X *xy);
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A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

In the function body:

® Compute the model output (yM) = px) substituting the
estimated value of p:

y M=pxX;

13/43



EFOP-3.4.3-16-2016-00009

A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

In the function body:

® Compute the model output (yM = px) substituting the
estimated value of p:

y M=pxX;

® Compute the residuals as the difference between the
measured output and the model computed output:

r=y—y_M;
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A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

In the function body:
® Compute the mean and variance of the residuals:

m_r=mean(r);
sigma_r=var(r);
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A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

In the function body:
® Compute the mean and variance of the residuals:

m_r=mean(r);
sigma_r=var(r);

® Compute the variance of the estimation:

sigma=1/(x"xx)xsigma_r;
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A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

In the function body:
® Compute the mean and variance of the residuals:

m_r=mean(r);
sigma_r=var(r);

® Compute the variance of the estimation:

sigma=1/(x"«x)*sigma_r;

Save the function as LS_scalar.m in your Current Folder!
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Examp'e 1 A felsofokl oktatas mindsegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® Test the function with the data found in dataset_0.txt and
dataset_1.ixt!
® The structure of the files:

— Two columns separated by tab
— First column: y - measured output
— Second column: x - measured input
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Im port data from fi Ie A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

® |mport data from file:
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Im port data from fi Ie A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

® |mport data from file:

&
— On the Home tab, click on the Import Data % button and

choose the file
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Im port data from fi Ie A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

® |mport data from file:

&

— On the Home tab, click on the Import Data oss button and
choose the file

— Or right click on the file in your Current Folder and choose

"Import Data”
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Im port data from fi Ie A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® |mport data from file:

&
— On the Home tab, click on the Import Data O
choose the file

— Or right click on the file in your Current Folder and choose
"Import Data”
— On the Imported Data tab choose Numeric Matrix

,Qh Column vectors _i
) Numesic Matrx
I_ﬂl Cell Array

LR Tkt

IMPORTED DATA

' button and
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Im port data from fi Ie A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® |mport data from file:

o

— On the Home tab, click on the Import Data oss button and
choose the file

— Or right click on the file in your Current Folder and choose
"Import Data”

— On the Imported Data tab choose Numeric Matrix

,?D C_l:rlun'l_q vectors __i
1] Numeric Matrix
I_ﬂl Cell Array

Lt Tkt

IMFORTED DATA

— Make sure that the whole data is selected and rename the
matrix e.g. DO

| dataset_D.txt
A B
dataset
HUMBER = NUMBER -
1 |1.3665 0.0000
2 0.7357 0.5000
3 [1.9910 1.0000
4 [8.3663 1.3000
5 [11.6165 2.0000 16/43
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Im port data from fi Ie A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

® |mport data from file:
4

Selection ¥

— Click on the Import Selection button |
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Im port data from fi Ie A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® |mport data from file:

¥
Selection ~

— Click on the Import Selection button &=
— The data is successfully imported into the variable DO
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TESt the funCtion A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® (Call the function:
— If you do not specify an output variable, the function returns
its first output, in this case the estimated parameter.

>> LS_scalar(DO0)
ans = 5.0053
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TESt the funCtlon A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® (Call the function:
— If you do not specify an output variable, the function returns
its first output, in this case the estimated parameter.

>> LS_scalar(DO0)
ans = 5.0053

— If you specify the output variables, the function returns the
first , second, ... outputs.

— In this case, if you want to know the variance of the
estimation you should call the LS_scalar function with two
output variables.

>> [p,s]=LS_scalar(D0)
p = 5.0053
s = 5.8554e-06
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TESt the funCtlon A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® (Call the function:
— If you do not specify an output variable, the function returns
its first output, in this case the estimated parameter.

>> LS_scalar(DO0)
ans = 5.0053

— If you specify the output variables, the function returns the

first , second, ... outputs.
— In this case, if you want to know the variance of the
estimation you should call the LS_scalar function with two

output variables.

>> [p,s]=LS_scalar(D0)
p = 5.0053
s = 5.8554e-06

— If you want to know the residuals too, you should call the
function with three output variables.

>>[p,s,r]=LS_scalar(D0);
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Eva I Uatlon Of the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

results

® The estimated value of the parameter is p = 5.0053

® The variance of the estimate is 02 = 5.8554 - 106

— It is very small with respect to the value of the parameter
therefore the estimate is good

® Display the residuals!

— You can use the plot function to display data in a 2D
coordinate system
— syntax: plot(xdata, ydata, line_specification,...)
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Eva I U atl 0 n Of the A felsofokl oktatas minosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

results

>> xdata=D0(:,2);
>> plot(xdata,r);
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l
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The residuals show random pattern — unbiased estimate!
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Exam ple 2 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® Estimate the parameter of the linear scalar model based
on the measured data found in dataset_1.txt !

® What is the estimated value of the parameter?
® What is the variance of the estimation?
® \What can you say about the residuals?
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Exam ple 2 - SOIUtIOI‘I A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameter of the linear scalar model based
on the measured data found in dataset_1.txt !

— Import the data from the file!
— Call the function:

>>[p2,s2,r2]=LS _scalar(D1);

® What is the estimated value of the parameter?
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Exam ple 2 - SOIUtIOI‘I A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameter of the linear scalar model based
on the measured data found in dataset_1.txt !

— Import the data from the file!
— Call the function:

>>[p2,s2,r2]=LS_scalar(D1);

® What is the estimated value of the parameter?

>> p2

® What is the variance of the estimation?
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Exam ple 2 - SOIUtIOI‘I A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameter of the linear scalar model based
on the measured data found in dataset_1.txt !

— Import the data from the file!
— Call the function:

>>[p2,82,r2]=LS_scalar(D1);
® What is the estimated value of the parameter?

>> p2

® What is the variance of the estimation?

>>82
s2 = 2.5526e-04

— It is much bigger than in the previous case!
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Exam ple 2 - SO'UtIOI"I A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® What can you say about the residuals?
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Exa m p Ie 2 SO 'Ut I 0 n A felsofokl oktatas minosegenek es hozzaferhetdosegenek egylttes

javitasa a Pannon Egyetemen

® What can you say about the residuals?

>> xdata2=D1(:,2);
>> plot(xdata2,r2);
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”1(“ ”'” M“ | ”“lﬁkuﬁ_w |

a0} | IV |
} |

-30

2

Gl

1

=

(=

=40

0 10 20 30 40 50 B0 TO BO 850 100

The residuals have a trend — non random! — estimation is

biased 054
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LS eStI m at l O n Of A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

static linear models

® Model form: )
yM=xTp=7 xp
=1
® x: vector of independent variables

® p: vector of parameters
® Solution of the least squares estimation:

p=(X"X)"X"y

® X: matrix of measured values of the independent variables

(XqywanyXp) 1 -
X{ ... Xp
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LS eStI m at l O n Of A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

static linear models

® Data matrix: measured values of the dependent and
independent variables

yio x{ .. X
D—

Ym Xy s XD

® |mportant: The solution exists only if the matrix X7 X is
invertible!

® Matrix is invertible < it has full rank < its determinant is
not 0
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A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

® Create a function in Matlab which computes the least
squares estimate of static linear models!
® The input of the function should be the data matrix

® The output of the function should be

— the estimated parameter p
— the covariance matrix of the estimation
— the vector of residuals r
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javitasa a Pannon Egyetemen

® You can use the LS_scalar function with some
modifications:
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® You can use the LS_scalar function with some
modifications:

— Rename the function to LS_static
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So I Ut l On A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® You can use the LS_scalar function with some
modifications:
— Rename the function to LS_static
— Rename the output variables to [p,C0V,r] (just for
consistency)
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javitasa a Pannon Egyetemen

® You can use the LS_scalar function with some
modifications:

— Rename the function to LS_static
— Rename the output variables to [p,C0V,r] (just for

consistency)
— Separate the matrix of measured independent variables

(change the second row of the function):
X=D(:,2:end);
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® Change the estimation formula:

p=inv (X'« X))« X *xVy;
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javitasa a Pannon Egyetemen

® Change the estimation formula:
p=inv (X'« X))« X *xVy;
® Change the computation of the model output:

y-M=Xxp;
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javitasa a Pannon Egyetemen

® Change the estimation formula:
p=inv (X'« X))« X *xVy;

® Change the computation of the model output:
y-M=Xxp;

® Compute the covariance instead of the variance:
COV=inv (X'« X)*sigma_r;
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Example 3 A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_2.txt!

® The model is in the form of y = p1 X1 + poxo
® What is the estimated value of p; and p>?
® Analyze the covariance matrix and the residuals!
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E)(am ple 3 - SO'UtIOl"I A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_2.txt!

— Import the data from the file!
— Call the function:

>> [P2,C0V2,R2]=LS _static (D2);

® What is the estimated value of p; and p2?
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Exam ple 3 - SOIUtIOI‘I A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_2.txt!

— Import the data from the file!
— (Call the function:

>> [P2,C0V2,R2]=LS_static (D2);
® What is the estimated value of p; and p2?

>> P2
P2 = 3.0019
4.8523
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Exam ple 3 - SO'UtIOl"I A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® (Covariance matrix

>> COV2
COV2 =
0.0000 —0.0002
—0.0002 0.0152

covariances are small compared to the parameter value
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E)(am ple 3 - So |Utl0n A felsofoku oktatas minoségének es hozzaférhetosegének egylittes
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® Residuals
>> plot(R2);
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Example 4 A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_3.txt!

® The model is in the form of y = p1 X1 + pPoXo + P3X3
® What is the estimated value of py, po and p3?
® Analyze the covariance matrix and the residuals!

33/43



EFOP-3.4.3-16-2016-00009

Exam ple 4 - SO'UtIOl"I A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_4.txt!

— Import the data from the file!
— Call the function:

>> [P3,COV3,R3]=LS _static (D3);

® What is the estimated value of py, po and p3?
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Exam ple 4 - SOIUtIOI‘I A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_4.txt!

— Import the data from the file!
— Call the function:

>> [P3,COV3,R3]=LS _static (D3);

® What is the estimated value of py, po and p3?

>> P3
P3 =
—2.5265
0.9775
6.1143
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Exam ple 4 - SO 'UtIOI"I A felsofokl oktatas mindosegenek és hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® (Covariance matrix

>> COV3
COV3 =
1.5144 0.7795 —1.2201
0.7795 0.5537 —0.5830
—1.2201 —0.5830 1.0205
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E)(am ple 4 - So |Utl0n A felsofoku oktatas minoségének és hozzaferhetosegének egylittes

javitasa a Pannon Egyetemen

® Residuals
>> plot(R3);
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SpeCIaI Cases A fels6foku oktatas mindsegenek es hozzaferhetdségenek egylittes

javitasa a Pannon Egyetemen

® Model with constant:

y=x"p+c
® |ntroduce a new auxiliary variable x4y, with constant value
1
® The new independent variable vector and parameter
vector: - o
X1 P1
X = * p —
Xn Pn
| Xaux | | C |

® The model is in the standard form now:

y=p1X1 —I—...-i—pnxn‘i‘cxaux

37/43



EFOP-3.4.3-16-2016-00009

Example 5 A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_4.txt!

® The modelisinthe formof y = pixy + ¢
® What is the estimated value of p; and ¢?
® Analyze the covariance matrix and the residuals!
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Exam ple 5 - SOIUtIOI‘I A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_4.txt!

— Import the data from the file! The data already contain the
constant variable vector.
— (Call the function:

~> [P4,COV4,R4]=LS static (D4):

® What is the estimated value of p; and ¢?
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Exam ple 5 - SOIUtIOI‘I A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_4.txt!

— Import the data from the file! The data already contain the
constant variable vector.
— (Call the function:

>> [P4,COV4,R4]=LS static (D4):

® What is the estimated value of p; and ¢?

>> P4
P4 =
—1.9992
1.4091
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Exam ple 5 - SO'UtIOl"I A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® (Covariance matrix

>> COV4

COV4 =
0.0000 —0.0018
—0.0018 0.1220
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E)(am ple 5 - So |Utl0n A felsofoku oktatas minoségének es hozzaféerhetosegének egylittes

javitasa a Pannon Egyetemen

® Residuals
>> plot(R4);

0 20 40 60 80 100 120 41743
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SpeCIaI Cases A felsofoku oktatas mindsegének es hozzaférhetdsegenek egyiittes

javitasa a Pannon Egyetemen

® Degenerate data: the columns of the measured data
matrix are not independent

® The parameters cannot be estimated
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SpeCIaI Cases A felsofoku oktatas mindsegének es hozzaférhetoségenek egyiittes

javitasa a Pannon Egyetemen

® Estimate the parameters of the model using the measured
data found in dataset_5.txt!

— Import the data from the file!
— Call the function:

>> [P5,C0OV5,R5]=LS _static (D5);
Error using LS_static (line 5)
Error :matrix is rank deficient.
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Conte ntS A felstfokl oktatas minosegenek es hozzaferhetoségenek egyittes
vitasa a Pannon Egyetemen

Lectures and tutorial$

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation

e Special methods for LS estimation of dynamic model
parameters: Instrumental variable (IV) method, Parameter
estimation of dynamic nonlinear models

e Practical implementation of parameter estimation: Data
checking and preparation, Evaluation of the results of
parameter estimation
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LECture Ove I"Vlew A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Discrete time stochastic processes

Stochastic processes
e Mean value and covariance
e White noise processes
e Dynamic models of discrete time systems

e DT-LTI SISO 1/O system models
e DT-LTI stochastic SISO I/O model

e The principle of parameter estimation — dynamic case
e Predictive ARX models

e Tutorial
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OVEI'VIEW A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Discrete time stochastic processes

Stochastic processes
e Mean value and covariance
e White noise processes
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StOCh aStIC A felsofoku oktatas mindsegének es hozzaférhetdosegenek egyiittes

javitasa a Pannon Egyetemen

processes — 1

Stochastic processes are used for describing random
disturbances in systems and control theory.

Ln
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StOC h aSt i C A felsofoku oktatas mindseégének és hozzaférhetdoségének egyiittes

javitasa a Pannon Egyetemen

processes — 1

Stochastic processes are used for describing random
disturbances in systems and control theory.

Stochastic process
family (indexed sequence) of random variables x(.,.) where

X:TxQ—>RP

The set T is called time.
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StOC h aSt i C A felsofoku oktatas minosegenek es hozzaferhetdosegenek egyiittes

javitasa a Pannon Egyetemen

processes — 1

Stochastic processes are used for describing random
disturbances in systems and control theory.

Important

Stochastic process
family (indexed sequence) of random variables x(.,.) where

X:TxQ—>RP

The set T is called time.

e continuous time process: T C R

e discrete time process: T C N
discrete time variable k ~ I

I;.J_‘
M
h
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StOC h aSt i C A felséfoku oktatas mindsegének eés hozzaférhetdségenek egyiittes

javitasa a Pannon Egyetemen

processes — 2

Given a discrete time stochastic process

X:TxQ—3RP
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StOC h aSt i C A felsdfoku oktatas mindsegének eés hozzaférhetdségenek egyiittes

javitasa a Pannon Egyetemen

processes — 2

Given a discrete time stochastic process

X:TxQ—3RP

e Realization
the (deterministic) function x(., wg) with wg being fixed
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StOC h aSt i C A felsdfoku oktatas mindsegének eés hozzaférhetdségenek egyiittes

javitasa a Pannon Egyetemen

processes — 2

Given a discrete time stochastic process

X:TxQ—>RP

e Realization
the (deterministic) function x(., wg) with wg being fixed

e Fixed-time value
x(ko, .) with kp is being fixed is a random variable

S
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StOC h aSt i C A felsofoku oktatas minosegenek es hozzaferhetdosegenek egyiittes

javitasa a Pannon Egyetemen

processes — 2

Given a discrete time stochastic process

X:TxQ—S5RP

e Realization
the (deterministic) function x(., wg) with wg being fixed

e Fixed-time value
X(ko, .) with Ky is being fixed is a random variable

e Notation
x(k,.) = x(k) for the random variable generated from the
stochastic process x by fixing the time at k
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D I Stl‘ I bu t I 0 n fu n Ct' 0 n S\ felsofokl oktatas mindségeének es hozzaferhetdsegenek egyittes

ugtésa a Pannon Egyetemen

of a stochastic proces

A stochastic process can be specified by describing all of its
finite dimensional distribution functions
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D l Str I bl.l t I 0 n fu n Ctl 0 n S\ felsofokl oktatas mindsegenek es hozzaferhetosegének egyiittes

ugtésa a Pannon Egyetemen

of a stochastic proces

A stochastic process can be specified by describing all of its
finite dimensional distribution functions

A finite dimensional distribution function of a stochastic process is
defined by the formulae

F(C'l:"':Cﬂ; kh---:kn) - P{X(k'l) i: CT:---:X(kn) i: Cﬂ}

| DE
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D [ Str I bu t I 0 n fu n Ctl 0 n S\ felsofokl oktatas mindsegenek es hozzaférhetosegének egyiittes

ugtésa a Pannon Egyetemen

of a stochastic proces

A stochastic process can be specified by describing all of its
finite dimensional distribution functions

A finite dimensional distribution function of a stochastic process is
defined by the formulae

F(C'l:"':Cﬂ; kh---:kn) - P{X(k'l) i: CT:---:X(kn) i: Cﬂ}

Gaussian or normal process: all finite dimensional distribution
functions of the process are Gaussian.

| e
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A fels6fokl oktatas mindsegének es hozzaferhetdségenek egylttes
vitasa a Pannon Egyetemen

Mean value, covarianée

The mean value and variance of the random variable & with its p.d.f.
f-f dare

E(e) = [ (o a*{e} = [ (x— E{€)Pr(x)k
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A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylttes
vitasa a Pannon Egyetemen

Mean value, covarian¢

The mean value and variance of the random variable & with its p.d.f.
f-f are

E(e) = [ (o, a*feh = [ (x— E{€)Pr(x)x

The covariance of two scalar-valued random variables & and 6 is

COV{E, 0} = E{(¢ — E{¢})(0 — E{0})}
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A felstfokl oktatas minosegenek es hozzaferhetoségenek egylttes
bvitasa a Pannon Egyetemen

Mean value, covarianée

The mean value and variance of the random variable & with its p.d.f.
f-f dare

E(e) = [ (o, a*fey = [ (x— E{€)Pr(x)x

The covariance of two scalar-valued random variables & and 6 is

COV{E, 0} = E{(§ — E{¢})(0 — E{0})}

The covariance of a scalar-valued random variables & with itself is its
variance, i.e. COV{¢, £} = 0?{¢}
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M ea n Va I U e fU n Ctl 0 n A felsofoku oktatas minosegének es hozzaférhetdosegenek egylittes
auto)covariance functis

dasa a Pannon Egyetemen

Definition (mean value function)

The mean-value function of the stochastic process {x(k)}z<, is as
follows

my(k) = Ex(k) = / CAF(C,k) , k=0,...K, ..

9/25
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Mea n Va I Ue fU nCtI On A felsofoku oktatas minoségenek és hozzaféerhetoségének egylittes
auto)covariance functis

dasa a Pannon Egyetemen

Definition (mean value function)

The mean-value function of the stochastic process {x(k)}z<, is as
follows

mx(k):Ex(k)zj CdF(C,K) , k=0,...K, ..

o

Note that my(k) is an ordinary (deterministic) function of time k. \

9/25
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M ea n Va I U e fu n Ctl 0 n A felsofoku oktatas minosegének es hozzaferhetdosegenek egylittes
auto)covariance functis

dasa a Pannon Egyetemen

Definition (mean value function)

The mean-value function of the stochastic process {x(k)}z<, is as
follows

my(k) = Ex(k) = f CAF(C,k) , k=0,...K, ..

o

Note that my(k) is an ordinary (deterministic) function of time k. \

Definition ((auto)covariance function)

The (auto)covariance function of the stochastic process {x(k)}z, is
defined as

rec(£, k) = cov [x(0), x(k)] = E{ [x(¢) — m(6)][x(k) — m(k)]" }
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M ea I'I Va I U e fU n Ctl 0 n A felsofoku oktatas minoségenek és hozzaféerhetoségének egylittes
auto)covariance functis

dasa a Pannon Egyetemen

Definition (mean value function)

The mean-value function of the stochastic process {x(k)}z<, is as
follows

my(k) = Ex(k) = f CAF(C,k) , k=0,...K, ..

o

Note that my(k) is an ordinary (deterministic) function of time k. \

Definition ((auto)covariance function)

The (auto)covariance function of the stochastic process {x(k)}z, is
defined as

rec(£, k) = cov [x(0), x(k)] = E{ [x(¢) — m(6)][x(k) — m(k)]" }
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C rOSS'COVﬂ rla n ce A felsofokl oktatas mindosegenek és hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

function

Cross-covariance characterizes the inter-dependence of two
discrete time stochastic processes.
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C rOSS'COVE rla n ce A felsofoku oktatas minoségenek és hozzaférhetoségének egylittes

javitasa a Pannon Egyetemen

function

Cross-covariance characterizes the inter-dependence of two
discrete time stochastic processes.

Definition (cross-covariance function)

The cross-covariance function of the stochastic processes {x(k)}z2,
{x(k)}z2, and {y(k)}, is defined as

(L. k) = cov [x(0), y(K)] = E{ [x(£) — mx(O)]ly (k) — my(K)]" }

10/25
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C rOSS'CO\fa I'Ia n ce A felsofoku oktatas minosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

function

Cross-covariance characterizes the inter-dependence of two
discrete time stochastic processes.

Definition (cross-covariance function)

The cross-covariance function of the stochastic processes {x(k)}z2,
{x(k)}z2, and {y(k)}, is defined as

Ry (L. k) = cov [x(0), y(K)] = E{ [x(£) — mx(O)]ly (k) — my(K)]" }

-

The cross-covariance function is a deterministic two-variate function. )

10/25
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Wh Ite nO ISe A felstfokl oktatas mindsegének es hozzaferhetoségenek egylttes
javitasa a Pannon Egyetemen
Drocesses

Definition (discrete time white noise, e)

A stochastic process e = {e(k)};2___ is a discrete time white noise

process if it is a sequence of identically distributed, independent
random variables.

o

Important

Properties
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Wh Ite no ISe A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes
javitasa a Pannon Egyetemen
Drocesses

Definition (discrete time white noise, e)

A stochastic process e = {e(k)};2 ___ is a discrete time white noise

process if it is a sequence of identically distributed, independent
random variables.

>

Important

Properties
e stationary process (usually m(k) = 0 is assumed)
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Wh Ite no ISe A felsofokl oktatas minosegének es hozzaferhetosegenek egylttes
javitasa a Pannon Egyetemen
Drocesses

Definition (discrete time white noise, e)

A stochastic process e = {e(k)};2 ___ is a discrete time white noise

process if it is a sequence of identically distributed, independent
random variables.

>

Important

Properties
e stationary process (usually m(k) = 0 is assumed)
e the covariance function in real-valued case is

=7 =0
ree(¢) = cov [e(k), e(k — )] = { g =1, k2.
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Wh Ite no ISe A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylttes
javitasa a Pannon Egyetemen
Drocesses

Definition (discrete time white noise, €)

A stochastic process e = {e(k)};2___ is a discrete time white noise

process if it is a sequence of identically distributed, independent
random variables.

>

Important

Properties
e stationary process (usually m(k) = 0 is assumed)
e the covariance function in real-valued case is

=7 =0
ree() = cov [e(k), e(k — )] = { g o (e o 0

e A white noise process is not necessarily a Gaussian process.
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M A prO Cesses A felsofokl oktatas mindoségének és hozzaférhetosegének egylittes

javitasa a Pannon Egyetemen

Important (unit time delay operator)

Given a signal (time-dependent sequence)
{x(k), k=...,—1,0,1,...}. The time delay operator g~ acts as
q-'x(k) = x(k - 1)

12/25
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M A prO Cesses A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

Important (unit time delay operator)

Given a signal (time-dependent sequence)

{x(k), k= ...,—1,0,1,...}. The time delay operator g~ acts as
g~ x(k) = x(k — 1)

Definition (moving average process (MA process))

Lete={e(k), k=..,—1,0,1,2, ...} be a white noise process with
variance 2. Then the related process y = {y(t)}3>__ which fulfils

y(k) = e(k) + bie(k — 1) + ... + bye(k — n) = B*(q~")e(k)

Is termed a MA process.

12/25



EFOP-3.4.3-16-2016-00009

M A prO CESSES A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Important (unit time delay operator)

Given a signal (time-dependent sequence)
{x(k), k=...,—1,0,1,...}. The time delay operator g~ acts as
q'x(k) = x(k — 1)

Definition (moving average process (MA process))

Lete={e(k), k=..,—1,0,1,2, ...} be a white noise process with
variance 2. Then the related process y = {y(t)}3>__ which fulfils

y(k) = e(k) + bie(k — 1) + ... + bye(k — n) = B*(q~")e(k)

Is termed a MA process.

Mean value and auto-covariance function of a MA process

my(k) = 0, r,(0) = (1 + b2 + ... + b3),
ryy(1) = 0?(b1 + biba + ... + byp_1by)
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A R and AR MAX A felsofokl oktatas minoségének és hozzaférhetosegeének egylittes
javitasa a Pannon Egyetemen
Drocesses

Definition (autoregressive process (AR process))

With the white noise process e = {e(t)};>___ an AR process is
defined as follows

y(k) +ary(k —1) + ... + any(k — n) = A*(q~ ")y (k) = e(k)

13/25
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A R and ARMAX A felsGfokl oktatas mindsegenek es hozzaferhetoségenek egylttes
javitasa a Pannon Egyetemen
Drocesses

Definition (autoregressive process (AR process))

With the white noise process e = {e(t)};>___ an AR process is
defined as follows

y(k) +aiy(k = 1)+ ..+ any(k — n) = A*(q7")y(k) = e(k)

Definition (ARMAX process)

An autoregressive-moving average process with an exogeneous
signal (ARMAX process) is a linear combination an AR and MA
process extended with an exogeneous signal u = {u(t)}3__:

A* (g~ ")y(k) = B (g7 )u(k) + C*(q")e(k)

with 4*(g ')=1+ai1q ' +a,g 2. B (g )=bo+b1q '+ bnq ”,
C*(qg')=1+cqg'+c,g"and m< n.
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OVEI'VIEW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Dynamic models of discrete time systems

e DT-LTI SISO I/O system models
DT-LTI stochastic SISO I/O model
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SyStemS A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

System (S): acts on signals

y = S[u]
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SyStemS A felsofoku oktatas mindsegének es hozzaférhetosegenek egyiittes

javitasa a Pannon Egyetemen

System (S): acts on signals

y = S[u]

e inputs (u) and outputs (y)

4 A
t t
&h System S 4}/(),
inputs outputs
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BaSIC SYStem A felsofokl oktatas mindosegének es hozzaferhetdsegenek egylttes

javitasa a Pannon Egyetemen

properties

e Linearity
S[C1 Ujp + CEUE] =C1y1 +C)2

withci,co € R, uj, o €U, yq1,y2 € Y and
S[ui] = y1, S[uz] =y
Linearity check: use the definition

16/25
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BﬂSlC SYStem A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

properties

e Linearity
S[ciuy + Cp] = C1y1 + Yo
withci,co € R, uy, e €U, yq1,y2 € Y and
Slus] = y1, S[we] =
Linearity check: use the definition

e [ime-invariance
T.689=8aT.

where T is the time-shift operator: T, (u(t)) = u(t+ 7), Vit
Time invariance check: constant parameters

ufth yit)

5 o~ o~
—_— ¥/ \ | | v(1+Ar)
u{nf n{i+£u'! ,:Z

16/25
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DISC rete tI me LTI A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

SISO I/0 system modéf§ ™" ="

Discrete difference equation models: for SISO (single-input
single-output) systems

e Backward difference form
y(k)+aiy(k—1)+...4any(k—n) = bgu(k—d)+...4+bpu(k—m)

where d = n— m > 0 is the pole excess (time delay).
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D'SC rete tI me LTI A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

SISO 1/0 system modéf§* ™" ="

Discrete difference equation models: for SISO (single-input
single-output) systems

e Backward difference form
y(k)+aiy(k—1)+...4+any(k—n) = bgu(k—d)+...4+bpu(k—m)

where d = n— m > 0 is the pole excess (time delay).
e Compact form

A* (g "y(k) = B*(q ")u(k — d)

where A*(g~")=1+a9' +... + a,g~" and
B*(q~") = by +b1qg~ ' + ... + bpg~™ are polynomials of the
time delay operator g~ .
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Di SC rete ti me LTI A fu_atl_jsﬁfckﬂ oktatésEmEn?ségének és hozzaférhetdségének egylittes
- avitasg a Rannon Egyetemen
stochastic SISO I/0 modél™ ™

Important (discrete time stochastic LTI input-output model)

The general form of the input-output model of discrete time stochastic
LTI SISO systems is the following canonical ARMAX process:

A* (g~ ")y(k) = B (g~ ")u(k) + C*(q~")e(k) (1)

with the polynomials

—

AG ) =1+tag ' +..+aqg . C(g)=teq ' +..+cq
B*(q—1) - bD +b1q_1 =T +bmq—r.l

where C*(q~") is assumed to be a stable polynomial.
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OVEI'VIGW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e The principle of parameter estimation — dynamic case
e Predictive ARX models

19/25
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A R X m O del S A felsofoku oktatas minosegének és hozzaferhetdsegenek egylittes

javitasa a Pannon Egyetemen

Important (simplest discrete time stochastic LTI input-output model)

Assuming only independent measurement noise, the model is an
ARX model in the form

A*(q " )y(k) = B (g "u(k) + e(k) (2)

where {e(k)}>___ is a white noise process.

20/25
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A R x m O del S A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

Important (simplest discrete time stochastic LTI input-output model)

Assuming only independent measurement noise, the model is an
ARX model in the form

A*(q)y(k) = B* (g~ "u(k) + e(k) (2)

where {e(k)}>___ is a white noise process.

Important (predictive form of ARX models)

The predictive form of the ARX model is

y(k) = —aiy(k —1) — .. — any(k — n) + bou(k) + ... +
+bpu(k — m) + e(k) = p' (k) + e(k)

This model is linear in parameters p = [—a; ... —an | bo ...bm]T if
one measures the data

p(k) = [y(k = 1) ... y(k = n) | u(k) ... u(k — m)]"

20/25
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TUtO r I a I p rO b Iem S A felsofokl oktatas minosegének es hozzaferhetdsegenek egylttes

javitasa a Pannon Egyetemen

Stochastic processes

e A. Moving average processes
e B. Two stochastic processes

21/25
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TUtOl‘lal prObIemS - AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Simple MA process — 1)

Given a scalar-valued white noise stochastic process {e(k)}>._ with
variance o. Let us construct from it a stochastic process by the

equation
y(k) = e(k) +0.5e(k — 1) + 0.6e(k — 2)

e What kind of process is the stochastic process {y(k)}>,.?
A moving average (MA) process
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TUtOl‘lal prO blemS - AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Simple MA process — 1)

Given a scalar-valued white noise stochastic process {e(k)}>._ with
variance o°. Let us construct from it a stochastic process by the

equation
y(k) = e(k) +0.5e(k — 1) + 0.6e(k — 2)

e What kind of process is the stochastic process {y(k)}>,.?
A moving average (MA) process

e Compute the mean value function m,(k) and the
(auto)covariance function ryy (k) of the stochastic process
()},
my(k) =0 fork 40,1, ...
ry(0) = 0?(1 + 0.52 + 0.62), r,,(£1) = 02(0.5 + 0.5 0.6)
hy(£2) =0* 0.6, 1, (10) =0, £> 2
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TUtOl‘lal prO blemS - AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Simple MA process — 2)

Consider the following stochastic process:

w(k) = z(k) +0.1z(k — 1) + 0.82(k — 3)

where z is a sequence of independent scalar valued random
variables with the same distribution, E(z(k)) = 0, and D(z(k)) = o,
for every k.
e What kind of process is the stochastic process {z(k)}>°,_ ?
A white noise process




EFOP-3.4.3-16-2016-00009

TUtOl‘lal prO blemS - AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Simple MA process — 2)

Consider the following stochastic process:

w(k) = z(k) +0.1z(k — 1) + 0.82(k — 3)

where z is a sequence of independent scalar valued random
variables with the same distribution, E(z(k)) = 0, and D(z(k)) = o,
for every k.
e What kind of process is the stochastic process {z(k)}>°,_ ?
A white noise process
e What kind of process is the stochastic process {w(k)}>=,?
A moving average (MA) process
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TUtOl‘lal prO blemS - AA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Simple MA process — 2)

Consider the following stochastic process:

w(k) = z(k) +0.1z(k — 1) + 0.82(k — 3)

where z is a sequence of independent scalar valued random
variables with the same distribution, E(z(k)) = 0, and D(z(k)) = o,
for every k.
e What kind of process is the stochastic process {z(k)}>°,_?
A white noise process
e What kind of process is the stochastic process {w(k)}>=,?
A moving average (MA) process

e Compute the (auto)covariance function ry, (k) fork = 1,3, —2.
my(k) =0 fork + 0,1, ...

fww(1) = 02 -0.1, rww(3) =02 -0.8
-rww(_z) — fTE .0.1-0.8
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TUtOI‘laI prOblemS — Bﬁh felsofokl oktatas minosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Example (Cross-covariance)

Consider the following two moving-average (MA) processes:

e(k) +0.6e(k —1)+0.1e(k — 2)
e(k) +0.3e(k — 1) + 0.8e(k — 2)

Z(k

y(k)
where {e(k)}>,, is a discrete time white noise process with variance
D*(e(k)) = o

Compute the cross-covariance function rz, (k) Vk

24/25
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TUtOI‘laI prOblemS — Bﬁh felsofokl oktatas minosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Example (Cross-covariance)

Consider the following two moving-average (MA) processes:

e(k) +0.6e(k —1)+0.1e(k —2)
e(k) +0.3e(k — 1) + 0.8e(k — 2)

Z(k

y(k)
where {e(k)}>,, is a discrete time white noise process with variance
D?(e(k)) = o?

Compute the cross-covariance function rz, (k) Vk

my(k)=0 , my(k)=0 , ry(K)#ry(—k) ! J

24/25
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TUtOl‘lal prObIemS — BA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Cross-covariance)

Consider the following two moving-average (MA) processes:

e(k) +0.6e(k —1)+0.1e(k —2)
e(k) +0.3e(k — 1) + 0.8e(k — 2)

Z(k

y(k)
where {e(k)}>,, is a discrete time white noise process with variance
D(e(k)) = o*

Compute the cross-covariance function rz, (k) Vk

my(k)=0 , my(k)=0 , ry(Kk)#ry(—k) ! J

® ry(0)=02(1+0.6-0.3+0.1-0.8)

4 /25
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TUtOl‘lal prObIemS - BA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Cross-covariance)

Consider the following two moving-average (MA) processes:

e(k) +0.6e(k —1)+0.1e(k — 2)
e(k) +0.3e(k — 1) + 0.8e(k — 2)

Z(k

y(k)
where {e(k)}>,, is a discrete time white noise process with variance
D(e(k)) = o*

Compute the cross-covariance function rz, (k) Vk

my(k)=0 , my(k) =0, ry(Kk)#ry(—k) ! J

e ,,(0)=0%(1+06-0.3+0.1-0.8)
® r,y(1)=0%(1-06+0.1-0.3) , ry(-1)=0%1-03+0.6-0.8)

o4 /25
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TUtOl‘laI prObIemS - BA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Cross-covariance)

Consider the following two moving-average (MA) processes:

e(k) +0.6e(k —1)+0.1e(k —2)
e(k) +0.3e(k — 1) + 0.8e(k — 2)

Z(k

y(k)
where {e(k)}>,, is a discrete time white noise process with variance
D*(e(k)) = o

Compute the cross-covariance function rz, (k) Vk

my(k)=0 , my(k) =0, ry(K)#ry(—k) ! J

® r,y(0)=02(1+0.6-0.3+0.1-0.8)
e ry(1)=0%1-06+0.1-0.3) , ry(-1)=0%1-0.3+0.6:0.8)
® 1,(2)=02-1-01 , ry(-2)=02-1-0.8

o4 /25
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TUtOl‘laI prObIemS - BA felsofokl oktatas mindségenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Example (Cross-covariance)

Consider the following two moving-average (MA) processes:

e(k) +0.6e(k —1)+0.1e(k —2)
e(k) +0.3e(k — 1) + 0.8e(k — 2)

Z(k

y(k)
where {e(k)}>,, is a discrete time white noise process with variance
D(e(k)) = o*

Compute the cross-covariance function rz, (k) Vk

my(k)=0 , my(k) =0, ry(k)#ry(—k) ! J
® r,y(0)=0%(14+0.6-0.3+0.1-0.8)
® (1) =0%(1-06+0.1-0.3) , ry(—1)=0%1-0.3+0.6-0.8)
® ry(2)=0%-1-01 , ry(-2)=0°-1-0.8
® Iyy(k)=ry(—k)=0, |k|>2 P4 /2
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H O M EWO R K A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Given a scalar-valued white noise stochastic process {e(k)}>
with variance 2. Let us construct from it a stochastic process
by the equation

y(k) =e(k) —0.2e(k — 1)

e What kind of process is the stochastic process {y(k)}>,.7?

e Compute the mean value function my (k) and the
(auto)covariance function ryy (k) of the stochastic process
{y(k)}>= for the values k = 0,+1,+2,£3,...!

o Compute the cross-covariance function rye(k) for the
values kK = 0, +1,+2, +3, ...!
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Conte ntS A felsGfokl oktatas mindsegenek es hozzaferhetoségeének egylttes
vitasa a Pannon Egyetemen

Lectures and tutorial$

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation

e Special methods for LS estimation of dynamic model
parameters: Instrumental variable (IV) method, Parameter
estimation of dynamic nonlinear models

e Practical implementation of parameter estimation: Data
checking and preparation, Evaluation of the results of
parameter estimation
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LECture Ove I"VleW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Discrete time LTI stochastic input-output models
e DT-LTI SISO I/O system models

e Minimizing the prediction error

e Predictive input-output models
e Minimizing the prediction errors

e The least squares estimate

e Predictive models linear in parameters
e LS estimation of ARX model parameters

e Properties of the dynamic least squares estimate

e Asymptotic behavior of the LS estimate

3/27
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OVEI'VIGW A felsofokl oktatas minosegének es hozzaferhetdsegenek egylttes

javitasa a Pannon Egyetemen

e Discrete time LTI stochastic input-output models
e DT-LTI SISO I/O system models
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A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

System (S): acts on signals

y = S[u]

wn
\v]
e |
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A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

System (S): acts on signals

y = S[u]

e inputs (u) and outputs (y)

4 2

u(t)

t
——» System S Y
inputs outputs
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A felstfokl oktatas minosegének es hozzaferhetdségenek egylttes
javitasa a Pannon Egyetemen

System properties

e Linearity
S[cius + 2] = C1y1 + Yo

withci,c2 € R, ur, e €U, y1,¥2 € Y and

S[t] = y1, Slue] = y2
Linearity check: use the definition

6/27



System properties

e Linearity
S[C1 U
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A felsGfokd oktatas mindsegenek es hozzaferhetoségeének egyittes
javitasa a Pannon Egyetemen

+ Colp] = C1y1 + G2y

witheci.c2 €R, U, €U, y1,¥2 € Y and

S[i] = y1, S[uz] = ye

Linearity check: use the definition

e [ime-invariance

T,08=80T,

where T is the time-shift operator: T, (u(t)) = u(t+ 7), Vit
Time invariance check: constant parameters

uft)

yit)

5 )
> vy | ('_\]\'!il'+fl”

u{f!(
W

ult + Ar) i A

" A

A

Iml
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: D |Screte t' me A felsofokl oktatas minosegének es hozzaferhetosegenek egylttes

LTI SISO 1/O system models™ "

Discrete difference equation models: for SISO (single-input
single-output) systems
e Backward difference form

y(k)+aiy(k—1)+...4+any(k—n) = bou(k—d)+...+bnu(k—d—m)

where d = n— m > 0 is the pole excess (time delay).

- | Yy
i (_jur
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: D |Scr9te tl me A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

LTI SISO I/0 system models™ "™

Discrete difference equation models: for SISO (single-input
single-output) systems

e Backward difference form
y(k)+aiy(k—1)+...4+any(k—n) = bou(k—d)+...+bpu(k—d—m)

where d = n— m > 0 is the pole excess (time delay).
e Compact form

A* (g "y(k) = B*(q"")u(k — d)

where A*(g~")=1+a9' +.. + a,g~" and
B*(q~") = by +b1g~ ' + ... + bpg~™ are polynomials of the
time delay operator g~ .

o
i (_jur
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: D iSC rEte ti me Ll%[&lﬂkﬂ oktatésEmin?ségének es hozzaférhetdségenek egylittes
. avitasg a Rannon Egyetemen
stochastic SISO 1/0 modél™ ™

Important (discrete time stochastic LTI input-output model)

The general form of the input-output model of discrete time stochastic
LTI SISO systems is the following canonical ARMAX process:

A* (g~ ")y(k) = B (g~ "u(k) + C*(q~")e(k)

with the polynomials

A ) =1+tamg ' +..+a.g" Cl@g)=ca+cg ' +..+teagl
B* (g )=bo+big '+ ...+ bng I’

where C*(q~") is assumed to be a stable polynomial.
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A felsofoku oktatas minosegének és hozzaférhetdosegenek egylittes

A R X mo d@l S javitasa a Pannon Egyetemen

Important (simplest discrete time stochastic LTI input-output model)

Assume only independent measurement noise, the model is an ARX
model in the form

A (g ")y(k) = B* (g~ "u(k) + e(k) (1)

where {e(k)}z> __ Is a white noise process.

9/27
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A felsofokl oktatas mindosegéenek es hozzaferhetosegenek egylttes

A Rx model S javitasa a Pannon Egyetemen

Important (simplest discrete time stochastic LTI input-output model)

Assume only independent measurement noise, the model is an ARX
model in the form

A (g ")y(k) = B*(q")u(k) + e(k) (1)

where {e(k)}z> ___ Is a white noise process.

w,

Important

The predictive form of the ARX model (withd =n—m > 0) is

y(k) = —aiy(k —1) — .. — any(k — n) + bou(k) + .. + bmu(k — m)H+- e(}
= p p(k — 1) + e(k)

This model is linear in parameters p = [—a; ... — a, by ...by]" if one
measures the data

ok —1) = [y(k — 1) ... y(k — n) u(k) ... u(k — m)].

I o
9/27
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OVEI'VIEW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Minimizing the prediction error

e Predictive input-output models
e Minimizing the prediction errors
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P red iCt ive i n p Ut'O Ut puftlsﬁfﬂkﬂ oktatas minoségeének és hozzaférhetosegeének egylittes

javitasa a Pannon Egyetemen

models, SISO case

SISO LTI stochastic input-output models - general form

F(a ")y(k) = G(a ")u(k) + A(qg")e(k)

where F, G and A are linear functions of the time shift operator g~
and {e(k)}° is a white noise process.

11/27
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P red iCtive i n p Ut'O Ut pultlsﬁfckﬂ oktatas minoségenek és hozzaférhetoségének egyiittes

javitasa a Pannon Egyetemen

models, SISO case

SISO LTI stochastic input-output models - general form
F(q ")y(k) = G(q "u(k) + A(q~")e(k)

where F, G and A are linear functions of the time shift operator g~
and {e(k)}q° Is a white noise process.

The predictive form is without the stochastic term
y(klp) = Wy(q~",p) - y(k) + Wu(q™", p) - u(k)
The coefficients W,(q~', p) and W,(q~', p) are so-called linear

filters , where p is the vector of constant, unknown parameters to
be estimated )
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Pred |CtIV9 fO rm A felsofokl oktatas mindsegenek és hozzaferhetosegenek egyiittes

of ARMAX models @

General I/0 model of discrete time linear time invariant stochastic
SISO systems

A(q") y(k)=B"(q") - u(k)+ C*(q7") - e(k)
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Pred |Ct|V9 fO rm A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

of ARMAX models ™™

General I/0O model of discrete time linear time invariant stochastic
SISO systems

A(q") y(k)=B"(q") - u(k)+ C*(q7") - e(k) |

Important

Predictive form:

J(klp) = y(k)—C*(q™") e(k) = (1= A"(g7")) - y(k)+ B*(q~") - u(k)

where

p = [31 ves OO bﬁ bm C1 ... CH]T

12/27
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PrEd ICtlve fO rm A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

of ARMAX models ™™

General I/0O model of discrete time linear time invariant stochastic
SISO systems

A(q") y(k)=B"(g") - u(k)+ C*(q7") - e(k) |

Important

Predictive form:

J(klp) = y(k)—C*(q7") e(k) = (1= A"(g7")) - y(k)+ B*(q™") - u(k)

where

p=|ay..an bo..bm € ...Co)"

o

It contains only the past measured data (!!) without the noise term. )

12/27
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Pred |Ct|V9 fO rm A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

of ARX models LS L

Consider the simplest case:

A(q")-y(k) =B*(q7") - u(k) + C*(q7") - e(k)

when the output noise is white . In this case C*(q~') = 1.

13/27
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PI"Ed |Ct|V9 fO rm A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

of ARX models javitasa a Pannon Egyetemen

Consider the simplest case:

A(q")-y(k) =B*(q7") - u(k) + C*(q7") - e(k)

when the output noise is white . In this case C*(q~') = 1.

w

Important

Predictive form

y(klp) = y(k) — e(k) = (1 = A*(g7")) - y(k) + B*(q™") - u(k)

13/27
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Pred ICtlve fO rm A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

of ARX models SRR

Consider the simplest case:

A (q ") -y(k) =B (g ") - u(k)+C*(q ") e(k)

when the output noise is white . In this case C*(q~') = 1.

.

Important

Predictive form

y(klp) = y(k) — e(k) = (1 = A*(g7")) - y(k) + B*(q™") - u(k)

The elements of the estimator:

p=[-a —a ... —a, boby ... by]" N>n+m
yklp)=—-a1-y(k—-1)—...—ap-y(k—n)+ by -u(k)+...+
+ ...+ by-ulk—m)

§13/27
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Nonlinear time-invariant o oats minsséaenek és hozzaiéretsssaének eayittes

E.ritésa a Pannon Egyetemen

single output system

The general predictive form:

y(klp) = g(k,D[1,k —1]; p)

with time series of measured data:

D[1,N] = DN = {(y(k),u(k)) | k=1,...N}

14/27
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N O n I i nea r ti me'i nva r i an;mm oktatas minosegenek es hozzaferhetosegenek egylittes
single output system

E.ritésa a Pannon Egyetemen

The general predictive form:
y(klp) = g(k,D[1,k —1]; p)
with time series of measured data:

D[1,N] = DN = {(y(k),u(k)) | k=1,...N}

Important (Linear-in-parameter case)
Systems that are linear-in-parameters :

y(klp)=p"' - g"(k,D[1,k —1])

14/27
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Exa m p Ie : A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

A Rx model javitasa a Pannon Egyetemen

ARX model is a model that is linear in parameters.
Model elements:

e predictive model form

y(klp)=—ai-y(k—=1)—...—an- y(k — n)+
+bg - u(k)+ ...+ bm- u(k —m)
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Exa m p Ie : A felsofokl oktatas minoségének es hozzaférhetdosegenek egylittes

ARX mOdeI javitasa a Pannon Egyetemen

ARX model is a model that is linear in parameters.
Model elements:

e predictive model form

y(kip)=—ai-y(k—=1)—...—an- - y(k — n)+
+bg-u(K)+ ...+ bm-ulk —m)

e parameters
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Exa m p Ie : A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

A RX model javitasa a Pannon Egyetemen

ARX model is a model that is linear in parameters.
Model elements:

e predictive model form

y(kip)=—ai-y(k—=1)—...—an - y(k — n)+
+bg - u(k)+ ...+ bm- u(k —m)

e parameters
e regressor (p(k))

g" (k, D[1, k — 1]) = (k)
p(k)=[y(k=1) ... —y(k—n) u(k) ... u(k —m)]"
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The prEd ICtlon errOI‘ A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

The prediction error series can be computed from the
measured variables and the model output:

e(k,p) =y(k)—y(klp) k=1,....N
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The pred 'Ctlon errOI‘ A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

The prediction error series can be computed from the
measured variables and the model output:

e(k,p) =y(k)—y(klp) k=1,....N

Important

Principle of parameter estimation: A parameter estimation method
generates an estimated parameter from the measured data :

DN—})ﬁN

The model is “good”, i.e. the estimated parameters are “good” if the
prediction errors are “small”.
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The pred |Ct|0n errOI‘ A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

The prediction error series can be computed from the
measured variables and the model output:

e(k,p) =y(k)—y(klp) k=1,....N

Important

Principle of parameter estimation: A parameter estimation method
generates an estimated parameter from the measured data :

DN—})ﬁN

The model is “good”, i.e. the estimated parameters are “good” if the
prediction errors are “small”.

The “size” of the prediction error series (k. p) is measured using an

Magnitude of the prediction error
appropriate signal norm . }

16/27
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javitasa a Pannon Egyetemen

the prediction error

Parameter estimation method is a mapping: DV — py

Important (The general parameter estimation problem)

Given:
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javitasa a Pannon Egyetemen

the prediction error

Parameter estimation method is a mapping: DV — py

Important (The general parameter estimation problem)

Given:
e measured data: D[1,N] = DN = {(y(k),u(k)) | k =1,...N}
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M I n lm lZl ng A felsofoku oktatas mindsegének es hozzaférhetdoségenek egyiittes

javitasa a Pannon Egyetemen

the prediction error

Parameter estimation method is a mapping: DV — py

Important (The general parameter estimation problem)

Given:
e measured data: D[1,N] = DN = {(y(k),u(k)) | k =1,...N}
e predictive parametrized model y(k|p) = g(k,D[1,k — 1}; p)

)t

generating the prediction error series (discrete time signa
e(k,p)=y(k)—y(klp) k=1,...,N
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M I n 'm lZ' ng A felsofoku oktatas minosegének es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

the prediction error

Parameter estimation method is a mapping: DV — py

Important (The general parameter estimation problem)

Given:
e measured data: D[1,N] = DN = {(y(k),u(k)) | k =1,...N}
e predictive parametrized model y(k|p) = g(k,D[1,k — 1}; p)

generating the prediction error series (discrete time signal):
e(k,p)=y(k)—y(klp) k=1,...,N

e norm of the prediction error (objective/loss function):
N
Vn(p, DV) = & 3" U(e(k,p)) where ((-) is a positive
K=

scalar-valued function; most frequently: {(c) = 2
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the prediction error

Parameter estimation method is a mapping: DV — py

Important (The general parameter estimation problem)

Given:
e measured data: D[1,N] = DN = {(y(k),u(k)) | k =1,...N}
e predictive parametrized model y(k|p) = g(k,D[1,k — 1]/; p)

generating the prediction error series (discrete time signa
e(k,p)=y(k)—y(klp) k=1,...,N
e norm of the prediction error (objective/loss function):

N
Vn(p, DV) = & 3" U(e(k,p)) where ((-) is a positive
k=1

):

scalar-valued function; most frequently: {(c) = &2

From the known DN measurements and the p parameter vector we
can compute the value of the V(p, D) objective/loss function, that is
minimized by the estimated py parameter vector.

-
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Exa m p Ie = SISO A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen
ARX models - :

ARX model is the basic case: the output noise is white

A (@) - y(k) = B*(q7") - u(k) + e(k)
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Exa m p Ie = SISO A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen
ARX models -

ARX model is the basic case: the output noise is white J

A (g7 ") - y(k) = B*(q7") - u(k) + e(k)

Predictive form of the model:
y(k|p) = —ay -y(k1)...an-y(kn)+bo-u(k)+...+bm-u(km)J
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Exam ple: SISO :ﬂ; fﬁggeflcgﬂpgktagésErgir;?gégeének es hozzaférhetdségenek egylittes
ARX models S
ARX model is the basic case: the output noise is white
A (q™") - y(k) = B"(q"") - u(k) + e(k) J
Predictive form of the model:
y(klp) =—a1-y(k—1)...—ap-y(k—n)+by-u(k)+...+bm-u(k— m)J
Parameter vector:
p=[-a —a ... —ap boby ... by]" }
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Exa m p Ie = S I SO A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen
ARX models -

ARX model is the basic case: the output noise is white

A (g7 ") - y(k) = B*(q7") - u(k) + e(k)

Predictive form of the model:

y(klp) = —a; -y(k1)...an-y(kn)+bo-u(k)+...+bm-u(km)J

Parameter vector:

p:[—a1 —a ... —ap b by ... bm]T

Prediction error (white noise!):

e(k) = y(k|p) — y(k) = e(k)
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OVEI'VIEW A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e The least squares estimate

e Predictive models linear in parameters
LS estimation of ARX model parameters
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Parameter estlmatlonmi:fcpsed LRIV ¢ hozzaternetsssgenek egyiittes

itasa

models by linear regression

Pannon Egyetemen

In the case of models linear-in-parameters :

y(klp) =p (k) = o(k)'p

where o(-) is the so-called regressor , containing the measured data,
p is the vector of model parameters to be estimated.

=
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Parameter estimationmi@md LCRIM@. o hozzatermetssagsnek ogyites

javitasa

models by linear regression

Pannon Egyetemen

In the case of models linear-in-parameters :

y(klp) =p (k) = (k)P

where p(-) is the so-called regressor , containing the measured data;,
p is the vector of model parameters to be estimated.

Prediction error: .
-(k.p) = y(k) — p o(K) J

20/27
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Pa ra m Eter eSti mat iO n Aaf)f? Eed mtu& es hozzaférhetosegének egylittes

javitasa

models by linear regression

Pannon Egyetemen

In the case of models linear-in-parameters :

y(klp) = p" (k) = (k) 'p

where p(-) is the so-called regressor , containing the measured data,
p is the vector of model parameters to be estimated.

Prediction error: .
“(k.p) = y(K) — P (K |

Objective/loss function to be minimized: sum of squares
(Least Squares)

1

> 5 k) = p (k)]

=
N —

VN(pa DN) =

=
Il

1

M
=
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LS eStI mate fOI' A felsofokl oktatas minosegének es hozzaferhetosegenek egylttes

Pannon Egyetemen

models linear-in-paraméfters

Taking the partial derivatives w.r.t. the elements of the parameter
vector:

N
Z (k) [y(k) = ¢ " (k) - p] =
k:
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LS eStI mate fOI' A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

Pannon Egyetemen

models linear-in-paraméters

Taking the partial derivatives w.r.t. the elements of the parameter
vector:

N
Z (k) [y(k) —¢"(k)-p] =0
k:

We solve the above equation for p

N
53 (k) y(k) = NZ@(R) o (k)P
k:
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LS EStI mate fOI' A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

Pannon Egyetemen

models linear-in-parameters

Taking the partial derivatives w.r.t. the elements of the parameter
vector:

N
Z (k) [y(k) —¢"(k)-p] =0
k:

We solve the above equation for p

1 1 o
N 2 ek) y(k) =53 olk) o' (k) p
k=1 k=1

Important (

f:»,f,s—[,‘\, w(k)-soT(k)] =3 (k) y(k
fe—

k=1

1[]=

21/27
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Exam ple: LS ESti mate fmokl:l oktatas minosegenek es hozzaferhetosegenek egylittes

Fvsitésa a Pannon Egyetemen

ARX model paramete

ARX model is the basic case: the output noise is white

A (q™") - y(k) = B"(q7") - u(k) + e(k)
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Exam ple: LS ESti mate f@ifﬂkﬂ oktatas mindségenek es hozzaferhetdsegenek egyittes

javitasa a Pannon Egyetemen

ARX model parametets

ARX model is the basic case: the output noise is white }

A (q") - y(k) = B"(g7") - u(k) + e(k)

Predictive form of the model: J

y(klp) =—ai-y(k—1)...—ap-y(k—n)+bo-u(k)+...+bn-u(k—m)

J
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Example: LS ESti mate f@ifﬂkﬂ oktatas mindségenek es hozzaferhetdseégenek egyittes
ARX model paramete

Fvsitésa a Pannon Egyetemen

ARX model is the basic case: the output noise is white J

A (q") - y(k) = B"(q7") - u(k) + e(k)

Predictive form of the model: J

y(klp) =—ay-y(k—1)...—an-y(k—n)+bo-u(k)+...+bm-u(k—m)

Parameter vector:
p=[-a —a ... —a, b9b1"‘bm]T J
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Exam ple LS eSti mate f@fﬂku oktatas minoségenek es hozzaferhetdségenek egyittes

avitasa a Pannon Egyetemen

ARX model parametefs

ARX model is the basic case: the output noise is white

A(q") - y(k) = B*(q") - u(k) + e(k)

Predictive form of the model:

y(klp) = —a1-y(k—1)...—an-y(k—n)+bo-u(k)+...+bm-u(k—m)

p=[-& —a ... —an bobr ... be]"

The regressor:

Parameter vector: J

p(k) = [y(k = 1) y(k=2) ... y(k—n) u(k) u(k =1) ... u(k —m)]"
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OVEI'VIEW A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Properties of the dynamic least squares estimate

e Asymptotic behavior of the LS estimate
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Dynam IC LS EStI mate A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylttes

'E.ritésa gIPanncm Egyetemen

Asymptotic propertie

Difference from standard linear regression: the measured outputs
appear in the regression vector ¢(k) — the measured values y(k
may contain not only independent white noise errors compared to the
deterministic case even for ARX models. 4

24 /27



EFOP-3.4.3-16-2016-00009

Dynam IC LS EStI mate A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

‘E.ritésa gIPanncm Egyetemen

Asymptotic propertie

Difference from standard linear regression: the measured outputs
appear in the regression vector ¢(k) — the measured values y(k
may contain not only independent white noise errors compared to the
deterministic case even for ARX models. 4

Important (Asymptotic properties)

Asymptotic properties of the estimate hold in the limit when the time k
goes to infinity.

24 /27
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Dynam IC LS EStI mate A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

E.ritésa qlPanncm Egyetemen

Asymptotic propertie

Difference from standard linear regression: the measured outputs
appear in the regression vector ¢(k) — the measured values y(k
may contain not only independent white noise errors compared to the
deterministic case even for ARX models.

o

Important (Asymptotic properties)

Asymptotic properties of the estimate hold in the limit when the time k
goes to infinity.

Model for analysing the asymptotic behaviour of the estimate
The system can be described as

y(k) = Py - p(k) + vo(k)

with {vo(k)} error series, po is the so-called nominal value or “true”
value of the parameter.

24 /27
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Dynam ic LS eSti mate ;; h?llggeflﬂkﬂ oktatas minoségenek es hozzaférhetosegének egylittes
Asymptotic properties —

Qpannon Egyetemen

Important (LS estimate and notation)

1 N TN ;1 N
PLs = [— > elk) - wTik)] =S (k) - y(k), RIN) = — > (k) ¢ (k)
N = N i3 N

K=i

'—
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Dynam Ic LS eStI mate A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylittes

Qnannon Egyetemen

Asymptotic propertie§' =

Important (LS estimate and notation)

N =1 N N
PLs = ’l > k) - ‘PTU’(}] Z w(k) - y(k), R(N) = i > (k) - e (k)
N k=1 k=1 N k=1

EI

Important (Estimation error)

Pus(N) = [R(N)]™" Zso K) [ (k)T - po + vo(k)]

N
pLs(N) = po + [R(N)] ™" — Z (k) - vo(k
k:

The estimation error is the second term in the above equation.

25/27
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Dynam Ic LS eStI mate A felsofokl oktatas mindsegének es hozzaférhetdsegének egydttes

itasa a Pannnnigyetemen

Asymptotic unbiasedhess —

Estimation error
’ N
[R(N)] N > " o(k) - vo(k)
k=1
We would like:

e to have this term as “small” as possible, since in that case
the estimated parameter will be close to pyp,

26/27
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Dynam Ic LS eStI mate A felsofoku oktatas mindsegének es hozzaférhetosegének egyttes

itasa a Pannonigyetemen

Asymptotic unbiasedness —

Estimation error
N
RO 1 " (k) - vo(k)
k=1

We would like:
e to have this term as “small” as possible, since in that case
the estimated parameter will be close to pyp,
e that this term converges to 0 as the sample size is growing,
l.e. N — oo
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Dynam Ic LS eStI mate A fels6foku oktatas minGsegenek es hozzaférhetdségenek egylttes

itasa a Pannnnigyetemen

Asymptotic unbiasedhess —

Estimation error
N
RO 3 (k) - vo(k)
k=1

We would like:
e to have this term as “small” as possible, since in that case
the estimated parameter will be close to pyp,
e that this term converges to 0 as the sample size is growing,
l.e. N — oo

Important (Asymptotic unbiasedness)

The behaviour of an estimate when the sample size is growing is
called the asymptotic behaviour of the estimate. We are talking e.qg.
about asymptotic unbiasedness in this sense.

26/27
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StOCh aSt I C p I'O pe rt IESA felsofokl oktatas minosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

of predictive models

y(k) = pg - (k) + vo(k)

When the vy(k) error is small compared to the regressor (k)
containing measured values, then the estimation error

N
RO 55" (k) - volk)
k=1

will also be small.
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StOC h aSt i C p I'O pe rt IESA felsofoku oktatas minosegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

of predictive models

y(k) = pg - (k) + vo(k)

When the vy(k) error is small compared to the regressor (k)
containing measured values, then the estimation error

N
RO 55" (k) - volk)
k=1

will also be small.

-

Important

If both the input (u(k) k=1,2,...) and the error
(vo(k) k=1,2,...) are stationary stochastic processes in an

AR(MA)X model, then the output (y(k) k =1,2,...) will also be a
Stationary process.
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OVGI‘VIEW A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Dynamic models

e Recall
Input-output models in MATLAB
e ARX models in MATLAB

e LS estimation of ARX models

Recall

LS estimation of ARX models in MATLAB
SISO models

MIMO models
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Dyn am |C m Od e I S A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Dynamic models

e Recall
e Input-output models in MATLAB
e ARX models in MATLAB
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Recal I - Dynam IC A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

itasa a Pannon Egyetemen

models of DT system§

® DT-LTI stochastic SISO I/O model
— Backward difference form:

y(k)+aiy(k—1)+...+any(k—n) = bou(k—d)+. . .+bpu(k—d—m)

— y: output

— u: input

— K: discrete time instance

— a1,...,4an,bo,...,by: parameters

— d = n— m: time delay
® Compact form

A*(q)y(k) = B*(q ")u(k - d)
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Recal I - Dynam IC A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

itasa a Pannon Egyetemen

models of DT system§

® (General form - ARMAX process

A*(q ")y (k) = B*(q ")u(k) + C*(q")e(k)

— A (@ )=1+aiqg7 ' +...+a,g "

— B (g7 ) =big 9+ b1g %"+ ...+ bpg ™
— C(g V)=c+0c1g ' +...+crqg "

— g~ ': time shift operator

— e(k): white noise process

5/62
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Recal I - Dynam IC A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

itasa a Pannon Egyetemen

models of DT system§

® ARX (AutoRegressive with eXogenous input) process

A*(q")y(k) = B*(q~")u(k) + e(k)

— A(@)=14+aqg'+...+a,q""

— B(qg ) =byq 9+ byg % +... + bpg "
— g~ ': time shift operator

— e(k): white noise process
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I/O mOdEIS 'n A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

MATLA B javitasa a Pannon Egyetemen

® |/O models can be represented by an idpoly object in
MATLAB

® part of the System Identification Toolbox
® The general form of the underlying model

1 1
AR = 2 ut) + ek

® Alg)=1+aig'+...+a,g"
® B(g')=bo+b1g ' +...+bng "
® C(g)=1+c1qg'+...+cqg’

7152
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I/O mOde'S 'n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

MATLA B javitasa a Pannon Egyetemen

syntax: idpoly(A,B,C,D,F,NoiseVariance,Ts)
NoiseVariance is the variance or covariance matrix of e(k)
Ts is the sampling time

You can define the A, B, C, D, F polynomials with their
coefficients

® Default values
— B=]]
— =1
— D=1
— F=]
— NoiseVariance=1, or eye(n)
— Ts=1
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Exam ple 1 A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

® Consider the following I/O model:

y(k)—2y(k—1) +1.5y(k —2) =u(k — 1) + 3u(k — 2)+
+ e(k) —0.2e(k — 1)

® What kind of process is y(k)?

® What are the coefficients of the polynomials
A(q"),B(g"")and C(q~")?

® Create the I/O model in MATLAB using idpoly!
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Example 1 A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Solution

y(k)—2y(k —1)+1.5y(k —2) =u(k — 1) + Bu(k — 2)+
+ e(k) —0.2e(k — 1)

® What kind of process is y(k)?
— ARMAX process

10/52
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Exam ple 1 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

y(k)—2y(k —1)+1.5y(k —2) =u(k — 1) + Bu(k — 2)+
+e(k) —0.2e(k — 1)

® What are the coefficients of the polynomials
A(g'),B(g")and C(g™")?
— Al Y=1-2g"+15g2%2=a=1,a=-2 a=1.5
— B(g)Y=0+qg'+3¢g2=5by=0,b;=1, by =3
— C(q_1) =1 - 0.2qu1 =c=1,¢c =-0.2

11/52



EFOP-3.4.3-16-2016-00009
Example 1 A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

y(k) —2y(k —1)+1.5y(k —2) =u(k — 1) + 3u(k — 2)+
+ e(k) —0.2e(k — 1)

® Create the I/O model in MATLAB using idpoly!

>> A=[1 -2 1.5];

>3 B=[0 1 3];

>> C=[1 —-0.2];

>> sysi=idpoly (A,B,C);
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Exam ple 1 A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

>> sys

sys1 =

Discrete—time ARMAX model:

A(z)y(t) = B(z)u(t) + C(z)e(t)
A(z) =1 -22z2-1+ 1.5 z7-2
B(z) = z-1 + 3 z7-2
C(z) =1- 0.2 z7-1

Sample time: unspecified

Parameterization:

Polynomial orders: na=2 nb=2 nc=1 nk=1
Number of free coefficients: 5
Use "polydata”, "getpvec”, "getcov” for
parameters and their uncertainties.

Status:

Created by direct construction or transformation.
Not estimated.
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Exam ple 1 A felsofokl oktatas mindsegeének es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® z°-1is equivalentto q~-1

® You can change the variable name:
idpoly(A,B,C,?Variable’ ,q"-1?)
® Polynomial orders:
— na: order of A(g~ ')
— nb: order of B(g~") + 1
— nc: order of C(g™ )
— nk: delay between the input and the output = the difference

between the greatest exponent of A(g~') and B(q~') =
number of zeros at the beginning of B
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A R x m O de I S l n A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

MATLA B javitasa a Pannon Egyetemen

® ARX model:

A(q ")y(k) = B(q ")u(k) + e(k)

® Only the A(g~') and B(g~") polynomials need to be
defined
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Examp'e 2 A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® (Create the following ARX model in MATLAB:
y(k)—1.5y(k—1)+0.7y(k—2) = u(k—1)+0.5u(k—2)+e(k)

® What are the coefficients of the polynomials
A "),B(g7")?
® What are the orders of the polynomials (na, nb)?
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Example 2 A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® y(k)—1.5y(k—1)+0.7y(k—2) = u(k—1)+0.5u(k—2)+e(k)
® What are the coefficients of the polynomials
A(q"),B(q")?
;q((q_:1) — 1 o 1-55(7__1 -+ (]f7fq__2 — Eﬂj = ‘l, 521 — '_'1-553 532 —_
0.7

B(q_1) =0+q_1 +0.5t:{‘2=>b0 =0,by=1,b,=05
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Example 2 A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® y(k)—1.5y(k—1)+0.7y(k—2) = u(k—1)+0.5u(k—2)+e(k)

® What are the orders of the polynomials?
na=2, nb=2
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Example 2 A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® y(k)—1.5y(k—1)+0.7y(k—2) = u(k—1)+0.5u(k—2)+e(k)
® MATLAB code:

> A =[1 -1.5 0.7];
> B = [0 1 0.5];
>> sys2=idpoly (A,B);
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LS eStI m at ' O n Of A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

ARX models

e LS estimation of ARX models

Recall

LS estimation of ARX models in MATLAB
SISO models

MIMO models
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Recal I - A felsofoku oktatas minosegének és hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

LS estimation

® Predictive form of ARX models
y(klp) =—ajy(k—1)— ... —apy(k — n) + bou(k — d) +
+ bpu(k —d — m) + e(k) =
= p"p(k—1) + e(k)

® parameter vector: p = [—ay...— anby...bm]"
® regressor:

p(k—1) = [y(k=1) ... y(k—n) u(k—d) ... u(k—d—m)]
® Solution:

N
k)soT(k)] N 2 ek (k)

k:

|
1[V]=
s

k=
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LS EStI matlon Of A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

ARX models in MATLAB ™" "™

The arx function in MATLAB performs the LS estimation of
an ARX or AR models

syntax:

sys=arx(data,[na nb nk]);

data is the measured data in iddata format

na is the order of the polynomial A(g~ )

nb is the order of the polynomial B(qg~") + 1

nk is the delay between the input and the output
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The id data ObjECt A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Syntax: data = iddata(y,u,Ts)

Time domain signal of input output data
y: output signal

u: input signal

Ts: sampling time (default = 1)

Get input data: data.u

Get output data: data.y
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Example 3 A felsofokl oktatas minosegéenek es hozzaferhetdsegenek egylittes

SISO models javitasa a Pannon Egyetemen

® SISO = Single Input Single Output
® Estimate the parameters of the following SISO ARX model:

y(k)+ajy(k—1)—acy(k—2) = biu(k—1)+boy(k—2)+e(k)

® The measurement data can be found in D1 in the
arx_data.mat workspace
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Example 3

A felsofokl oktatas mindsegének és hozzaferhetosegenek egylittes

. javitasa a Pannon Egyetemen
Solution

® y(k)+ary(k—1)—azy(k—2) = byu(k—1)+bzy(k—2)+e(k)
® Give the polynomials A(g~') and B(g)!

A )y=1+a;q ' +aq*°

B(g~")=0+big "+ bg?
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Example 3 A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® y(k)t+aiy(k—1)—acy(k—2) = byu(k—1)+b2y(k—2)+e(k)
® \What is the value of na, nb and nk?
na=2, nb=2, nk=1
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Example 3

A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

. javitasa a Pannon Egyetemen
Solution

® Matlab code:

>> mi=arx (D1,[2 2 1])

mil =

Discrete—time ARX model: A(z)y(t) = B(z)u(t) + e(t)
A(z) =1 - 1513 z'-1 + 0.7083 z"-2
B(z) = 1.214 z°—1 + 0.3834 z"-2

Sample time: 1 seconds

Parameterization:

Polynomial orders: na=2 nb=2 nk=1

Number of free coefficients: 4

Use "polydata”, "getpvec”, ”"getcov” for parameter:
Status:

Estimated using ARX on time domain data "D1”.

Fit to estimation data: 89.97% (prediction focus)
FPE: 0.9973, MSE: 0.8844
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Example 3 A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Solution

® (Get the parameter vector: getpvec (model)

>> getpvec(mi)
ans =
—1.9131
0.7083
1.2143
0.3834

p=a a by bo]"
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Example 3

A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

. javitasa a Pannon Egyetemen
Solution

® (et the coefficients of the A and B polynomials

>> mi.A

ans = 1.0000 —1.5131 0.7083
>> ml1.B

ans = 0 1.2143 0.3834
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Example 3

Solution

EFOP-3.4.3-16-2016-00009

A felsofoku oktatas mindsegének és hozzaférhetdsegének egydittes
javitasa a Pannon Egyetemen

® (et the covariance matrix: getcov ()

>> getcov(mi)
ans =
0.0018
—0.0015
0.0004
0.0046

—0.0015

0.0013
—0.0007
—0.0027

0.0004
—0.0007
0.0300
—0.0252

0.0046
—0.0027
—0.0252

0.0470
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Exam ple 3 A felsofoku oktatas minosegének és hozzaférhetdsegenek egylittes

javitasa a Pannon Egyetemen

Solution

® Prediction error:
— Simulate the estimated model (m1) with the input data

>> yest=sim(mi1,D1);
>> r=yest.y-D1.y;
>> plot(r)

-tD i ' i i L i i 1 i
0 10 20 30 40 50 60 70 BO 80 100 31/52
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Examp'e 4 A felsofokl oktatas mindosegének es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® Perform the estimation of the same model using the D2
data! D2 contains more samples than D1.

® Compare the results of the two estimations!
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Example 4 A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

>> m2=arx (D2,[2 2 1])

m2 =

Discrete—time ARX model: A(z)y(t) = B(z)u(t) + e(t)
A(z) =1 — 1525 z7—1 + 0.7251 z"-2
B(z) = 0.9985 z"—1 + 0.4544 z"-2

Sample time: 1 seconds

Parameterization:

Polynomial orders: na=2 nb=2 nk=1

Number of free coefficients: 4

Use "polydata”, "getpvec”, "getcov”

for parameters and their uncertainties.
Status:

Estimated using ARX on time domain data "D2”.
Fit to estimation data: 88.64% (prediction focus)
FPE: 1.01, MSE: 0.9976
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Exam ple 4 A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® Compare the covariance matrices!

>> getcov(m2)

ans =
0.0002 —0.0001 —0.0000 0.0004
—0.0001 0.0001 —0.0000 —0.0003
—0.0000 —0.0000 0.0029 —0.0025
0.0004 —0.0003 —0.0025 0.0042

>> getcov(mil)

ans =
0.0018 —0.0015 0.0004 0.0046
—0.0015 0.0013 —0.0007 —0.0027
0.0004 —0.0007 0.0300 —0.0252
0.0046 —0.0027 —0.0252 0.0470
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MI M 0 m Odel S A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® MIMO = Multiple Input Multiple Output
® (General model with m input and n output:

A (g )yi(k)+. . +Ain(@ " )ya(k) = Bir(q~ " )us(k)+. . +Bim(q~" ) um(k)

An (@ )ya(K)+. . +Am(q@ " )Ya(k) = B (@ )us (K)+. . +Bumm(q ") um(k)

® A; and By polynomials form a matrix A and B:

An(g") . An(gT!)
A@hH=| +
:Am (") ... Am(@ ")
Bii(q7") ... Bim(g™")]
Blg7) =] :
Bmi(@™") ... Bmm(@7").
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MI M 0 m Odels A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

® The A(g~') and B(g~") matrices can be represented as
cell arrays in MATLAB

® A cell array may contain different type of data in its entries
e.qg. text, numbers, vectors...

® syntax: similar to matrices, but the entries are between {
and }

>> C={1 [1 2 3]; 'abc’ [4;5]}
C =
[ 1] [1x3 double]
‘abc’ [2x1 double]
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Example 5 A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

® Consider the following model:
y(k) + 0.5y(k — 2) =
ui(k) 4+ 2ui(k —1) +3uq(k —2) — us(k — 2) + e(k)

® How many inputs and outputs does the model have?
® Give the polynomials A(q~') and B(g')!
® Construct the model in MATLAB!
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Example 5

A felsofokl oktatas mindosegének es hozzaferhetosegenek egylittes

. javitasa a Pannon Egyetemen
Solution

® y(k)+05y(k—2)=
ui(k) +2ui(k — 1) + 3uy(k — 2) — ua(k — 2) + e(k)

® How many inputs and outputs does the model have?
2 input and 1 output
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Example 5

A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

. javitasa a Pannon Egyetemen
Solution

® y(k)+0.5y(k —2) =
Uy (k) + 201 (k — 1) + 3y (k — 2) — wp(k — 2) + e(k)
® Give the polynomials A(q~") and B(g~)!
Alg')=1+0g'+0.5q92
Bi1(q7") =1+2q"+3qg?
Bi2(q™") =0+0u(g™") - (q72)
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Example 5 A felsofokl oktatas mindsegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® Construct the model in MATLAB!

> A =[1 0 0.95];
> B = {[1 2 3] [0 0 —1]};
>> sys3=idpoly (A,B)
sys3 =
Discrete—time ARX model: A(z)y(t) = B(z)u(t) + e(t)
A(z) =1+ 0.5 z7-2
Bi1(z) =1 +2 z2°—-1 + 3 2°-2
B2(z) = —z"-2
Sample time: unspecified
Parameterization:
Polynomial orders: na=2 nb=[3 1] nk=[0 2]
Number of free coefficients: 6

Use "polydata”, "getpvec”, "getcov”
for parameters and their uncertainties.
Status:

Created by direct construction or transformation ,,No
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Example 6 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Estimate the parameters of the following MIMO model:
y(k) +ay(k—1)+ay(k —2) + azy(k —3) =
byt ui(K)+ b1 ur(k—1)+ b uy(k —2) — bi2ua(k —2) + e(k)

The arx function can be used but the na, nb and nk values
are vectors or matrices in the MIMO case

How many inputs and outputs does the model have?
Give the polynomials A(qg~') and B(g™")!

Determine the values of na, nb and nk.

Estimate the model using the data in D3.
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Example 6

A felsofokl oktatas mindsegének es hozzaferhetosegenek egylittes

. javitasa a Pannon Egyetemen
Solution

® y(k)+aiy(k—1)+ay(k —2)+ azy(k —3) =
bl uy (k) + bl ug(k—1)+ bl uy(k —2) — bl2ua(k — 2) + e(k)

® How many inputs and outputs does the model have?
2 input and 1 output
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Exam ple 6 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® y(k)+aiy(k—1)+axy(k —2)+agy(k —3) =
ba1U1(k)—|—b}1U1(k—1)—]—b;1U1(k—2)—b;2U2(k—2)—1—9(k)
® Give the polynomials A(g~') and B(g~)!
Alg')=1+aiq ' +aq *+aq?°
Bi1=b}'+b]'g7" +bl1g?
By =0+0qg~ '+ bl2q2
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Example 6

A felsofokl oktatas mindsegenek es hozzaferhetdosegenek egylittes

. javitasa a Pannon Egyetemen
Solution

® y(k)+aiy(k—1)+ay(k—2)+agy(k—3) =

bgﬂ U-](k)-l'b:]H u1(k—1)+b}3‘u1(k—2) —bgzug(k—2) + e(k)
® Determine the values of na, nb and nk.

na=3,nb=[31], nk=1[02]

® Fstimate the model using the data in D3.

>> na=3, nb=[3 1], nk=[0 2];
>> m3=arx (D3,[na,nb,nk]);
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Example 6 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Solution

Discrete—time ARX model: A(z)y(t) = B(z)u(t) + e(t)
A(z) =1 - 1969 z"—1 + 0.4234 z"—2 + 0.9541 z"-3
B1(z) = 1.034 + 2.271 z7—1 + 3.001 z"-2
B2(z) = —1.066 z"-2

Sample time: 1 seconds

Parameterization:

Polynomial orders: na=3 nb=[3 1] nk=[0 2]
Number of free coefficients: 7

Use "polydata”, ”"getpvec”, "geticov”
for parameters and their uncertainties.
Status:

Estimated using ARX on time domain data "D3".
Fit to estimation data: 100% (prediction focus)
FPE: 1.217, MSE: 0.9959
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Exam ple 6 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Solution

covariance matrix

>> getcov(m3)

ans =
0.0052 —0.0131 0.0092 —0.0028 0.0088 0.0142 —0.0037
—0.0131 0.0328 —0.0232 0.0071 —0.0220 —0.0356 0.0082
0.0092 —0.0232 0.0164 —0.0050 0.0155 0.0252 —0.0065
—0.0028 0.0071 —0.0050 0.0366 —0.0354 —0.0050 0.0032
0.0088 —0.0220 0.0155 —0.0354 0.0763 —0.0069 —0.0060
0.0142 —0.0356 0.0252 —0.0050 —0.0069 0.0742 —0.0125
—0.0037 0.0092 —0.0065 0.0032 —0.0060 —0.0125 0.0151
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Example 7 A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

Estimate the parameters of the following MIMO model:
y1(k) +ai'y1(k — 1) + a3 yi(k — 2) + aj°ya(k — 1) =
—by ui(k —2) + b]gug(k - 1)+ b;QUQ(k — 2) + eq(k)

a&lyi(k — 1)+ a'y1(k — 2) + yo(k) + &%y (k — 1) =
—bfui(k — 1) + bfPus(k — 1) + b5%ua(k — 2) + ex(k)

How many inputs and outputs does the model have?
Give the polynomials A(g~') and B(g~)!

Determine the values of na, nb and nk.

Estimate the model using the data in D4.
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Exam ple 7 A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylttes

. javitasa a Pannon Egyetemen
Solution

® yi(k)+aj'yi(k—1)+a)' yi(k —2) + aj°ya(k — 1) =
bl'uy(k —2) + bl2ua(k — 1) + bl2ua(k — 2) + eq(k)

a;' yi(k — 1)+ a5'y1(k — 2) + ya(k) + &% ya(k — 1) =
b2 uy(k — 1) + b2 us(k — 1) + b22up(k — 2) + ex(k)

® How many inputs and outputs does the model have?
2 inputs and 2 outputs
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Example 7 A felsofokl oktatas mindsegenek es hozzaferhetdosegenek egylttes

javitasa a Pannon Egyetemen

Solution

® yi(k)+al'yi(k—1)+a}'y1(k —2) + ajPya(k — 1) =
by U1 (k 2) b12U2(k 1 ) b12U2(k 2) + €4 (k)

&' yi(k — 1)+ a5'y1(k — 2) + ya(k) + &°ya(k — 1) =
b2 Uy (k — 1) + b22us(k — 1) + b2up(k — 2) + ex(K)
® Give the polynomials A(g~') and B(g™ ")

Ai(@')=1+a]'g ' +a)'q?
Aia(q7 ") = 0+a12q_1
A21(q—1) —0 EY 8121q-—1 uN a§1q—2
Ap2(q ') =1+ a5%q
Bi1(q')=0+0q "'+ by'q?
Bi2(q™') =0+ bi?g~' + b12q—2
B21(q~') =0+ b?‘ g

Boo(q~') =0+ b22q~" + b2%q—2
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Exam ple 7 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egylittes

- javitasa a Pannon Egyetemen
Solution

® yi(k)+al'yi(k—1)+allyi(k —2) + al?ya(k — 1) =
by (k — 2) + bI2us(k — 1) + b2us(k — 2) + e4(K)

&'yi(k — 1)+ &'yi(k — 2) + ya(k) + &2ya(k — 1) =

b uy(k — 1) + bPup(k — 1) + b52ua(k — 2) + ea(k)
® Determine the values of na, nb and nk.

na=[21;2 1], nb=[12;12], nk=[2 1;1 1]
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Exam ple 7 A felsofokl oktatas minoségének es hozzaférhetéseégenek egylittes

javitasa a Pannon Egyetemen

Solution

® Estimate the model using the data in D4.

>> na=[2 1;2 1], nb=[1 2;1 2], nk=[2 1; 1 1];
>> md=arx(D4,[na,nb,nk])

md =
Discrete—time ARX model:
Model for output "y1": A(z)y-1(t) =— Ali(z)y-i(t) + B(z)u(t) + e.1(t)
A(z) =1 + 0.9944 z°—1 + 1.185 z°-2
A2(z) = 0.5238 z2"—1
Bi(z) = —0.8961 z"-2
B2(z) = 0.4543 z'—1 + 0.4458 z"-2
Model for output "y2": A(z)y-2(t) = — A_i(z)y-i(t) + B(z)u(t) + e.2(1t)
A{z) =1 — 0.7224 z*—1
Al(z) = —0.1947 z2—1 + 0.8141 z°-2
B1(z) = —1.188 z"—1
B2(z) = —0.175 z°—1 + 0.2398 z'-2

Sample time: 1 seconds
Parameterization:
Polynomial orders: na=[2 1;2 1] nb=[1 2;1 2] nk=[2 1;1 1]
Number of free coefficients: 12
Use "polydata", "getpvec"”, "getcov" for parameters and their uncertainties.
Status:
Estimated using ARX on time domain data "D4".
Fit to estimation data: [100;100]% (prediction focus)
FPE: 1.456, MSE: 2.06
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Solution

® Get the polynomial coefficients of A{1(g~") and Ai2(q~")

>> m4.A{1,2}
ans =

1.0000 0.9944 1.1850
>> m4.A{1,2}
ans =
0 0.5238
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Conte ntS A felstfokl oktatas minosegenek es hozzaferhetoségenek egyittes
vitasa a Pannon Egyetemen

Lectures and tutorial$

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation

e Special methods for LS estimation of dynamic model
parameters: Instrumental variable (IV) method, Parameter
estimation of dynamic nonlinear models

e Practical implementation of parameter estimation: Data
checking and preparation, Evaluation of the results of
parameter estimation
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LECture Ove I"VleW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Statistical properties of the dynamic LS estimate

e Conditions for asymptotic unbiasedness

e Preparing and checking measurement data

e Experiment design

e Sufficient exitation
PRBS test signal

e Evaluating the quality of the estimate

e Analyzing the residuals/prediction errors
e Analysing the covariances of the estimates
e Nonlinear case - an example
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OVEI'VIGW A felsofokl oktatas minosegének es hozzaferhetdsegenek egylttes

javitasa a Pannon Egyetemen

e Statistical properties of the dynamic LS estimate

e Conditions for asymptotic unbiasedness

4/35
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A fels6foku oktatas minGsegenek es hozzaférhetdségenek egylttes
javitasa a Pannon Egyetemen

Dynamic LS estimate

Dynamic predictive model: y(k) = py - ¢(k) + vo(k)

/35
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A fels6foku oktatas minosegének es hozzaferhetésegének egyiittes
javitasa a Pannon Egyetemen

Dynamic LS estimate

Dynamic predictive model: y(k) = py - ¢(k) + vo(k)

Important (LS estimate)

N =1 N
Brs = [% S (k) ﬂk)] > (k) - y(k)
k=1 k=1

5/35
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A felsfoku oktatas mindségének es hozzaferhetGségenek egyiittes
javitasa a Pannon Egyetemen

Dynamic LS estimate

Dynamic predictive model: y(k) = py - ¢(k) + vo(k)

Important (LS estimate)

N =1 N
Bis— [% S (k) ﬂk)] > (k) - (k)
k=1

K=1

Important (Estimation error)

N
pLs(N) = po + [R(N)] ™ Z (k) - vo(k
i

The estimation error is the second term in the above equation.

5/35
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A fels6foku oktatas minGsegenek eés hozzaférhetGségenek egylttes
javitasa a Pannon Egyetemen

Dynamic LS estimate

Dynamic predictive model: y(k) = py - ¢(k) + vo(k)

Important (LS estimate)

N =1 N
Bis— [% S (k) ﬂk)] 3 (k) - y(k)
K=1 k=1

Important (Estimation error)

N
prs(N) = po + [R(N)] ™ Z (k) - vo(k
k:

The estimation error is the second term in the above equation.

(Asymptotic unbiasedness)

is the property of the estimate when the sample size is growing. 5/35
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A fels6fokl oktatas mindsegének es hozzaferhetdoségenek egylttes
Sjauitasa a Pannon Egyetemen

Stochastic propertie

y(k) = pg - (k) + vo(k)

When the vy(k) error is small compared to the regressor p(k)
containing measured values, then the estimation error

N
RN 55 (k) - volk)
k=1

will also be small.
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A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylttes
Sjavit'asa a Pannon Egyetemen

Stochastic propertie

y(k) = pg - (k) + vo(k)

When the vy(k) error is small compared to the regressor p(k)
containing measured values, then the estimation error

N
RO 55" (k) - volk)
k=1

will also be small. )

Important

If both the input (u(k) k =1,2,...) and the error
(vo(k) =1,2,...) are stationary stochastic processes in an

AR(MA)X model, then the output (y(k) k =1,2,...) will also be a
stationary process.
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Co nd itions fOI" the A fetls::rfckupokntas rn:m:t:seqenek es hozzaferhetdsegenek egylttes
jEl"-"I a Bannon emen
analysis of asymptoti¢ Behavior

(Assumptions for the analysis)

For the analysis of the asymptotic behavior of the estimation error, let
us assume that:

7(35
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CO nd itions fOI" the A felstfokd oktatas m:noseqenek es hozzaférhetdségenek egylittes
analysis of asymptotic b

]EWII aPannonEf temen

(Assumptions for the analysis)

For the analysis of the asymptotic behavior of the estimation error, let
us assume that:

e the error {vy(k)}y_, is the realization of a stationary discrete
time stochastic process
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CO nd 't !0 n s fo I' th e A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylttes

analySIS Of asymptOtll avits aéi‘glngn Efyetemen

(Assumptions for the analysis)

For the analysis of the asymptotic behavior of the estimation error, let
us assume that:

e the error {1y(k)}y_, is the realization of a stationary discrete
time stochastic process

e the system itself can be described by an ARX model,
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CO nd itions fOI" the A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylttes
analysis of asymptotic

1 wl a Rannon Efyetemen

beha

(Assumptions for the analysis)

For the analysis of the asymptotic behavior of the estimation error, let
us assume that:

e the error {vy(k)}y_, is the realization of a stationary discrete
time stochastic process

e the system itself can be described by an ARX model,

e the input {u(k)}Y_, is implemented as a stationary discrete
time stochastic process .




Entries of

the R(N) matrix

where

o(k) =

y(k -

Nylk-2) ...

EFOP-3.4.3-16-2016-00009

A felstfokl oktatas minosegenek es hozzaferhetoségenek egylttes
javitasa a Pannon Egyetemen

N
Z (K (
k:

y(k—n) u(k) ulk—1) ...

u(k —m)]T

.

(The elements of the R(N) matrix)

[ y(k—1)y(k —1)

y(k —2)y(k = 1)

y(k — n)y(k — 1)

u(k)y(k — 1)
ulk — 1)y(k — 1)

| u(k — m)y(k — 1)

y(k — 1)y(k — n)
y(k —2)y(k — n)

y(k — n)y(k — n)

u(k)y(k — n)
ulk — 1)ylk — n)

u(k — m)y(k — )

y(k — 1)u(k)
y(k — 2)u(k)
y(k — nyu(k)
u(k)u(k)
ulk — 1)u(k)
u(k — myu(k)

y(k — Nulk — m) 7

y(k — 2)u(k — m)

y(k — n)u(k — n

u(kyu(k — m)
ulk — 1ulk — m
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Asy m ptOth be h aV IO I‘ A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

of the entries of R( N)iaﬁé$1apannon Egyetemen

The regressor ¢(-) contains only earlier discrete time inputs
and outputs in the AR(MA)X case, therefore the entries of
[R(N)];; can be divided into three classes
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Asym ptOth behaVIOl‘ A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

of the entries of R( N)ia*'_”éaapanmn Egyetomen

The regressor ¢(-) contains only earlier discrete time inputs
and outputs in the AR(MA)X case, therefore the entries of
[R(N)];; can be divided into three classes
e input autocovariance: autocovariance function ry,(7) of the
{u(k)}N_, stochastic process
1 N

R(r)= =S uk)-uk —7) — Rulr) = ru(r)
N
k=1
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Asym ptOth behaVIOI‘ A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

of the entries of R( N)ia*'_”éaapanmn Egyetemen

The regressor ¢(-) contains only earlier discrete time inputs
and outputs in the AR(MA)X case, therefore the entries of
[R(N)];; can be divided into three classes
e input autocovariance: autocovariance function ry,(7) of the
{u(k)}N_, stochastic process
ﬁﬁ(""] = 15 i ulk) - ulk — 7)) —  AulT) = ruu(r)
k=1
e output autocovariance: autocovariance function of the
ryy () of the {y(k)}X_, stochastic process

i 1N
RY(r) = 5 Do y(k) -y =) = Ry(r) = ry(7)
k=1
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Asym ptOth behaVIOI' A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

jauita's,i a Pannon Egyetemen

of the entries of R(N) -

The regressor ¢(-) contains only earlier discrete time inputs
and outputs in the AR(MA)X case, therefore the entries of
[R(N)];; can be divided into three classes
e input autocovariance: autocovariance function ry,(7) of the
{u(k)}N_, stochastic process

: f, 8
Ri(r) = > ulk) - utk—7) = Ry(r) = ruu()
k=1

e output autocovariance: autocovariance function of the
r,y () of the {y(k)}X_, stochastic process

i 1N
RY(r) = 5 Do y(k) -y =) = Ry(r) = ry(7)
k=1

e input-output covariance: ry,(7) cross-covariance function
of the two previous stochastic processes

; i X
k=1 9/35
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Asym ptOtiC beh aVv iOI‘ A h;*tl;%:kﬂpoktatésErginiiségének es hozzaferhetdosegenek egylttes
of the entries of R(N)=2 ™=

Consequently, the matrix R(N) converges to a constant matrix R* in
the case of large sample size (N — o).

(The error term)
The error process {vo(k)}}_, is stationary, therefore

1 N
S ek) (k) - b
k=1

where h* is a constant vector containing the elements of the
cross-covariance functions of {u(k)}¥_, and {vo(k)}}_4,

or {y(k)}i_, and {vo(k)}i_;

10/35
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Co nd It l 0 n S fo r A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

vitasa a Pannon Egyetemen

asymptotic unbiasediess

Assume that the conditions for studying the asymptotic behavior are
fulfilled. Then, the estimate is asymptotically unbiased, if:
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CO nd lt l 0 n S fo r A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

vitasa a Pannon Egyetemen

asymptotic unbiasediess

Assume that the conditions for studying the asymptotic behavior are
fulfilled. Then, the estimate is asymptotically unbiased, if:
e maltrix R* is non-singular (sufficient excitation)
It is fulfilled if the processes {u(k)}N_, and {vo(k)}N_, are
independent and the R;; composed of the R,(i — j)
auto-correlations is non-singular (sufficiently exciting inputs).
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CO nd itions fO ¥ A felséfok oktatas minéségének és hozzaférhetéségének egyiittes

vitasa a Pannon Egyetemen

asymptotic unbiasedrie$s

Assume that the conditions for studying the asymptotic behavior are
fulfilled. Then, the estimate is asymptotically unbiased, if:

e maltrix R* is non-singular (sufficient excitation)
It is fulfilled if the processes {u(k)}N_, and {vo(k)}N_, are
independent and the Rj; composed of the R,(i — j)
auto-correlations is non-singular (sufficiently exciting inputs).

e h* =0 [tis true if one of the below conditions are fulfilled:

— The {o(k)}_, error process is a white noise process
with zero mean: there is no modelling error, and the
measurement error is white. Then the vy(k) error is
independent of the past. Therefore, all the terms in
E{o(k) - vo(k)} are zero.

— The input {u(k)}¥_, is a white noise process, and the order
of the system n = 0: the actual output does not depend on
past outputs. The regressor (k) contains only the values
of the past inputs, thus E{¢(k) - vo(k)} = 0.
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PI'O pe rties Of LS %fﬁgggcgﬂpgktatis mir;?gfngeénnek es hozzaférhetdségenek egylittes
estimates of predictive models

Important (Asymptotic distribution of the estimate)

If the Conditions for asymptotic unbiasedness are fulfilled, then the
distribution of the random variable

VN - (PLs(N) — po)

will be a multi-dimensional Gaussian distribution with 0 mean.

(Covariance matrix of the estimate)

The covariance matrix in the SISO case is \o[R*]~', where X is the
variance of the {vo(k)}N_, error.

12/35
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S U M MA RY: LS ESt i m at&f@t:ktatés minoségének és hozzaférhetdsegeének egylittes

avitasa a Pannon Egyetemen

ARX model parametefs

Important (Steps of the estimation)

® 1. Collect the data DN = {(y(k), u(k)),k = 1,.., N} using a white noise input
sequence and form the regressor vectors fork =1,...,N

o(k) = [y(k — 1) y(k —2) ... y(k—n) u(k) u(k —1) ... u(k —m)]"

13/35
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S U M MA RY: LS eSt i m at&'if@t:ktatés mindségenek és hozzaférhetoségének egylittes

avitasa a Pannon Egyetemen

ARX model parametefs

Important (Steps of the estimation)

® 1. Collect the data DN = {(y(k), u(k)),k = 1,.., N} using a white noise input
sequence and form the regressor vectors fork =1, ..., N

o(k) = [y(k — 1) y(k—2) ... y(k—n) u(k)u(k —1) ... u(k —m)]"

® 2. LS estimate of the parameters p=[—a; —ap ... —an bo by ... bm]":

1
N
prs = [; > (k) wT(k)] 53l ¥(k)
k k=1

=1

§13/35
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S U M MA RY: LS eSt i m at&f@t:ktatés mindségenek és hozzaférhetoségének egylittes

avitasa a Pannon Egyetemen

ARX model parametefs

Important (Steps of the estimation)

® 1. Collect the data DN = {(y(k), u(k)),k = 1,.., N} using a white noise input
sequence and form the regressor vectors fork =1, ..., N

o(k) = [y(k — 1) y(k—2) ... y(k—n) u(k)u(k —1) ... u(k —m)]"

® 2. LS estimate of the parameters p=[—a; —ap ... —an by by ... bm] " :

N —1 N
Bis= | =3 0k -0 (K)| =3 (k) - y(k)
N k=1 N k=1

® 3. From the prediction error sequence =(k) = y(k) — y(k|p) = y(k) — /s (k)
calculate its estimated variance \g
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S U M MA RY: LS eSt i m at&f@tktatés minoségenek és hozzaférhetoségének egylittes

avitasa a Pannon Egyetemen

ARX model parametefs

Important (Steps of the estimation)

)
® 1. Collect the data DN = {(y(k), u(k)),k = 1,.., N} using a white noise input
sequence and form the regressor vectors fork =1,...,N

o(k) = [y(k — 1) y(k—2) ... y(k—n) u(k)u(k —1) ... u(k —m)]"

® 2. LS estimate of the parameters p=[—a; —ap ... —an bo by ... bm]":

N 1 N
Bis= | ~3 0k -0 (K)| =3 (k) - y(k)
N k=1 N k=1

® 3. From the prediction error sequence =(k) = y(k) — y(k|p) = y(k) — /s (k)
calculate its estimated variance \g

® 4. Covariance matrix of the estimated parameters p;s

N —1
COV{pis} = Ao - [L > (k) - wT(k)]
k=1

§13/35



EFOP-3.4.3-16-2016-00009
OVEI'VIEW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes
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e Preparing and checking measurement data
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OverVIew Of data A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

With a careful overview of data, we can recognize the following
phenomena:

e frends
e outliers
e apparent errors
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overVIGW Of data A felsofokl oktatas mindoségenek és hozzaférhetoségének egylittes

javitasa a Pannon Egyetemen

With a careful overview of data, we can recognize the following
phenomena:

e frends
e outliers
e apparent errors

(Visual overview)

For the visual overview, we should plot the data:
e as a function of time (as data sequences)
e as a function of each other
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V IS U a I OVQ rV leW A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

Serious error

Measurement with serious error:
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V IS U a I OVE rV IEW A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

avitasa a Pannon Egyetemen

Outliers and gross erfor

Measurement with outliers and error:

1
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POSSi ble CaUSES A felsofokl oktatas minosegének es hozzaferhetosegenek egylttes
of trends

javitasa a Pannon Egyetemen

Important (Monitoring of trends and steady states)

Most frequent causes of trends in measured data:

18/35
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POSS' ble CaUSES A felsofokl oktatas mindosegének es hozzaferhetdosegenek egylttes
of trends

javitasa a Pannon Egyetemen

Important (Monitoring of trends and steady states)

Most frequent causes of trends in measured data:

e fault of sensors that might be indicated by a slow drift-like
change

18/35



EFOP-3.4.3-16-2016-00009

Possible causes A felaciok( okiatés minGeégének 65 hozzatérhetbségsnek ogylities
javitasa a Pannon Egyetemen
of trends

Important (Monitoring of trends and steady states)

Most frequent causes of trends in measured data:
e fault of sensors that might be indicated by a slow drift-like
change

e slow, unmodeled process (ageing, equipment deterioration,
equipment becomes dirty) indicated by a drift-like change, too

18/35
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Possible causes A felactok(; okintés inGeégének 68 hozzaférhetbséasrek egylities
javitasa a Pannon Egyetemen
of trends

Important (Monitoring of trends and steady states)

Most frequent causes of trends in measured data:

e fault of sensors that might be indicated by a slow drift-like
change

e slow, unmodeled process (ageing, equipment deterioration,
equipment becomes dirty) indicated by a drift-like change, too

e slow, usually periodic disturbance: seasonal, weekly or daily
variation (e.g. temperature), effects of change of shifts,
weekend, different operation of night-shifts eftc.
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0 Ut' Ie I'S A fels6fokl oktatas minGsegenek és hozzaférhetdségenek egylittes
javitasa a Pannon Egyetemen

Important

Data generated by Gaussian random variables may (theoretically)
contain arbitrarily large or small values with nonzero (but very small)

probability.

19/35
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0 Ut' Ie I'S A felsGfoku oktatas mindseégenek es hozzaferhetosegének egyiittes
javitasa a Pannon Egyetemen

Important

Data generated by Gaussian random variables may (theoretically)
contain arbitrarily large or small values with nonzero (but very small)

probability.

(Notion of outliers)

In practice, a measured data point can be considered an outlier if its
relative magnitude, i.e. ||d(i) — d|| is significantly larger than the

deviation of the measurement errors, where d is the mean and ||.|| is
a suitable vector norm. )
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0 Utl Ie I'S A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylttes
javitasa a Pannon Egyetemen

Data generated by Gaussian random variables may (theoretically)
contain arbitrarily large or small values with nonzero (but very small)

probability.

(Notion of outliers)

In practice, a measured data point can be considered an outlier if its
relative magnitude, i.e. ||d(/) — d|| is significantly larger than the
deviation of the measurement errors, where d is the mean and ||.|| is

a suitable vector norm. )
How to determine:

— by simple visual overview of the data

— check normality of data using e.g. x? test

19/35
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e Experiment design

o Sufficient exitation
e PRBS test signal
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EX per I ment deS I g n A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

Aim: to determine the optimal input for parameter estimation
— asymptotic unbiasedness
— minimal variance, uncorrelated elements

21/35



EFOP-3.4.3-16-2016-00009

EX per l ment des I g n A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Aim: to determine the optimal input for parameter estimation
— asymptotic unbiasedness
— minimal variance, uncorrelated elements

Important (Experiment parameters to be chosen)
e sampling time
e number of samples
e fest signals for sufficient excitation

21/35
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ChOOSI ng the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

sampling time

We should aim at
— provide sufficiently high frequency sampling
for sufficiently long time,
— the sample should contain enough information for each important
and modelled time constant (pole) of the system

i

e sampling time should be about 1/4 of (or smaller than) the
fastest (smallest) time constant

e measurement time should be at least 4 times larger than the
slowest time constant

22/35
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ChOOSI ng the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

avitasa a Pannon Egyetemen

the number of samplés

The number of measurements needed for parameter estimation
depends:

e on the number of measurements in one record
e on the number of repetitions (records)

23/35
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ChOOSI ng the A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

avitasa a Pannon Egyetemen

the number of samplés

The number of measurements needed for parameter estimation
depends:
e on the number of measurements in one record

e on the number of repetitions (records)

o

Important

The overall number of samples should be significantly larger
than the order of the system and also much larger than the
number of estimated parameters.

23/35
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javitasa a Pannon Egyetemen

excitation

Test signals for sufficient excitation

Main considerations:
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javitasa a Pannon Egyetemen

excitation

Test signals for sufficient excitation

Main considerations:

e Appropriate signal to noise ratio
For this, a suitably chosen test-signal is often added to the
normal input of the system to ensure sufficient excitation

24/35
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javitasa a Pannon Egyetemen

excitation

Test signals for sufficient excitation

Main considerations:

e Appropriate signal to noise ratio
For this, a suitably chosen test-signal is often added to the
normal input of the system to ensure sufficient excitation

e Asymptotic unbiasedness
The inputs should be independent from the other noises
and disturbances. Moreover, it is advantageous if the input
IS (approximately) white noise.
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The PR BS tESt Sig nal A felsofokl oktatas mindsegenek és hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

It has only two values, and jumps randomly between them
( takes the value +1 with the probability p )

white noise process with binomial distribution

25 /35
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The PR BS teSt Sig nal A felsofoku oktatas minoségenek és hozzaféerhetoségének egylittes

javitasa a Pannon Egyetemen

It has only two values, and jumps randomly between them
( takes the value +1 with the probability p )

white noise process with binomial distribution

Important (Sampling time and number of samples)

sampling time should be 1/4 - 1/5 of the smallest time constant
number of samples should be 4-5 times the largest time constant

25 /35
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OVEI’VIGW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Evaluating the quality of the estimate

e Analyzing the residuals/prediction errors
e Analysing the covariances of the estimates
e Nonlinear case - an example

26/35
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Qual Ity Of the A felsofoku oktatas minoségének es hozzaféerhetosegének egylittes

javitasa a Pannon Egyetemen

estimate - 1

Analysis of the residuals

Residual: realization of the prediction error series

E(k,9)=y(k)—)7(k|9) , K=T1,.0 4N

For an unbiased estimation, the residuals are uncorrelated and have
0 mean.
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Res l d U a IS A felsofokl oktatas mindosegének és hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen
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- random
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& Y
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+ o - *
- + *
'""-q.____+ + X * _""__‘__.-
L L d
non randorm

Possible residuals

A0 fae
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TeStI ng the ZerO A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

javitasa a Pannon Egyetemen

mean property

Detecting trends:
e fitting a linear function to the data
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TEStl ng the Zero A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

mean property

Detecting trends:
e fitting a linear function to the data

e standard statistical analysis for data distribution (in the
case of independent, identically distributed measurement
errors)

29/35
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TEStl ng the ZerO A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

mean property

Detecting trends:
e fitting a linear function to the data

e standard statistical analysis for data distribution (in the
case of independent, identically distributed measurement
errors)

e cumulative sum (CUSUM) method (recursive mean):
1 o 1
slk] = & Y d(i) = i ((k=1)slk — 1]+ d(k))

i=1

The computed s[k] is plotted as a function of time (k), and
the trend is monitored. The variance of s[k] decreases with
the increase of measurement data.

29/35



EFOP-3.4.3-16-2016-00009

A felsGfokd oktatas mindsegenek es hozzaferhetoségenek egylttes
vitaga a Pannon E

Estimating the mean Valiie"and the variance

Assume that the underlying random variable ¢ has a mean
value m and the variance o
e Mean value
statistics is the sample mean

1 . 1
u(S) = 5(51 +&+...+&) , m(D) = E(}“ + X2 +-...+ Xn)
Property: E[u] = m
e Variance
statistics is the corrected empirical variance
_ 1 2 2 2
0(S) = —= (€1 = WP + (€2 = 1) + .+ (60 — 1)°)

Property: E[f] = o?
e Unbiased estimate

if the mean value of the statistics is the real value of the
naramatar tn ha eactimaten 30/35
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A felsGfokd oktatas mindsegenek es hozzaferhetoségenek egylttes
vitasa a Pannon Egyetemen

Estimation of the covariances

Consider (scalar valued) random variables &; from the same
distribution but not independent. They form a "generalized”

sample S(§) = {&1,&2, -, &n}-

Estimation of the mean value m
e Estimate

m(D) = %(Jﬁ + ... + Xn)

e |t may be a biased estimate

Estimation of the auto-covariances rg(s), s=0,1, ...
e Estimate for s << n

:
n—s
e |t may be a biased estimate —

r(D) = ((x1 — M)( X1 — M) + ... + (Xp—s — M)(xp — M))
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TeStI ng the A felsofoku oktatas minoségének és hozzaféerhetosegének egylittes

independence

javitasa a Pannon Egyetemen

Variance and correlation: only for data samples without trends!

32/35
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javitasa a Pannon Egyetemen

independence

Variance and correlation: only for data samples without trends! \

Consider scalar valued measured data D[1, k] = D* of k
measurements: di, ..., dx. They form a "generalized” sample

S(E) = {51?621 ““Jgn} L S(Dk) — {d1?d2? ey dn}

32/35
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TeStI ng the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

independence

Variance and correlation: only for data samples without trends! l

Consider scalar valued measured data D[1, k] = D* of k
measurements: di, ..., dx. They form a "generalized” sample

S(E) = {51?521 *“?gn} g S(Dk) = {d‘l?d.?? ey dﬂ}

Variance and correlation computation: from the generalized
sample S(DX).

32/35
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Qual Ity Of the eStI mateelscrfoku oktatas minoségenek es hozzaferhetdsegenek egyittes

avitasa a Pannon Egyetemen

in the parameter spaceé

Analysis of the covariance matrix: estimate

=
. N

cov;of_s)—[ S (k) ] A.
k=1

33/35
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Qual ity Of the eSti mateelaﬁfokﬂ oktatas mindségenek es hozzaferhetdsegenek egyittes

avitasa a Pannon Egyetemen

in the parameter spacée

Analysis of the covariance matrix: estimate

N —1
COV(prs) = [,1—\, Zw(kmk)] A,
k=1

For a 'good’ estimate, the parameter values are uncorrelated

133 /35
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Example: quality of

A felsofokl oktatas minosegének és hozzaferhetdésegenek egylittes

the estimate, predicti6h érrér ™"

Temperature
327.1 - - ' : . : ‘ |
- - Measured
327+ | — Simulated by model
326.9 r;
| 'i
326.8} ¥ il e oy
D i " G A
o 326.7 .l’ il 1 Ju ! [J |
E i f i |J | " i | ! \lr |
E 3255_ |'I I 'LI |H | /] |=
o ! 1| /
EL l,ﬂ II [ A |
] 326.5 iﬁ : ;_, . :
- I | rl--l ] Il
326.4; A . |
| 1; I"} M |
| I | " ,Hll ||.| "
ol wll‘l i jrl
326.2¢ f' i : .;
3251 1 L ! : 1 1 I |
Time [h]

Measured and model computed (predicted) data
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Exa m p Ie : EStI m atEd A felsofokl oktatas mindosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

confidence intervals

1.721

. WAL S —
| 2

Error value

' 1.64 Y S
x 10° 1.7 8000 i HK]4UUU 5000 6000 7000 8000
WInss.F'F! W] “ppr!YHY CoPR [Vkg/K]

Level sets of the loss function 35/35
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egylttes javitasa a Pannon Egyetemen
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ESTIMATION -5

Special methods for dynamic LS estimation:
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Conte ntS A felsGfokd oktatas mindsegenek es hozzaferhetoségenek egylttes
vitasa a Pannon Egyetemen

Lectures and tutorial$

e Basic notions, Elements of random variables and
mathematical statistics

e The properties of the estimates, Linear regression

e Stochastic processes, Discrete time stochastic dynamic
models

e Least squares (LS) estimation by minimizing the prediction
error, The properties of the LS estimation

e Special methods for LS estimation of dynamic model
parameters: Instrumental variable (IV) method, Parameter
estimation of dynamic nonlinear models

e Practical implementation of parameter estimation: Data
checking and preparation, Evaluation of the results of
parameter estimation
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LECture Ove I"VleW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Revision of the LS method for ARX models

e [he instrumental variable method

e |V method: basic idea
e T[helV method
e The IV4 algorithm in Matlab

e Parameter estimation of dynamic nonlinear models

Nonlinear models that are linear in parameters
Revision of the general parameter estimation task
Parameter estimation as nonlinear optimization
The gradient method
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A Rx m0d9| = Elements felsofokl oktatas mindsegének és hozzaférhetoségenek egyittes

a Pannon Egyetemen

for the LS estimation =%

Predictive form of ARX models:

y(k+1)=—ayy(k) — ... — any(k — n) + bou(k) + ... +
+bmu(k — m) + e(k)

4/34
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ARX m0d9| : Elements felsofokl oktatas minosegének es hozzaferhetosegenek egyiittes

a Pannon Egyetemen

for the LS estimation =%

Predictive form of ARX models:

y(k+1)=—ajy(k) — ... — any(k — n) + bou(k) + ... +
+bmu(k —m) + e(k)

Unknown parameter vector to be determined:

p:[—éh s 5n _an bﬂ s as bm]T
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ARX mOdeI : Ele mentS felsofokl oktatas minosegeének es hozzaferhetosegenek egyiittes

a Pannon Egyetemen

for the LS estimation =%

Predictive form of ARX models:

y(k+1)=—ayy(k) — ... — any(k — n) + bou(k) + ... +
+bmu(k —m) + e(k)

Unknown parameter vector to be determined:

p:=[-a .. —a b ... .f:vm]]r

based on the measured values:

D[1,N] = DN = {(y(k).u(k)) | k=1,...,N}
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A Rx mOdel : Elements felsofokl oktatas mindsegének és hozzaférhetoségenek egyittes

javitama a Pannon Egyetemen

for the LS estimation —

Regressor:

ok):=[ y(k—1) ... y(k=n) uk) ... uk-m)]"

Predictive model linear in parameters:

y(k.p) = ¢ (K)p

5/34
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ARX mOdeI : Ele mentS felsofokl oktatas minosegenek es hozzaferhetosegenek egyiittes

javitama a Pannon Egyetemen

for the LS estimation —

Regressor:

ok):=[ y(k—1) ... y(k=n) uk) ... uk-m)]"

Predictive model linear in parameters:

y(k.p) = ¢ (K)p

Prediction error:

e(k,p) = y(k) — §T(k); e(k,p) = y(k) — " (k)p

The 2-norm of the error should be minimized:

e T 2
n(0,D%) = 5 > 5(r(k) — ¢ (k)p)
k=1
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A Rx m0d9| A felsofoku oktatas minosegéenek es hozzaférhetdosegenek egylittes

javitasa a Pannon Egyetemen

The estimation

The optimal parameter value is obtained from

—1

N N
pLs = [;U y gp(k)s@(k)T] 53 ek (k)
=1 =1

6/34
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A RX m O d&l A felsofokl oktatas minosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

The estimation

The optimal parameter value is obtained from

—1

N N
B = [,1, > «,o(k)go(kf] 53 (k) (k)
i=1 =1

If the observed data were generated by the real system with pg:

y(k) = " (K)po + vo(k)

then the estimate has the form:
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A RX m0d9| : pl‘O pe rtieSISErfckﬂ oktatas minosegenek es hozzaférhetosegenek egyiittes

javitasa a Pannon Egyetemen

of the LS estimate

The LS estimate should converge to the real py when the data
size grows, i.e. when N — oo. Equivalently:

N
1
Jim ; p(k)ro(k) =0

l.e. the observations ¢(k) and vy(k) noise should be
uncorrelated.

7134



EFOP-3.4.3-16-2016-00009

A Rx m0d9| : pl‘O pe rtieSISﬁfokﬂ oktatas minosegenek es hozzaférhetosegenek egyiittes

javitasa a Pannon Egyetemen

of the LS estimate

The LS estimate should converge to the real py when the data
size grows, i.e. when N — oo. Equivalently:

N
1
Jim ; p(k)ro(k) =0

l.e. the observations ¢(k) and vy(k) noise should be
uncorrelated.

Important

The LS estimate can be written as (using vo(k) = y(k) — T (k)po):

N
P> = sol {% > o(k) [y(k) = tpT(k)Po] = 0}
=1
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OVEI'VIGW A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e The instrumental variable method

e |V method: basic idea
e The lV method
e The IV4 algorithm in Matlab
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Instrumental variable a sk okiatas minsssgénck és hozzaférhetdségének eayiities

IV) meth Od javitasa a Pannon Egyetemen

Given a dynamic model linear in parameters pg

y(k) = o' (K)po + vo(k)
Use the IV method in the following cases
e |dentification of weakly damped or unstable systems

e Correlated measurements and noise
e LS method is not optimal in this case

9/34
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Instrumental variable a sk okiatis minsssaenck és hozzatéretsségenek eayiities

IV) meth Od javitasa a Pannon Egyetemen

Given a dynamic model linear in parameters pg

y(k) = @' (K)po + vo(k)
Use the IV method in the following cases
e |dentification of weakly damped or unstable systems

e Correlated measurements and noise
e LS method is not optimal in this case

Important (ARMAX model)
In case of an ARMAX model

y(k) = —ayy(k-1)— ... — any(k — n) + bou(k) + ... + bmu(k — m) +
+coe(k) + cre(k — 1) + ... + che(k — n)

y(k) = ¢ (k)po + coe(k) + ... + cne(k — n)
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|V methOd A felsofoku oktatas minoségének es hozzaferhetésegenek egylittes

javitasa a Pannon Egyetemen

Basic idea

Given

y(k) = ¢ (k)po + vo(k)

with correlated ¢(k) and (k).

10/34
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IV method

A felsofokl oktatas mindoségenek és hozzaféerhetoségének egylittes

- . javitasa a Pannon Egyetemen
Basic idea

Given

y(k) = o' (k)po + vo(k)
with correlated ¢(k) and (k).

Important (Basic idea)
Idea: change ¢(k) to a suitably chosen £(k) (the instrumental

variable), that is uncorrelated with vo(k). For this, the y(-) partin
¢(k) should be changed.

o(k):=[ yk-1) ... y(k—n) u(k) ... uk-m)]"

10/34
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|V methOd A felsofoku oktatas minosegének és hozzaférhetdsegenek egylttes

javitasa a Pannon Egyetemen

The estimate

We are searching for an instrumental variable &(t) for which:

plY = sol{ Z [ T(k)@g] = 0}

11/34
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|V methOd A felsofoku oktatas minosegének és hozzaférhetdsegenek egylttes

javitasa a Pannon Egyetemen

The estimate

We are searching for an instrumental variable &(t) for which:
Al — sol { Z [ T(k)@g] = 0}

Important (IV estimate)

11/34
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|V mEthOd A felsofokl oktatas minosegének és hozzaferhetdsegenek egylittes

javitasa a Pannon Egyetemen

The estimate

We are searching for an instrumental variable &(t) for which:

plY sol{ Z [ T(k)ao]_o}

Important (IV estimate)

=1

1 N 1 N
- [N et Y et
k=1 =1

For large N, the conditions of convergence of L p V' to the real py are

£ {g(k)gaT(k)} is non-singular
E{&{(K)vo(k)} =0

*11/34
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The SE'ECtlon Of the A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

instrumental variable

The prediction of the output y(k) of an ARX model:
A(g~")y(k) = B(g~")u(k)

Important (Idea of selection)
The instrumental variables are computed using the ARX model:

E&k)=[ —z(k—1) ... —z(k—n) u(k) ... ul(k—m) ]T
where z(k) is generated as the output of a linear system with input u:

N(g~")z(k) = M(g~")u(k)

where N(qg~—') and M(q~") define a stable filter , too.

12/34
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The SE'ECtlon Of the A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

instrumental variable

The prediction of the output y(k) of an ARX model:
A(g~")y(k) = B(g ")u(k)

Important (ldea of selection)

The instrumental variables are computed using the ARX model:
Ek)=[ —z(k—1) ... —z(k—n) u(k) ... u(k—m) ]T
where z(k) is generated as the output of a linear system with input u:
N(g~")z(k) = M(q~")u(k)

where N(q~—') and M(q~") define a stable filter , too.

HOW to choose the filter parameters N(q—') and M(q—')? J

12/34
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The pl‘i n Ci p Ie Of the A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

IV method javitasa a Pannon Egyetemen

The simplest selection of N(q~') and M(q~') are given by an
ordinary LS estimation (pre-estimation step), and

Aln—1
Ku(@™, Pore) = gﬁg-&-

13/34
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The pl‘i nCi ple Of the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

IV method javitasa a Pannon Egyetemen

The simplest selection of N(q~') and M(q~') are given by an
ordinary LS estimation (pre-estimation step), and

_ A(g~!
Ku(@™", Pore) = Qig";'

o

Important (principle of the IV method)

e Computing the instrumental variables
Z(k) — Ku(q_1appre)u(k)
E(k) = [z(k—=1)..z(k—n) u(k)..ulk—m)]"
er(k,p) = y(k)—¢"(k,p)p

§13/34
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The pl‘i nCi ple Of the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

IV method javitasa a Pannon Egyetemen

The simplest selection of N(q~') and M(q~') are given by an
ordinary LS estimation (pre-estimation step), and

. A(g~!
Ku(q 17 Prﬁ'): QE3-1;'

o

Important (principle of the IV method)

e Computing the instrumental variables
z(k) = KU(Q_1aPprE)U(k)
E(k) = [z(k—=1)..z(k—n) u(k)..ulk—m)]"
er(k.p) = y(k)— o (k.p)p
e Computing the IV-estimate
{ N

in(p, D) = & S €(K)er(k, p) , BAY = sof [fN(p, DYy 0]

=]

13/34
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IV 4 a Igorith m - 1 A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation I.
e Step 3: Estimation of the prediction error model
e Step 4: Refined IV estimation using the results of Step 3.

14/34
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IV 4 a Ig Ol‘ith m - 1 A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylttes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation I.
e Step 3: Estimation of the prediction error model
e Step 4: Refined IV estimation using the results of Step 3.

Important (Step 1: Pre-estimation)

The model structure is written in linear regression form. Then the LS
estimate of p and the corresponading DT-LTI model are computed:

i ) . - B (g1
B = Bi. & (a ) = 2

14/34
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IV 4 algorith m - 2 A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation I.
e Step 3: Estimation of the prediction error model
e Step 4: Refined IV estimation using the results of Step 3.
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IV 4 algorith m - 2 A felsGfokd oktatas mindsegenek és hozzaferhetoségenek egylittes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation I.
e Step 3: Estimation of the prediction error model
e Step 4: Refined IV estimation using the results of Step 3.

Important (Step 2: IV estimation |.)

The instrumental variables with the pre-estimated Gﬂ ) (g7 ")

2 (k) = Gy (g~ ")u(k)

0Ky =[ z0(k-1) .. zO(k-n) ut) .. uk-m)]"

then compute the corresponding IV estimate and the DT-LTI model:

B =P G lig =

15/34
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IV 4 a |gO|‘ith m - 3 A felsofokl oktatas mindosegének es hozzaferhetdosegenek egylttes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation I.
e Step 3: Estimation of the prediction error model
e Step 4: Refined IV estimation using the results of Step 3.

16/34
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IV 4 algorith m - 3 A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylttes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation I.
e Step 3: Estimation of the prediction error model
e Step 4: Refined IV estimation using the results of Step 3.

Important (Step 3: Estimation of the prediction error model)
Compute the prediction error of Step 2:

i (k) = A (a )y (k) = BY (g u(k)

and prescribe an AR model with order n; + np:

L(g "YW (k) = e(k)

compute an LS estimate for L(g~'): Ly(q~)-t.

16/34
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IV 4 a |gO|‘ith m - 4. 1 A felsofokl oktatas mindosegének es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation |.
e Step 3: Estimation of the prediction error model

e Step 4: Refined IV estimation using the results of Step 3.
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IV 4 a Ig O r i th m - 4 . 1 A felsofokl oktatas minoségenek és hozzaféerhetoségének egylittes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 1: Pre-estimation
e Step 2: IV estimation |.
e Step 3: Estimation of the prediction error model

e Step 4: Refined IV estimation using the results of Step 3.

Important (Step 4: Refined IV estimation using the results of Step 2.

and 3.)

The new instrumental variables using é}f)( g~ ') from Step 2

2®(k) = Gy (q~")u(k)

€@ (1) = [‘:N(q—1) {2(2)(;( —1) .. 28k —n) ulk) ... ulk— m)| ¢
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IV 4 a |gO|‘ith m - 4-2 A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:

e Step 4: Refined IV estimation using the results of Step 2. and 3.
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IV 4 a Ig Orith m - 4-2 A felsofokl oktatas mindosegéenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

MATLAB implementation in four steps:
e Step 4: Refined IV estimation using the results of Step 2. and 3.

Important (Step 4: Refined IV estimation using the results of Step 2.

and 3.)
The last refining IV estimate is

2@)(k) = G (g~ ")u(k)
€O(t) = Ln(g~") [2®(k — 1) ... 2®(k — n) u(k) ... u(k —m)]"

or(k) = Ln(g~")e(k)
ye(k) = Ln(g )y (k)

BV = [ i €QRer(K)T] T S €A 0e(K)

18/34
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OVEI’VIGW A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

e Parameter estimation of dynamic nonlinear models

Nonlinear models that are linear in parameters
Revision of the general parameter estimation task
Parameter estimation as nonlinear optimization
The gradient method

19/34
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N 0 n I i nea I" ti me'i nva r i ant’ﬁ:&kﬂ oktatas minosegenek es hozzaféerhetosegenek egylittes
single output system

E.ritésa a Pannon Egyetemen

Time series of measured data:
D[1,N] = D" = {(y(k),u(k)) | k =1,...N}

20/34
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N O n I i nea r ti me'i nva ri antfﬂkﬂ oktatas minoségenek es hozzaférhetoségének egylittes
single output system

Evitésa a Pannon Egyetemen

Time series of measured data:
D[1,N] = D" = {(y(k),u(k)) | k =1,...N}

The general predictive form:

y(klp) = g(k, D[1,k —1]; p)

Systems that are linear-in-parameters:

y(klp)=p' -g*(k,D[1,k —1])
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Nonlinear time-invariant o oats minsssasnek és hozzaiéetdséaének eayittes

Ew‘t'a’sa a Pannon Egyetemen

single output system

Time series of measured data:
D[1,N] = D" = {(y(k),u(k)) | k =1,...N}

The general predictive form:

y(klp) = g(k, D[1,k —1]; p)

Systems that are linear-in-parameters:

y(klp)=p' -g*(k,D[1,k —1])

Example: ARX model

y(klp)=—a; -y(k—1)—...—an-y(k—n)+ by - u(k) + ...+ bm - u(k — m)
p=[-ay ... —an by ... bp]"
g"(k, D[,k —1]) = (k) = [y(k = 1) ... —y(k—n) u(k) ... u(k —m)]"

D0 /34
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Exa m p 'e : NO n I lnea r A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

avitgsa a Pannon Egyetemen

model linear-in-parametérs

Nonlinear ARX model that depends linearly on the parameters
y(k) = a1 - y?(k — 1) + by - u*(k) + e(k)

p=laib]'  J(kip) = y(k) - e(k)

21/34
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Exa m p Ie : NO n I lnea r A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

model linear-in-parameters™ "™

Nonlinear ARX model that depends linearly on the parameters
y(k) = a1 - y?(k — 1) + by - u*(k) + e(k)

p=laibo]"  J(klp) = y(k) - e(k)

Using auxiliary variables:
yitk—1)=z(k—1)  u'(k) = w(k)
the model can be written as a simple ARX model :

y(klp) = a1 - z(k — 1) + bo - w(k)
p=I[aibo]" . @(k)=[z(k—1) w(k)]"

Standard LS estimation can be applied without guarantee of
asymptotic unbiasedness

101 /34
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M I n lm IZI ng th e A felsofoku oktatas minosegenek es hozzaferhetosegenek egylittes

javitasa a Pannon Egyetemen

prediction error

Method of parameter estimation: DN — py J
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M I n Im lZl ng the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

nrediction error

Method of parameter estimation: DN — py ]

Important (The general task of parameter estimation)
Given

e measured values: D[1,N] = DN = {(y(k),u(k)) | k=1,...,N}

e parametrized predictive model: y(k|p) = g(k,D[1,k — 1]; p)
and the sequence of prediction errors (discrete-time
signal): e(k,p) =y(k) —y(klp) , k=1,....N

e norm defined on the prediction error
Vn(p, DN) = L SN U(e(k, p)) where ((-) is a scalar valued
positive function, most often: {(c) = ;&2

To be computed: estimated parameter py that minimizes Vy(p, DV)

pv = pn(DY) = arg min Vn(p, DY)

2/34
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Pa ra m Eter eStl m at IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

of nonlinear systems

Method of parameter estimation: DN — py

The estimate py minimizes Vy(p, DV) :

pnv = pn(DV) = arg min Vn(p, D")

23/34
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Pa ra m Eter eStl m at IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

of nonlinear systems

Method of parameter estimation: DN — py

The estimate py minimizes Vy(p, DV) :

pnv = pn(DV) = arg min Vn(p, D")

e The estimation of nonlinear and nonlinear-in-parameters
systems requires the solving of a general parameter
estimation problem, that is an optimization problem.

23/34
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Pa ra m Eter eSt| m at IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

of nonlinear systems

Method of parameter estimation: DN — py

The estimate py minimizes Vy(p, DV) :

pnv = pn(DV) = arg min Vn(p, D")

e The estimation of nonlinear and nonlinear-in-parameters
systems requires the solving of a general parameter
estimation problem, that is an optimization problem.

e Parameter estimation methods are introduced on the
example of single input single output systems here.

23 /34
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Pa ra m Eter EStI m at IO n A felsofokl oktatas mindosegenek és hozzaferhetosegének egyiittes

jgwtasa a Pannog Egyetemen

as nonlinear optimization —

What is known:
e A sequence of measured values DV = {(y(k),u(k))|lk =1,...,N}

o
L
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Pa ra m Eter EStl m at IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

jgwtasa a Pannog Egyetemen

as nonlinear optimization —

What is known:
e A sequence of measured values DV = {(y(k),u(k))|lk =1,...,N}
® Predictive model: SISO case

y(k|lp) = g(k, D*~1; p)

(Special case: linear-in-parameters

y(klp) =p" - g*(k, D ';p)

with a given vector-valued nonlinear in measured values function g*(-))

24 /34
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Pa ra m Eter EStl m at IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

jgwtasa a Pannog Egyetemen

as nonlinear optimization —

What is known:
e A sequence of measured values DV = {(y(k),u(k))|lk =1,...,N}
® Predictive model: SISO case

y(klp) = g(k, D "; p)
(Special case: linear-in-parameters
y(klp) =p" - g*(k, D" ";p)

with a given vector-valued nonlinear in measured values function g*(-))
® Using this and the measured values the prediction error sequence can be

determined
e(k,p) = y(k) — y(k|p)

2434
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Pa ra m Eter EStI m at IO n A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

witdsa a Panngg Egyetemen

as nonlinear optimization =

What is known:
e A sequence of measured values DV = {(y(k),u(k))|lk =1,...,N}
® Predictive model: SISO case

y(klp) = g(k, D '; p)
(Special case: linear-in-parameters
y(klp) =p" - g*(k, D" ";p)

with a given vector-valued nonlinear in measured values function g*(-))
® Using this and the measured values the prediction error sequence can be

determined
e(k,p) = y(k) — y(k|p)

® A loss function with a suitable norm £(-) = %(-)2

N

N
53 dek,p) = 13
k:

k=1

Vn(p, DV) = (y(k) — 9(k|p))

I\JI—'-
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Pa ra m Eter EStl m at IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

jgwtasa a Pannga,Egyetemen

as nonlinear optimization —

Goal:
a parameter estimation method that computes an estimated value p,(DV) from
the measured values so that

pm(D") = arg min Viv(p, D)

25 /34
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Pa ra meter EStI mat IO n A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

wtasa a PanngaEgyetemen

as nonlinear optlmlzailon —

Goal:

a parameter estimation method that computes an estimated value p,(DV) from
the measured values so that

pm(DN) = arg min Viv(p, pV)

Special case: the parameters of the nonlinear-in-parameters SISO
system with constant parameters can be estimated by applying least
squares estimation.

Loss function:
1 < 1
Ny ' 4 B k—1. ~\12
Vn(p. D )—Ngzly(k) g(k.D"";p)]
Optimization task:

N
Puin(DY) = argmin & Z — g(k, D" p)?
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PO SS' b' e SOI Ut I 0 n S Of A felsGfokd oktatas mindsegenek es hozzaferhetoségenek egyittes

the optimization probfef =1 "

The objective function of the optimization problem in case of given measurements
DN is seemingly quadratic, but in general it is analytically not solvable because of the
nonlinear function g(k, D*~';p) — there might be several local minima

Due to the lack of analytical solutions the optimization problem can be solved by using
the following two theoretically different numerical approximation methods.
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POSS' ble SOI Utlo n S Of A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

the optimization probfem ="{ "

The objective function of the optimization problem in case of given measurements
DN is seemingly quadratic, but in general it is analytically not solvable because of the
nonlinear function g(k, D~ 1;p) — there might be several local minima

Due to the lack of analytical solutions the optimization problem can be solved by using
the following two theoretically different numerical approximation methods.

® A. Method leading to the solution of a system of nonlinear equations
In this case the nonlinear equations

N

1 ~ dg .

— S y(k) — gk, D" 1. p)|=—= =0 j=1,...,N
NE[” ( )]apj

that define a necessary condition for the optimum needs to be solved using
numerical methods.

Problem: the solution is not unique in general, furthermore the speed of
convergence and the limit value highly depends on the initial estimates.

0/ I4
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POSS' ble SOI Utlo n S Of A felsofokl oktatas minosegenek es hozzaferhetdosegenek egylttes

vitasa a Panngg Egyetemen

the optimization probfem =

Due to the lack of analytical solutions the optimization problem can
be solved by using the following two theoretically different numerical
approximation methods.

e B. Direct solution — minimizing the loss function Vy(p, DV)
as the function of p

This problem can be solved by using numerical optimization
procedures, such as the so-called gradient method.

In this case as well it is a problem that a global optimization
method is (would be) required because of the several possible
local minimumes.
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Th e g rad ie nt m Et h Od A felsofokl oktatas mindoségének és hozzaférhetoségének egylittes

javitasa a Pannon Egyetemen

Important

The gradient method is a general method for determining extremum
(minimum or maximum) values of functions. It is suitable for
determining a local extremum.

28/34
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The gl‘ad ie nt mEthOd A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

Important

The gradient method is a general method for determining extremum
(minimum or maximum) values of functions. It is suitable for
determining a local extremum.

The method in short:
Let V : R™ — R be the objective function to be minimized.

e Gradient: 3% (row vector)
Let Vi(x) = g—fT (gradient transpose, column vector)

28/34
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The gl‘ad ie nt methOd A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

Important

The gradient method is a general method for determining extremum
(minimum or maximum) values of functions. It is suitable for
determining a local extremum.

The method in short:
Let V : R™ — R be the objective function to be minimized.

e Gradient: 3% (row vector)
Let Vi(x) = g—fT (gradient transpose, column vector)
e Step 1: Start from an initial guess xp € R".

28/34
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The gl‘ad ie nt methOd A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

The gradient method is a general method for determining extremum
(minimum or maximum) values of functions. It is suitable for
determining a local extremum.

The method in short:
Let V : R™ — R be the objective function to be minimized.

o Gradient: 2% (row vector)
Let Vi(x) = g—fT (gradient transpose, column vector)

e Step 1: Start from an initial guess xp € R".

o Step i: Refine x;.1 = x; — &; - Vx(X;) until convergence,
where é; € R is the step size

28/34
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The g rad le nt VeCtOI‘ A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Let us given a scalar-valued multiple variable nonlinear function

V : R" 3R

29/34
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The grad Ie nt VeCtOI‘ A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Let us given a scalar-valued multiple variable nonlinear function

V : R 3R

The gradient (gradient vector) of V at some point x € R™ is the
m-dimensional vector

OV OV

grad V(x) = 8—)ﬁ(x) axm(x)] (1)

where X; is the ith coordinate of the vector x.
T
gradient transpose: Vy(x) = grad V (x)

29/34
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The gl‘ad 'e nt VeCtOI‘ A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

Let us given a scalar-valued multiple variable nonlinear function

V : R" 3R

The gradient (gradient vector) of V at some point x € R™ is the
m-dimensional vector

OV OV

grad V(x) = a(x) axm(x)] (1)

where Xx; is the ith coordinate of the vector x.
5T
gradient transpose: Vy(x) = grad V (x)

The gradient graa V(x) in point x shows the direction of the biggest
(local) change in the value of the function.

29/34
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P rl nCl p Ie Of the A felsofokl oktatas minosegenek es hozzaferhetosegenek egylttes

javitasa a Pannon Egyetemen

gradient method -1

Example: a function with two variables and its gradient vector
field
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P rl nC| p Ie Of the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

gradient method -2

The curvature of the function V, i.e. its convex or concave property in
any point x* € R™ is shown by the so-called Hessian matrix
H\y = V., where the entry in row i and column j is

oLV
OXi0X;

[Mﬂh::
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P rl nCI p Ie Of the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

gradient method -2

The curvature of the function V, i.e. its convex or concave property in
any point x* € R™ is shown by the so-called Hessian matrix
Hy = Vix, where the entry in row i and column j is

02V
OX;i0X;

[Vxx}r}' —

i

Important

The function V has a minimum (possibly a local minimum) at the
point x* if

grad V(x*)=0 and Vi(x*)>0
I.e. the Hessian matrix Vix(x*) is positive definite.

31/34
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Exa m p Ie Of th e g rad ie\ntifﬂkﬂ oktatas minoségenek és hozzaférhetoségének egylittes

vitasa a Pannon Egyetemen

and the Hessian matriX

Consider a simple two-variate function
V(X) — 3(){1 — 4)2 I 4(}(2 — 1)2

 Compute its gradient vector grad V(x) and Hessian matrix
HV — Vxx(X).

32/34
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Exa m p 'e Of th e g rad ie\ntifﬂkﬂ oktatas minoségenek és hozzaférhetoségének egyiittes

vitasa a Pannon Egyetemen

and the Hessian matriX

Consider a simple two-variate function
V(X) — 3(){1 — 4)2 I 4(}(2 — 1)2

« Compute its gradient vector grad V(x) and Hessian matrix
HV — Vxx(X).

e Does this V have a minimum? If yes, where?

32/34
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Exam ple Of the g I"ad ie\ntifokﬂ oktatas minoségeének es hozzaferhetdségenek egyittes

vitasa a Pannon Egyetemen

and the Hessian matriX

Consider a simple two-variate function
V(X) — 3(){1 — 4)2 -+ 4(}(2 — 1)2

 Compute its gradient vector grad V(x) and Hessian matrix
HV — Vxx(X).
e Does this V have a minimum? If yes, where?

Important

HOMEWORK
Consider another V'(x) = X2 — 2x1Xp + X5.

e Compute its gradient vector grad V'(x) and Hessian matrix
Hy, = V().

e Does this V' have a minimum? If yes, where?

32/34
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The Ste pS Of the A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes

javitasa a Pannon Egyetemen

gradient method

The gradient method is an iterative approximation method for determining an
extremum of a function with multiple variables. For the application it is necessary to

have
® g suitable initial value Xg,

® an accuracy limit =,
® and a step size J .
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gradient method

The gradient method is an iterative approximation method for determining an
extremum of a function with multiple variables. For the application it is necessary to

have
® g suitable initial value Xg,
® an accuracy limit =,
® and a step size J .

In case of seeking the minimum the main steps of the algorithm are the following:
® [eti:= 0 where i is the number of iteration steps, and let x; := Xy
® [ et us compute the gradient vector Vx(x;) of the loss function in the point x;.

® [f the gradient vector is “small enough’, i.e. if||Vx(X;)|| < &, then we have found
the minimum and X i, = X;.

® (Otherwise we step once to the direction of the negative gradient, i.e.

Xip1 = Xi — 6 Vx(X;)

increase the counter: | := i + 1, then continue from step 2.
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function using the gradient méthod

The algorithm of the gradient method can be applied for minimizing the loss function
Vin(p, DV) according to p as well, using the following assignments:

Vn(p, DY)  ~  V(x)
P ~ X
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M I n lm IZI ng th e lOSS A felsGfokd oktatas mindsegenek es hozzaferhetoségenek egylttes

function using the gradient méthod

The algorithm of the gradient method can be applied for minimizing the loss function
Vin(p, DV) according to p as well, using the following assignments:
Vn(p.DY) ~ V(%)
p e X

The required initial (a priori) data:
® a suitable initial parameter vector pg,
® an accuracy limit ¢ ,
® g step size ) in the space of parameters.
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M I n Im lZl ng the IOSS A felstfokl oktatas minosegenek es hozzaferhetoségenek egylttes

function using the gradient méthod

The algorithm of the gradient method can be applied for minimizing the loss function
Vn(p, DV) according to p as well, using the following assignments:

Wn(p,DY) ~ V()
P ~ X

The required initial (a priori) data:
® g suitable initial parameter vector py,
® an accuracy limit ¢ ,
® 3 step size ) in the space of parameters.

It is important to note that the gradient method

® js a method for determining local extremum, i.e. the estimated value of the
parameter can depend on the compliance of the choice of the initial value,
that is its proximity to the real value,

® an iteration step has polynomial time-complexity and the step size 6 can be
suitably modified by the application of practical algorithms, i.e. it is decreased
near the minimum.
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e Instrumental Variable method

Recall

The IV 4 algorithm
Implementation
Example

e Parameter estimation of nonlinear models

Recall

The gradient method
Implementation
Examples
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IV 4 method

A felsGfokl oktatas mindsegének es hozzaferhetoségenek egylttes
javitasa a Pannon Egyetemen

e Instrumental Variable method

Recall
The IV 4 algorithm

Implementation
Example
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® Dynamic model linear in parameters:

y(k) =" (K)po + vo(k)

® Previous assumption:

— LS estimation
— uncorrelated measurement and noise

® Problem:

— correlated measurement and noise
— LS method is not optimal in this case

® Solution: Instrumental Variable (IV) method

4/52
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® Basic idea
— Given: y(k) = ¢ (k)po + vo(k), (k) and vo(k) are
correlated
o(k) =[~y(k—1) ... —y(k—na)u(k) ... u(k —np+1)]"
— Change ¢(k) to a suitable £(k) signal that is uncorrelated
with (k)

— &k)=[-z(k—=1)... —z(k—na) u(k) ... u(k — np +1)]"
— Zz(k) is generated as the output of a linear system with input
u:N(g=")z(k) = M(qg=")u(k), where N(g—') and M(qg~)

define a stable filter
— choosing N(g~') and M(q~') with a LS pre-estimation step
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® The IV estimate
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The IV 4 algorith m A felsofokl oktatas mindosegének es hozzaferhetosegenek egyttes

in MAT LAB javitasa a Pannon Egyetemen

Step 1: Pre-estimation (to choose N(g~') and M(g~ "))
Step 2: IV estimation |.
Step 3: Estimation of the prediction error model

Step 4: Refined IV estimation using the results of Step 2
and 3

7162
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The IV 4 a'gorith m A felsGfokd oktatas mindsegenek es hozzaferhetoségenek egyittes

in MAT LAB javitasa a Pannon Egyetemen

® Step 1: Pre-estimation

— The model structure is written in linear regression form.
LS estimate of p:

5(1}( - )
AV (g )

B’ =Bts, GRltg ) =

® Step 2: |V estimation |.
® Step 3: Estimation of the prediction error model

® Step 4: Refined IV estimation using the results of Step 2
and 3

8/52
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The IV 4 a'gorith m A felsGfokl oktatas minosegenek es hozzaferhetoségenek egylittes

in MAT LAB javitasa a Pannon Egyetemen

® Step 1: Pre-estimation
® Step 2: |V estimation |.
— instrumental variables:

zW(k) = Gy (g~ ")u(k)

-
M (k) = [—zM(k —1) ... — 2k — nu(k) ... ulk — np + 1)]
— corresponding IV estimate:
B@) (g~
(2) E@ (g1 (')
pv’ =bN. Gy'(q71) = A(z( =

® Step 3: Estimation of the prediction error model

® Step 4: Refined IV estimation using the results of Step 2
and 3
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The IV 4 a'gorith m A felsofokl oktatas mindsegenek es hozzaferhetosegenek egyiittes

in MAT LAB iﬂUitéSﬂ a Pannon Egyetemen

® Step 1: Pre-estimation

® Step 2: |V estimation |.

® Step 3: Estimation of the prediction error model
— compute the prediction error of Step 2:

Wi (k) = AW (@ )y(k) - BY (g ")u(k)
— prescribe an AR model with order n, + np
L(q~ ")y (k) = e(k)

— compute an LS estimate for L(g~ ') : L(g~")

® Step 4: Refined IV estimation using the results of Step 2
and 3

10/52
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The IV 4 a'gorith m A felsGfokd oktatas mindsegenek es hozzaferhetoségenek egylttes

in MAT LAB javitasa a Pannon Egyetemen

Step 1: Pre-estimation
Step 2: IV estimation |.

Step 3: Estimation of the prediction error model
Step 4: Refined IV estimation using the results of Step 2

and 3
— new instrumental variables from Step 2:

2@ (k) = Gy (g~ "u(k)
@k) = In(@ N[-2z®(k=1) ... — 2@ (k — ny) u(k)...
u(k—np+1)]7
— last refining IV estimate using Step 3:
or(k) = Ln(g") (k)
ye(k) = Ln(g=")y(k)

—1

N
- [Aizg(Q} K)er(k) -‘ %Zg(g)(k)yﬁk} 11/52
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iv4 function in Matlab
ARX model estimation using the 4 stage |V method
syntax: sys=iv4(data, [na,nb,nk])

sys is a discrete time idpoly object representing the
estimated ARX model

® na is the order of the polynomial A(g~')
® nb is the order of the polynomial B(qg~—')+1
® nk is the input-output delay
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® Consider the following ARX model
y(k) =y(k = 1)+ pru(k — 1) + pau(k — 2) + v(k)

® Estimate the parameters p; and po using the LS method!
® Estimate the parameters py and po using the IV method!

® The data is in the datal.txt, first column contains y(k),
second column contains u(k)

13/52
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® Consider the following ARX model

y(k)=y(k —1)+pju(k — 1) + pou(k — 2) + v(k)

® [Estimate the parameters p; and po using the LS method!

>
>
b
>>

— Import the data from datail.txt into the matrix D1!
— Determine the values of na, nb and nk
— Use the arx(data, [na,nb,nk]) function

na=1;
nb=2;
nk=1;
sysi=arx (D1,[na nb nk]);
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Solution 1

® Compare the output of the estimated model with the
measurement data!

® Compute and plot the residuals! Is the output noise white?

15/52
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Solution 1

® Compare the output of the estimated model with the
measurement data!
— simulate the estimated model with the original input

>> y_M=sim(sys1,D1(:,2));
>> y=D1(:,1);

>> plot(y);

>> hold on

>> plot(y_-M);
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Solution 1

® Compute and plot the residuals! Is the output noise white?

>> resl=y-y_M;
>> plot(res1);

-5 I i A P "
0 500 1000 1500 2000 2500 3000

Output noise is not white!
17/52
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Solution 2

® Consider the following ARX model
y(k) = y(k—=1)+piu(k — 1) + p2u(k — 2) + v(k)

® (Correlated measurement and the noise
® Estimate the parameters py; and p» using the IV method!

18/52
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Solution 2

® Consider the following ARX model

y(k) = y(k = 1)+ piu(k — 1) + p2u(k — 2) + v(k)

® Estimate the parameters p; and po using the IV method!

>> sys_iv=iv4 (D,[na,nb,nk]);

— Compare the output of the estimated model with the
measurement data!

— Compute and plot the residuals!
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Solution 2

® Consider the following ARX model
y(k) = y(k=1)+piu(k — 1) + p2u(k — 2) + v(k)

® Estimate the parameters p; and po using the IV method!

— Compare the output of the estimated model with the
measurement data!

80

>> y_iv=sim(sys_iv ,D(:,2))

>> plot(y); 1AM
>> hold on 1/7V W A\
>> plot(y_iv); ./ A\
| / ‘ f
\ YAY 1‘-‘;
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Solution 2

® Consider the following ARX model
y(k) = y(k—=1)+piu(k — 1) + p2u(k — 2) + v(k)

® Estimate the parameters p; and po using the IV method!
— Compare the output of the estimated model with the

measurement data!
— Compute and plot the residuals!

>> res_Ilv=y—y._iv
>> plot(res_iv);




Parameter estimation of nonlinear models

Recall

The gradient method
Implementation
Examples
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Nonlinear models

® Nonlinear models

y(k|p) = g(k,D[1,k —1]; p)

® Nonlinear models that are linear in parameters

y(klp) =p" - g*(k,D[1,k — 1)

— can be written as a linear model using auxiliary variables
— eg. y(k) = a1y?(k — 1) + bou* (k) + e(k)
p=lab]”  yAk—1)=2z(k—1)  u*(k)=w(k)
y(klp) = arz(k — 1) + bow(k)

23/52
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estimation of NL mod

® Measured values:

D[1,N] = DN = {(y(k),u(k))|k =1,...,N}
® Prediction error:

e(k.p) = y(k) — y(k|p)
® Basic idea: minimizing the prediction error

— norm of the prediction error: Vy(p, DV) = 1 S8, ((<(k, p))
— find
Pn = pp = arg miny, Viy(p, DV)
® Nonlinear optimization problem
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estimation of NL modélg

® Special case: nonlinear SISO system with constant
parameters

® Parameters can be estimated by LS estimation

® | oss function:

Vi(p, DN) = & Sk_q 3y (k) — g(k, DK=1; )2
® QOptimization task:

Prn(DN) = argming & S84 sly(k) — g(k, D¥=1; p)]?

25/52
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gilég a Pannon Egyetemen

estimation of NL mod

® Possible solutions:

— solving a system of nonlinear equations
— minimizing the loss function (e.g. gradient method)

26/52
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The grad ie nt meth Od A felsofokl oktatas mindosegenek es hozzaferhetosegenek egyiittes
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® |terative approximation method to find an extremum of a
function with multiple variables
® [nputs:
— initial value xg
— accuracy limit €
— step size §
® Algorithm to find minimum of a function V(x)
1. Initialization: 7 := 0, x; = Xg B
2. Compute the gradient vector Vy(x;) = grad V' (x;) in the
point Xx;
3. If || VX(X,:)“ < e then Xmin = X;
4. Else Xj 1 = Xi — 0Vy(x;), i =1+ 1
5. Continue with step 2.
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the gradient method

® Create a function which uses the simple gradient method
to find the minimum of a function!

® |nputs of the function:

— function to minimize
— Initial value
— accuracy limit (tolerance)
— step size
— max number of iterations (to avoid too long runtime)
® Qutputs of the function
— minimum of the function
— function value at the minimum point
— optional: list of points where the function was evaluated +

the function and gradient values
— optional: iteration number
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implementation

Define the function

Initialize the variables

Create a while loop to perform iteration steps
Update the output variables

Save the function
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implementation 1

® Define the function

function [p,V,p_hist,fun_hist ,grad_hist,iter]=
gradient (fun ,p0, tol ,step, max_iter)

— p: estimated parameter

— V: value of the loss function in p

— p-hist: list of the parameter values where the loss function
was evaluated

— fun_hist: list of the loss function values during the
algorithm

— grad_hist: list of the gradient of the loss function values

— iter: number of iterations at the end of the algorithm

— fun: loss function to evaluate (to be created later)

— pO: initial value

— tol: tolerance, accuracy limit

— step: initial step size

— max_iter: maximum number of iterations .
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implementation 2

® |nitialize the variables

iter =0;

pP=p0;

[V,dV]=feval (fun,p);
p_hist=p;

fun_hist =[];
grad_hist =[];

— [V,dV]=feval (fun,p) ; is the evaluation of the function fun
at the point t. The result is the function value v and the
gradient 4V of the loss function at the point p.
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implementation 2

® Create a while loop to perform iteration steps

— condition: ||grad V|| > ¢ and iter<max_iter
— ||gradV/|| can be defined in several ways, e.g. max|grad V|

while (max(abs(dV))>tol)&(iter<max_iter)

end
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implementation 2

® Create a while loop to perform iteration steps

— compute the new value of p
(take a step in the direction of the negative gradient)

while (max(abs(dV))>tol)&(iter<max_iter)
[V,dV]=feval (fun,p);
p=p—step=*dV;
end
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implementation 2

® Create a while loop to perform iteration steps
— change the step size to its half or double
- compute the loss function at the new point with half or
double step size
- choose the new step size where the value of the loss
function is smaller

while (max(abs(dV))>tol)&(iter<max_iter)
[V,dV]=feval (fun,p);
p=p—step*dV;
if feval(fun,p—0.5xstep=xdV)<feval (fun,p—2«stepx*dV)
step=0.5xstep;
else
step=2xstep;
end
end
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implementation 2

® Create a while loop to perform iteration steps
— update the vectors p_hist, fun_hist, grad hist by
appending the last computed value to the end of them
— increase the iteration number

while (max(abs(dV))>tol)&(iter<max_iter)
[V,dV]=feval (fun,p);
p=p—step*dV;
if feval(fun,p—0.5«xstepxdV)<feval (fun,p—2«step=*dV)
step=0.5xstep;
else
step=2xstep;
end
p_hist=[p_hist;p];
fun-hist=[Tun-hist;¥Y |;
grad_hist=[grad_hist;dV];
iter=iter+1;
end 35/52
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implementation 3

® Update the output variables

[V,dV]=feval (fun,p);
fun_hist=[fun_hist;V];
grad_hist=[grad_hist ;dV]

® Save the function
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® Estimate the parameter a of the nonlinear model
y(k)=eqy(k—1)—-5u(k—1)+elk—1)

® The data can be found in data2.txt. First column: y,
second column u.

® The loss function:

N
V@) = 13 S (v(k) — e 2y (k 1) + 5u(k — 1))
K=

® Derivative of the loss function:

dvV 1 on

= =N 2. E2(y(k)—e_ay(k—1)+5u(k—1))e_ay(k— 1)
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Solution

® Create a global variable for the data
global y;
global u;
— it is needed to access the variables in the workspace from
the function

® |mport the data as column vectors (y,u).

® (Create a function which returns the value of the loss
function and its derivative!
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Solution

® (Create a function which returns the value of the loss
function and its derivative!

function [f,df]=V(a)
global y u;
N=length (y);
tmp=0;
tmp2=0;
for k=2:N;
tmp=tmp+(y(k)—exp(—a)*y(k—1)+5xu(k—-1))"2;
tmp2=tmp2+2x*(y (k)—exp(—a)*xy(k—1)+
+5xu(k—1))xexp(—a)xy(k—1);

end
f=1/(2«(N—-1))«tmp; %function
df =1/(2%(N—1))*xtmp2; %derivative

end
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Solution

® Use the created gradient function to find the minimum of
the loss function

® ¢ g. with pO=1, t0l=0.05, step=0.1, max_iter=500

[p,Vp, p_hist ,V_hist ,grad_hist ,iter]=
=gradient('V',1,0.05,0.01,500);
>3 P
F) —

2.4041
>> Vp
\/F) =

0.4772

® cstimated parameter: p = 2.4041
® |oss function value: V(p) = 0.4772
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Solution

® The solution progress:
® Plot the parameter values during the iterations

>> plot(p_hist)
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18
16 /
147

12T
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Exam p'e 2 - A felsofoku oktatas minosegének és hozzaférhetdsegenek egylttes

javitasa a Pannon Egyetemen

Solution

® The solution progress:
® Plot the loss function values during the iterations

>> plot(V_hist)
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Exam p'e 2 - A felsofoku oktatas minoségének és hozzaférhetdosegenek egyttes

javitasa a Pannon Egyetemen

Solution

® The solution progress:
® Plot the function derivative values during the iterations

>> plot(grad_hist)
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® Estimate the parameters py and po of the nonlinear model
y(k) = p?0.1y(k — 1)+ p350.2y(k —2) + u(k — 1)+ e(k — 1)

® The data can be found in data3.txt. First column: y,
second column u.

® The loss function:

N
Va1, p2) = 15 > 5 (¥(K)~pR0.1y(k—1)-pB0.2y (k~2)~u(k—1))
k=1
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® Gradient of the loss function:

thﬁg o 1 1 2 2

dp —Nk=122(y(k) p70.1y(k — 1) — p0.2y(k — 2)
—u(k —1))(—2p10.1y(k — 1))

ave _1 - 12( (k) — p20.1y(k — 1) — p50.2y(k — 2)—

dp2 _Nk:12 Yy p1 Y p2 2y

— u(k —1))(~2p,0.2y(k — 2))
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Solution

® Create a global variable for the data
global y2;
global u2;
— it is needed to access the variables in the workspace from
the function

® |mport the data as column vectors (y2,u2).

® (Create a function which returns the value of the loss
function and its derivative!
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javitasa a Pannon Egyetemen

Solution

® (Create a function which returns the value of the loss
function and its gradient!
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Exam ple 3 - A felsofokl oktatas mindsegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

function [f, df]=V2(P)
global y2 u2;
p1=P(1);
p2=P(2);
N=length (y2);
tmp=0;
tmp2=[0 O0];
for k=3:N;
tmp=tmp+(y2(k)—p1°2x0.1xy2(k—1)—p2°2x0.2xy2 (k—2)—
—-u2(k—-1))°2;
dVpl1=2x(y2(k)—p1°2x0.1xy2(k—1)—p2°2%0.2xy2 (k—2)—
—u2(k—1))*(—2*xp1+0.1xy2(k—1));
dVp2=2x%(y2(k)—p1°2x0.1xy2(k—1)—p2°2%0.2xy2 (k—2)—
—u2(k—1))x(—2xp2x0.2xy2(k—2));
tmp2=tmp2 +[dVp1 dVp2];
end
f=1/(2«(N—2))*tmp;
df=1/(2%x(N—2))*xtmp2;
end 48/52
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Example 3 - A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® Use the created gradient function to find the minimum of
the loss function

® c.g. with pO=[1,1], tol=0.1, step=0.025, max_iter=500

[p2,Vp2,p2_hist ,V2_hist,grad2_hist ,iter2]=
=gradient('V2’' ,[1,1],0.1,0.025,500);
>> p2
p2 =
1.4786 2.0302
>> Vp2
Vp2 =
0.4106

® cstimated parameter values: py = 1.4786, p» = 2.0302
® |oss function value: Vo(py, p2) = 0.4106
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Example 3 -

A felsofoku oktatas minosegének és hozzaférhetdsegenek egyttes

. javitasa a Pannon Egyetemen
Solution

® P|ot the confidence region of the estimate

— first you have to compute the loss function at some point of
the parameter space

¥1=0:0.05:3;

X2 = 0 0.05:3;

for i=1:length(x1)

for j=1:length(x2)
x=[x1(i) x2(j)];
z(],1)=V2(x);

end

end
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Exam ple 3 - A felsofokl oktatas mindosegenek es hozzaferhetdosegenek egylittes

javitasa a Pannon Egyetemen

Solution

® Plot the confidence region of the estimate
— you can display the contour lines by the contour function
— the confidence region belongs to the 105% of Va(p1, p2):

>> conf=[1.05%xVp2,1.05«xVp2];
>> contour(x1,x2,z,conf);
>> hold on

>> plot(p2(1),p2(2), '«");
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Exam p'e 3 - A felsofokl oktatas minoségenek és hozzaféerhetoségének egylittes

javitasa a Pannon Egyetemen

Solution

® PJot the surface of the loss function
— use the surf function

>> surf(xl.x2,z);
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a UtOCOV. m A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

function r=autocov(data,s)

N=length(data);

r=0;

m=mean(data);

for i=1:N-s
r=r+(data(i)-m)*(data(i+s)-m);

end

r=1/(N-s)*r;

end
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LS_S Ca I a r- m A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

function [p,sigma,r]=LS scalar(D)
y=D(:,1);
x=D(:,2);
p=1/(x"*x)*(x"*y);
y_M=p*x;
r=y-y_M;
m_r=mean(r);
sigma_r=var(r);
sigma=1/(x"*x)*sigma_r;
end



EFOP-3.4.3-16-2016-00009

LS_Statl C . m A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

function [p,COV,r]=LS_static(D)

y=D(:,1);

X=D(:,2:end);

if rank(X)<min(size(X))
error('Error: matrix is rank deficient!’)

end

p=inv(X"*X)*X"*y;

y_M=X*p;

r=y-y_M;

m_r=mean(r);

sigma_r=var(r);

COV=inv(X"*X)*sigma_r;

end
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g rad Ie nt- m A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

function
[p,Vp,p_hist,fun_hist,grad_hist,iter]=gradient(fun,pO,tol,step,
max_iter)

iter=0;

p=p0;

[Vp,dV]=feval(fun,p);
% Vp=feval(grad,p);

p_hist=p;

grad_hist=[];

fun_hist=[];
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g rad Ie nt- m A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

while(max(abs(dV))>tol)&(iter<max_iter)
[Vp,dV]=feval(fun,p);
p=p-step*dV;
if feval(fun,p-0.5*step*dV)<feval(fun,p-2*step*dV)
step=0.5*step;
else
step=2*step;
end
p_hist=[p_hist;p];
fun_hist=[fun_hist;Vp];
grad_hist=[grad_hist;dV];
iter=iter+1;
end



EFOP-3.4.3-16-2016-00009

g rad Ie nt- m A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

[Vp,dV]=feval(fun,p);

fun_hist=[fun_hist;Vp];

grad_hist=[grad_hist;dV];
end
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A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

function [f,df]=V(a)
%Yy (k+1)=exp(-a)*y(k)-5*u(k)+e(k)
global y u;
N=length(y);
tmp=0;
tmp2=0;
for k=2:N;
tmp=tmp+(y(k)-exp(-a)*y(k-1)+5*u(k-1))*2;
tmp2=tmp2+2*(y(k)-exp(-a)*y(k-1)+5*u(k-1))*exp(-a)*y(k-1);
end
f=1/(2*(N-1))*tmp;
df=1/(2*(N-1))*tmp2;
end
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A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

function [f,df]=V2(P)
%y (k+1)=p172*0.1*y(k)+p272*0.2*y(k-1)+u(k)+e(k)
global y2 u2;
p1=P(1);
p2=P(2);
N=length(y2);
tmp=0;
tmp2=[0 0];
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A fels6foku oktatds minGségének és hozzaférhet6ségének egylittes

javitdsa a Pannon Egyetemen

for k=1:N-2;
tmp=tmp+(y2(k+2)-p1722*0.1*y2(k+1)-p2”22*0.2*y2(k)-u2(k+1))"2;
%gradients

dVp1=2*(y2(k+2)-p1722*0.1*y2(k+1)-p2~2*0.2*y2(k)-u2(k+1))*(-
2%p1*0.1*y2(k+1));

dVp2=2*(y2(k+2)-p1722*0.1*y2(k+1)-p2~2*0.2*y2(k)-u2(k+1))*(-
2%p2*0.2*y2(k));

tmp2=tmp2+[dVp1l dVp2];
end
f=1/(2*(N-2))*tmp;
df=1/(2*(N-2))*tmp2;
end
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